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VI. t»R£FACE. 

compress into one small volume a course of instruction on 
elementary mechanics, of extent amply sufficient for all the 
purposes of academical education. My desire, however, 
having been to^ teach the elements of the science, not to 
write a book, I have spared no pains to render the whole 
clear and intelligible ; to develope the several theories with as 
much simplicity as I could; to explain fully the meaning and 
extent of the various analytical expressions in which these 
theories are embodied; and, finally, to illustrate each by a 
sufficient number of useful and interesting practical examples. 

To what extent these endeavours may have been successful, 
it is for others now to determine; but, from the very flatter- 
k\g reception which my former mathematical publications 
have met with, both in this country and in America, I am 
encouraged to hope that the present volume will bfe found, 
upon examination, not altogether undeserving of notice. 

The work is divided into two principal divisions. Statics 
or the theory of Equilibrium, and Dynamics or the theory 
of Motion ; and these are again subdivided into sections and 
chapters. A very short account of these will suffice here, as 
a copious analysis is presented in the table of contents. 

The first section of the Statics treats on the equilibrium of 
a point, viewed under two aspects: first, as entirely free; 
add second, when constrained to rest on a given curve or 
surface. Into this section too is introduced the theory of 
the funicular polygon and catenary : this, I am aware, is not 
in strict accordance with a scientific arrangement of the 
parts of the subject^ nor do I consider such arrangement to 



be absolutely essential in aa elementary treatise ; the prin- 
ciple which with me has all along governed the arrang^ement 
is this, viz. so to dispose the aeveial topics that each may 
present itself to the student precisely at that place where he 
is best prepared to receive it, and thus the acquisition of the 
whole be facilitated. 

The second section is on the theory of the equilibrium of 
a rigid body delivered in all its generality, and applied to a 
variety of examples. The closing chapter of this section is 
devoted to a. subject of considerable practical importance, 
the strength and stress of beamii for the principal materials 
of it, I am indebted to Mr. Barlow's experiniental inquiries 
on this subject. 

These two sections comprise the theory of Statics; the 
second part, or Dynamics, is divided into three sections ; the 
first being on the rectilinear motion of a free point, the 
second on its curvilinear motion, and the third discussing 
the general theory of the motion of a solid body. 

In the opening chapter of the first section, the fundamental 
equations of motion are deduced from simple and obvious 
considerations, and pains are taken to give a clear and dis- 
tinct meaning to the several analytical expressions involved 
in these fundamental equations. All these are then fully 
illustrated by interesting practical exercises. 

la the second section a pretty comprehensive view is taken 
of the theory of curvilinear motion; and some attempts have 
been made to simplify those parts of it whii^h seemed most 
to require simplification. 
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Thb following Treatise is an attempt to exhibit in small 
compass the principles of Mechaoical Science in its pre^nt 
improved state, aud to supply the English student with & 
clear aud comprehensive manual of instruction on this im- 
portant branch of Natural Philosophy. 

Our language already possesses some very valuable works 
in this department of science, as, for instance, the treatises 
of Professors Gregory and Whewell ; works which, for the 
abundance of real information that they convey, are not, 
perhaps, to be equalled by any similar performances of our 
continental neighbours. 

The bulk and consequent liigh price, however, of these 
works must necessarily place them beyond the reacli of many 
students desirous to be informed on the subjects of which 
they treat; and there can, 1 think, be no doubt that at a 
time like the present, when a taste for analytical science is 
so widely extending itself, a treatise, of moderate price, on 
Analytical Mechanics, if well executed, would prove accep- 
table both ta teachers and to students. 

Under these impressioiLS I have been led to undertake this 
Elementary Treatise, with the hope that by economizing the 
paper, and adopting a small clear type, I might be able to 
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ELEMENTS OF STATICS. 



INTRODOCTIOI 



Article (1.) Meckanics, taken in its moat extensive aceeplaliou, is 
fie science which embraces all inquiries respecting the equilibriiini and 
motion of bodies, nhetlier solid or Auid, and, therefore, constitiiles a 
feij large and important part of Natuhal Puci.osophy, or that vast 
body of knowledge which explains the laws that ^vem the Tarious 
operations of nature. It is usual however to give a more limited sig- 
gihcation to the term Mechanics, and to treat under that denominatian 
only of itie equilibrium and motion t>( solid bodies. The theory of the 
equilibrium of solid bodies is called Statics; the theory of Iheir 
motion DrxAMits; these, therefore, are the two great branches of the 
Kience of Mechanics. 

(3.) If a body be submitted to any influeoce which would, if not 
opposed by an equal counteracting iniliieuce, move it, such influence, 
whatei-ec it be, is ealled^ree. The term force, therefore, as employed 
in Mechanics, apphes not merely to what, in common language, we 
understand by power or physical energy, but also to every cause which 
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either produces or tends to produce motion, however hidden or inex- 
plicable that cause may be. 

(3.) A body subjected to the action of a force or moving influence, 
ought, necessarily, to move in the direction of that force; towards it, if 
the force draw or attract it, and from it if the force push or repel it. 
Hence, it is the tendency of a body influenced by a single force applied 
to it at rest to move in a straight direction. But if to the same point 
two equal and directly opposite forces are applied, the tendency to 
motion in one direction being equal to the tendency in the opposite . 
direction, the point will necessarily remain at rest, and will be as much 
prepared to obey the influence of any third force as it was before the two 
counterbalancing forces, of which we have just spoken, were applied. 

It is obvious, that although two equal forces be applied to the same 
point they will not keep that point at rest, unless they are directly op- 
posite as well as equal. This indeed may be easily proved thuS: 
Suppose two equal forces P and Q (fig. 1,) tend to draw the point M 
in their respective directions MP, MQ, which are not opposite to each 
other; if we suppose the point to remain at. rest, let us introduce a 
third force F ec^ual and opposite to P, that is, tending to draw M 
towards P' with the same energy as P tends to draw it towards P. 
Now the point being acted upon by three forces, of which two viz. P 
and P' are in equihbrium, the point will tend to move in the direction 
MQ of the third force Q. But, by hypothesis, the two forces P, Q are 
in equilibrium; hence the tendency to motion must be in the direction 
MP' of the third, which is absurd. 

(4.) As it is the business of Statics to investigate the laws of forces 
in equilibrium, it will readily occur to the student that one of the prin- 
cipal problems of this branch of Mechanics is to determine, from 
knowing the magnitudes and directions of forces applied to a point, 
what must be the magnitude and direction of that counterbalancing 
force, which would prevent motion ensuing. 



IRTBOBtrCTIOK. 3 

We ma.Y eslimaie the ma^itudeB or the forces of which we apeak 
by means of weights; for it isplain thai whatever influence at P (fig. 2,) 
aolicita M, M may yet be kept in if place by the counteractian of 
some weight W teoding to draw M in the opposite direction WF*. 
If for the force P were substituted another, which, in order to keep M 
umnored, would render it neceasary to double Ae weight W, we 
should then say that Otis new force wa;S double the former, and, iu like 
manner, the ratio of any two forces acting separately at P would be 
determined by the ratio of the separate couuteracting weights acting in 
the directing MP', We sec that weight is a very suitable represen- 
tative or measure of forcej but for all the purposes of comparison it 
mailers not by what we repreaent a force, taking care only that the re- 
pr^enting quantities shall have the same ratio to one another as Ihe 
forces represented, we are, ihereforij, at liberty to choose that mode of 
representation moat conducive to the ends iu view, viz. the investiga- 
lion of the theory of equilibrating forces. VVe accordingly represent a 
force by a line drawn ftora the point on which it acts, called the point 
of application, in the direction of the force. The length of ibis line 
for one of the forces of the equilibrating system may be arbitraiy, but 
for any Qthei of the forces the length of the representing line will be to 
the former as the represented force is to llie former force. Hence ihe 
theory of statics is reduced to that of lines and angles. 

(5.) We have just said, tlial a force is represented by a line drawn 
^m the point of application in the direction of that force; but we are 
nt liberty to consider any point of this direction as the point of appli- 
cation of the force, and not merely tlie material jioint on which it acts ; 
ihus it matters not whether the force acting upon M (flg. 2,) to pull 
il in the direction MP be applied to the point P or to any other 
point in MP, provided we consider MP to be a perfectly ineslensible 
line connecting P with M. Or if P be a repulsive force tending to 
push M in the direction MP", then, supposing MP to be a perfectly 
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rigid line, it matters Dot whereabouu in this line ( 
ii too obTious to require any laboured prDof, and n 
to the general ibeoiy of equilibrating forces act 
the point where the directions of these forces m 
fiuioo, we shall generally consider the forces c 
foreea; for a pushing force may obviously be a 
pulling force of the same intensit;, and : 
diieciion. 




Arflcli: (6.) By Concurring yurces ne are lo understand forces of 
which the directions all meet in a point, upon which point they !iraul- 
taneously act; and th<:y are said to be situated in the same [ilane 
when their directions are atl in the same plane. To determine the 
remllunt of two such forces, that is, a single force equally effGclive witli 
the two, is a problem of great importance, and to (hia the present 
chapter will be chiefly devoted. The simplest case is that in which 
jnly ia the same plane, but even in the 
is case the forces should both conspire or 
1 same diteciion, then llieir resultant would 
t is plain that the weight W (fig. 2,) has 
1*0 smaller weights, together equal to W, 
e, tlien their resultant must be equal to 
I of it towards the greater force, 
because so much of the greater force as is equal to the less force which 
opposes it, is employed in keeping the point in equilibrium, and the 
tendency lo motion is the efG^ct of the remaining force. 

If, instead of two conspiring forces, there were tliiee, then, by adding' 
toother two, we should obtain the resultant of those two, and this, 
added lo the third, would furnish the resultant of the three; and in 
like manner the resultant of four, or of any number of conspiringfbrces, 
is found by merely adding together the component conspiring forces. 



il forues act not o: 
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1 f (be two forces are oppositi 
their difference, and the d 
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If there be two systems of conspiring forces directly opposed to each 
other, they may thus be reduced to a single pair of opposing forces, 
and the difference of these two will be the resultant of the whole system. 
The direction, as well as the magnitude of this resultant, will be ex- 
pressed algebraically, if we agree to consid^ the forces which conspire 
in one direction as all pasitivCf and those which conspire in the opposite 
direction as all n^ative; for we may then say diat the resultunt cfonty 
number rfforces/acting in the same straight line, is equal to the sum of 
those forces; the sign of this sum pointing out the direction. This 
theorem, of; course, includes the case in which the forces all pull one 
way, that js, where there is but a single system of conspiring forces. 

Having disposed of this simple case of the general problem, we are 
now to determine the magnitude and direction of the resultant of any 
two concurring forces situated in a plane ; we speak of only two con- 
curring forces, because^ as we shall soon see here, as in the case just 
considered, that when we know liow to compound two, the composition 
of any number can present no difficulty. 

There are several ways of arriving at the solution of thb important 
problem, but the simplest process with which we are acquainted is 
that given by Professor Gregory, in his valuable treatise on IVIechanics, 
who conducts the investigation as follows : 

(7.) Prop, The equivalent of several forces situated in one plane, is 
in the same plane. 

For if we suppose the equivalent to be out of the plane of the forces, 
on either side, we may always find a line on the other side of the plane 
situated in a perfectly similar manner; and since there can be no 
reason why the resultant should be in one of these directions, rather 
than in the other; it is therefore in neither of them, unless we admit 
the absurd consequence that it is in both, that is, unless we admit that 
the same forces acting in like manner can produce two distinct effects. 

Cor. The resultant of two equal forces must be in their plane ; and 
it must be in the line which bisects the angle of their direction, since 
there is no reason why it should tend more to one side than to another. 

(8.) Prop, If to a material point, already kept in equilibrio by a 
system of forces, another system is applied also in equilibrio, this will 
not destroy the pre-existing equilibrium : this is manifest. 

Cor, Hence, if tlie three forces C, C, O, (fig. 3,) are in a state of 
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equilibrium, and if each ot the farces were doub1e<l, or iriplpd, or 
(juadnipled, &c., or if they were halved, quartered, he. or changed in 
any propocdon, the equUibrium would renutio so king as tliey con- 
tinued lo act in the same direelions CP, C'P.OP. 

Ciir. a. Ilence, also, since die lesulwnl R is always equal and 
opposite to one of Ihe forces (as O^, it follows, ihal when the mag- 
nitudes of equilibrated forces coDcuning in a point are Made 10 vary 
in any ratio, Ihe resultant retains its position but chaTiffes its magni- 
tude in die same ratio. 

(9.) Prop. If three equal forces ate inclined to one another in 
angles each of ISO degrees, any one of tbem will balance the joint 
nctioti of the oilier two. 

This is likewise incoiitroveitible; Ibr neither of the forces cun 

(10.) Prop. Two equal forces inclined in an angle of 120 degrees, 
have foe their equivalent a ditrd, wliich has the direction and propor- 
tion of the diagonal of the rhombua constructed on the lines which re- 
present the forces. 

For if C, C are the forces (fig. 3,) acting on Ihe point P, the fbrce 
O whose measure is OP = CP=iC'P, and is situated so that the 
angles CPO and C'PO are each equal lo CPC, will (a) ensure die 
equilibrium. But RP, tlie measure of Ihe equivalent 11, is equal and 
opposite to OP (6); therefore CP = PR = C'P and because 
angle CPR = 60'' = C'PR, CR =CP and CRssCP. Conse- 
queolly CPC'R is a rhombus, and RP, the representative of the equi- 
valent of the forces C, C, is its diagonal. 

Cor- If half the angle CPC be denoted by a, we shall have 
PD = PC C09. a= Ccos. D, whence the equivalent RP = a C cos n. 

(II.) yrop. Any two equal forces have for their equivalent the 
diagonal of the rhombus constructed on the right lines which represent 
tbem iu magnitude and direction. 

1. If this proposition be true vrith regard to any two equal forces 
C, C acting m the du^ctions CP, C'P (fig. 4), and forming with their 
resultant 11 the angles CPK, C PR each for example equal to u, il 
is true, likewise, for two other equal forces r, c acting according to 
the directions c P, c'P, which bisect those angles. In liiiscase cmay be 
considered (7 Cor.) as the resultant of two equal forces, x and y, acting 
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in the directions CP, RP; and, in like manner, d may be considered 
as the resultant of two odier equal forces, / and y\ aeting in the dif* 
rections C'P, RP: so that, in lieu of the two equal forces r, d^ we 
may consider four equal but unknown forces XyX^y, y, acting in-^ 
directions just assigned them. The two first of these, x, x*, acting in 
the directions CP, CT, have, by hypothesis, the diagonal of the 
riiombus for their resultants that is, they are equivalent to a force ex- 
pressed by 2 jr cos. a acting in RP, therefore the resultant si of c 
and c' will be equal to 2i/-\-2x cos. a; but;rss^, therefore sr^s 
2ar (1 -f cos. a). Now the angles C PR, c P c', being each equal to half 
CPC, are equal to each other; and z being the resultant of two equal 
components acting in CP and RP, we have 

s 
Substituting this value of x for it in the preceding equation, we obtain 

2c« / 

2 = (1 -f-co8. a) .'. 2:« = 2c«(l -f cos. a) .-.assc V2(l + cos. a). 

But it is known that cos. i a = ^— I!l£2!lf', (Gregory's Trigonometry, 

p. 46,) whence, by substitution, 2:= 2c cos. ^<?. Consequently, the 
proposition if true for a is true for \ a. 

2. In exactly the same manner may the proposition be proved true 
with respect to the half of ^ a or ^ a, and in succession for i a, ^ a, ^ a, 
&c. That is, since it is true (9) when the angle GPC is measured by 
J of the circumference, it is likewise true when the angle between the 
equal components is measured by J, -^, jV, &c. of the circumference, 
where the series may be continued sine limite, 

.3. If the proposition be demonstrated for the three angles fi, b, and 
a — 6, it will be true for the angle a-^b; that is, if we take two equal 
components c and c', making with their resultant x, angles = a + ft, we 
shall have j: = 2c cos. (a + ^)- Thus, if in fig. 5 the angles CPR, 
C'PR are each equal to a, and r PC, CPd, cfPC, d Pd% each equal to 
b: conceiving two forces (fP, d'P each equal to c, their resultant will, 
by hypothesis, be = 2c cos. {a — ft), because rfPR = « — ft; and this 
quantity subtracted from the resultant of f, c', d, d', will give .r. But 
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(' and li have their resullaiil C acting in CP, nnd = 2f cos. b; the nine 
ihing holding with respect lo c' aud d", we liave two forces equal to C 
imd equivalent to one, which is 3Ccos.aDr4cco9.acos.ii whence 
x = 4c COS. a COS. t — ac cos, (a — b). But cos. a cos. 6 = t cos. 
(a + i) + i COS. (o — 6). (See Gregory's Trig., p, 44, art. 20), 
\Vbidi value of cos. □ cos. Ii, substituted for it in the preceding equa- 
tion, gives xssic COS. (» ■+■ b). Sa that the proposition when true for 
a, b, and a — A, is true for a + b. 

4. Let b be taken as small as we pleB-se in the series i, ^, ^i jp &c. 
and let a b* the preceding term in [be series, then a, b, n~~b, n + t, 
are 2b, b, b, and 3b, respectively, in each of wliich ttie proposition 
holds: again, if a = 3t, a+ b = ib; if o = 46, u + 6 = 5*, &c. So 
that the theorem is demonstrated far all angles io the series b, 2b, 3b, 
4b, 5b, &c., in which h may be taken of a magnitude les,s tlrnn any one 
which can be assigned. Consequently, the theorem is true with respect 
to any rhombus whatever; for let any rliombus be proposed, which it is 
affirmed is an exception to tiiis proof; we can, it is obvious, by choosmg 
b lower than any assigned angle, and taking a suitable multiple of it. 
approach Dearer the excepted angle than by any as8%iiable difference, 
that is, we shew that our theorem is applicable to the angle Itself. 

(12.) Prop. Any two forces having the ratio of the aides of a 
rectangle, and whose directions coincide with tliose sides, have (or 
Iheir equivalent the diagonal of that rectangle. 

Let the two forces C, C (fig. 6,) act in the directions CP, CP, which 
comprise the right angle P: complete the parallelogram CPC'R, and 
draw its diagonals! parallel lo CC, draw ce* terminated by Cc, CV, 
which are diawn parallel to the resulting diagonal. Conceive c and c' 
lo be two equal forces acting in the equal lines cP, c'P, opposite to 
eacli otiier, and consequently annihilating each other's effects; then 
c PDC and r'PDC being rhombi, the force CP is the equivalent of 
cP, DP, and C'P ttiot of c'P, DP, by the preceding proposition. 
Therefore, the components CP, c'P are the same in effect as the oppo- 
site ones cP, c'P, together with DP, PR; that ia, the equivalent sought 
is 2DP or RP, the diagonal of the parallelogram. 

Cor. Since RP ; rad. ;: CP : coa. CPR :: C'P : COS. C'PR, we 
hare the resultant equal to either component divided by the cosine of 
ibe angle which it make* with the resultant. 
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■ (1 3.) Prop* Any two forces wbatever have their equmJent expressed 
io magnitude and direction by the diagonal RP of tiie patallelogram 
constructed on the lines CP, C'P^ which represent these forces. 

Having completed the parallelogram CPC'R (fig. 7,) on the given 
sides, draw cc^ perpendicular, and Cc, C'c parallel, to the diagonal; 
demit also CD, CD' perpendicular to the diagonal: then will Cc PD, 
CV PD' be rectangles, and the triangles CRD, C'PD' equal in all 
respects, consequently Cc = DP, RD = D'P, and cP = c'P. The 
addition of the equal forces c, c', acting in the opposite directions cP, 
c'P, will make no difierence in the state of the system; and since- die 
components DP, cP, have CP for their resultant, and the components 
D'P, c* P, the resultant C'P, (by the preceding proposition,) we may, 
instead of the original forces CP, C'P, substitute the forces cP, c'P, 
DP, D'P, of which the two former destroy each other's effects, and Ae 
latter DP, D' P, are manifestly equal to RP ; that is, the resultant of the 
two forces CP, C'P, is equal to the diagonal RP of the parallelogram. 

"Thus have we,** observes Dr. Gregory, **by a series of connected 
pfjypositions, demonstrated that which is justly reckoned the most im- 
portant in the theory of Statics, and which is now commonly spoken of 
under the title of the Paralldogram of Forces, Tlie demonstration 
here given is commenced upon the same principle (9) as that pro- 
posed by lyAlemherty in the Memoirs of the French Academy for 
1769: it was somewhat simplified by Franaeur in his Mechanics; 
but what is here offered, at the same time that it is more concise than 
the demonstration of Francoenr, is fieed, it is hoped, from some objec- 
tionable positions into which that author has certainly fallen." 

The foregoing proposition of the parallelogram of forces, has also 
been established by some eminent mathematicians by processes purely 
analytical, and deduced from some obvious principle necessarily in- 
volved in the question itself, as for example, that if two equal forces 
P, P concur at an angle 9, the direction of the resultant must bisect 
this angle, and moreover its intensity must be some function of P and 
9, which is no more than saying that the intensity of the resultant must 
in some way depend on the intensity of its equivalent components 
and on their mode of action. This is the condition from which Foisson 
sets out in his analytical investigation. We have given it with some 
little modification at the end of the volume. 
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(14.) From nhal has now been proved, it foUons tlial when tlie in- 
tensities and directions of aoj two eoocurriDg forces are given, the dt- 
latioD of ibe ihird force equilibraliDg ihese will be reduced lo 
the delerinination of tlie diagooal of a pttiallelograni, from baTing tlie 
3 sidej and included angle given ; or slill more aimply, it will he 
reduced to the deiennioation uf the third aide of a triangle, frani hiring 
ino sidt^s and the included angle given ; for if PC, PC are tbe two 
given forces (fig. 7,) then, by drawing CR equal and parallel lo PC, 
llie diagonal Pit will be jU9l an well determined as if we had con- 
structed ibe parallelogram CC', so that instead of the sides and din- 
goaal of a paialUlogram, we may always represent three equihbraling 
forces as well in direction as inintensilyby the three sides of a triangle 
taken in order as PC, CR, RP; so ibatas these sides are as (be sines 
of th^ opposite angles, we may say that the inteiiiiiy uj any one of 
three equilibrating /ortet ii profortlonal lo the sine of the angle be- 
Fi the dirertioiu i<f the other two. If we represent the sides PC, 
PC by P, Q, and tbe angle CPC of their du^ctiou by b, then, since 
n tbe triangle CRP the angle C is the supplement of i, we shall have 
iliis analytical expression for R, viz. 

R'= P" + Q' + 2PQ cos. a, 

SO that the fundamental theorem of statics, when expressed algebraically, 
is precisely that which is also the ftindimental theorem of plane tri- 
gonometry. 

(15.) Knowing how to compound two forces, we may easily, 
compound several or determine a single force which will balance them, 
and thai either by geometrical consiructiun or by analytical represen- 
tation. Tints, suppose four forces PC,, PC,, PC,, PC,, concurred 
at P, then we might proceed geometrically as follows: Draw in tbe 
plane of the two forces PC, , PC, tbe line C, R, , equal and parallel 
to PC,, then PR, will, from what has already been proved, be the 
equivalent of PC, , PC,, and may therefore be substituted for them in 
tbe system. Again, in tbe plane of the two forces PR,, PC,, draw 
R, R, equal and parallel to PC,, then, as before, I'H, will be the 
equivalent of PR,, PC,, that is of the three forces PC,, PC,, PC^. 
Lastly, b the plane of the two forces PH.,i PC, draw It, II, parallel 
and equal to PC,, and we shall then determine PR3, which must be 
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tlie equivalent of the whole system. From this constniction it is 
obviouSy that if commencing at the point of concurrence P we draw 
successively PCj, CiR,, R1R3, RaRa^ equal and parallel to the 
several forces, then the line PR,, which closes the polygon PCiRi 
R, R, P, will represent the resultant of the system, and this in what- 
ever planes the component forces act, since in our construction we liave 
not confined these forces to any particular planes. Should the con- 
curring forces be in equilibrium, the last of the points R,, Rj, R,, &c. 
will fall on P, making the resultant 0. 

This graphical method of compounding forces, vnll not, however, 
answer the purposes of computation, and we shall therefore now seek 
a general analytical expression for the resultant of any number of con- 
curring forces, confining ourselves first to those only which are situated 
in one plane. 

Determination of the Resultant of any Number of concurring Forces 

situated in one Plane. 

(16.) We have already seen how any two concurring forces may be 
compounded into one, but before we can conveniently compound a 
greater number we must first reverse this process, and know how to 
resolve any single force into two concurring forces acting in certain 
proposed directions. 

Let PR (fig. 8,) represent any given force acting on P, and let it be 
required to resolve it into two others concurring in P, and acting in 
the directions PC, PC, so that PC may make a given angle a with 
PR, and PC may make a given angle p with PR. Parallel to PC 
draw RC, then, (13) making PC equal to RC, PR will represent the 
force of which PC, PC represent the components, that is, PC, PC 
will be the components sought. Their analytical values will be obtained 
by determining trigonometrically the two sides PC, CR of the triangle 
CPR, from having the side PR and interjacent angles given; we see, 
therefore, that tlie resolution (f a given force in any two arbitrary 
directions may always be effected. That it may be efTected in the easiest 
way possible, it is requisite that the proposed directions be perpen- 
dicular to each other, for then the analytical operations are expressed 
simply by the equations 
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PC = PllCM.«, PC = PR COS. ^, 

where a end ji are complementa of each otlier. When, ihererore, ive 
have lo decompose a force inio two olliets, and are al liberty lo cliooae 
their diicclions, we shall always, on the score of simplicily, assume 
these directioas perpendicular to each other. 

(17.) Let it now be required to compound into a single resultant the 
sereralcoDciuTingP, P,, P„ P", Sic. {fig. 9). 

Assume any rectangular axes AX, AY, the first AX mating wiili 
the direction of the several forces the angles a, a,, a,, a , &c., and the 
second AY making irith tlie same diretliona the angles ^, 0,, /3,, p., 
&G. Then by resolving each of the propoiied forces into two others 
acting along the assumed axes, we shall have for the sum X of all the 
componenis Ax, Ai,, Aj,, &c. acting along Aj, 



.«, + P,C01.«,+ P3C 

Y of oU the other components, i 



Pcoa.» + P,cos.«, + P,coi.«,+ P3Cos.-, + Ac. = X (1). 

and for the s^ 
along AY 

Pco»./3+P,co»./J, + P,cos.^, + P,cos.,3j + *c. = Y .... (3), 

so that these two sums, that ia the single force X acting along AX and 
the single force Y acting along AY, may be substituted for the pro- 
posed system of forces ; hence the resultant of these two will be the 
resultant of the original system. But the resultant R of two forces X 
and Y acting at right angles, being the diagonal of the rectangle XY, is 



R = \ 



■(3), 



this, therefore, is the general expression for the resultant of any system 
of concurring forces acting in a plane. 

(18.) It might at first sight appear, that since the angles fi, (3,, &c. 
are the complements of n, a, , &c., it would be better to write in the 
first member of (I) (he espressions sin. a, sin. a, , tie. insteadof cos. fl, 
cos.^,, &c.; such, however, is not generally the case, although tti* 
change would do very well for the pnrticular arrangement of the forces 
exhibited in the figure, for it ia easy to see that this arrangement ia such 
aa lo cause all the components acting alor^g each axis to conspire. I f 
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one of the forces Ps were directed out of the angle YAX, as in fig. lo, 
its component Ar, would obviously oppose the conspiring fences Ax, 
AjTj, Ax,, and therefore, agreeably to (6), its analytical representation 
should carry a contrary sign, which it actually does do when we give it 
the form P, cos. j3„ but not when written P, sm. «,, although each 
form represents the same linear magnitude; similar remarks apply 
when P, is situated in either of the angles XAY', X'AY'. R^anling 
then the components which act in the directions AX, AY as positiyei 
and those which act in the opposite directions AX', AY' as negative, 
the several terms in (1) and (2) will have their proper signs involved 
in those of their cosines, 

(19.) In order to completely determine the resultant R, we must 
know its direction as well as its intensity (3). Now putting a, 6, for 
its inclination to \x^ AY, we know that 

X = R cos. a, Y = R oos. h 

X Y 

.*. COS. a = , cos. h = 



R '™"'— R > 

either of which equations makes known the direction of the resultant, 
so that the resultant will be completely represented by the equations 

R=\/x»-fy« 

X 5- . . . . (4). 



COS. a = 



R 



If the proposed forces are themselves in equilibrium, then R^O, so 
that we must then have 

>/x«-f Y« = OorX«-f Y« = 0; 

but as every square is essentially positive, the sum of two cannot be 

unless each separately is 0, so that when the forces are in equilibrium, 

we must have 

X = 0, Y==0, 

showing that each system of components must be in equilibrium, and 
this is obviously true whatever be the inclination of the axes of the 
components. 
(20.) As a particular example of the preceding general theory, let us 
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suppose four forces P, P,, P,, P„ concurring in a point A, of whidi 
(be iQtensities are respectively denoted hy the numbers 1, 3, 4, 5, aud 
lei the angles included by ibeic directions be 



PAP,= 



, P, AP,= la", P.AP.sTSO, 



First assume, as above directed, two rectangular axes AX, AY, and, 
ai their position is arbitrary, let us for greater simplicity suppose one 
of ihem AX to coincide with AP; then the bclioations of the several 
forces to the assumed axes will obviously be as follows: 
FAXb= 0° = > .-. c<w.o =1 



P,AX= 45° = a, CO, 


■-, = W3 


P, AX = 120= = ,., CO 


.., = -1^3 


PAY= 90" = (3 .-. CO 


.0 =0 


P,AY= 80° = (3, CO 


>.3, = k 


P,AY= 45° = 0, CO 


.ft = Wa 


PjAY= 30" = ft CO 


.ft = W3, 


the two general equations 




-cos.. + P,coa.-,+P,c 


s.., + &c. = X 


co».f3 + P,coa.;3.+ P,co 


8.;3, + &c, = Y 



o + j + 2^/a + iva = Yi 

hence, the numerical values of X and Y being thus determined, the 
vailue of 
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Determination of the Resultant of any Number of Concurring Force$ 

situated in different Planes, 

(21.) It was necessary before we could compound together several 
forces acting in one plane, first to determine the resultant of two, or tp 
establish the parallelogram of forces, so likewise before we can treat 
the more general case, or compound together forces acting in different 
planes, we must first know how to determine the resultant of three. 
This however is a very easy matter, it has indeed been accomplished 
geometrically already (15), and not only for three but for any number 
offerees. But let three be three P, Pp P„ concurring in A, (fig. 11,) 
and represented by the lines AB, AC, AJD; then we know fix)m the 
article just referred to, that if we draw BE in the same plane with, and 
equal and parallel to, AC, and then £F in the same plane with, and 
equal and parallel to AJD, the line AF, which closes the twisted 
quadrilateral ABEFA, will represent the resultant. Now the three lines 
AB, BE, £F, are obviously the three edges of a parallelepiped BGj 
of which AF is the diagonal; hence the lines representing three con- 
curring forces not in the same plane form the edges of a paraUelopiped 
whose diagonal is their resultant. It is manifest that if any force AF be 
proposed, and we draw from A three lines AB, AC, AD, in any 
directions whatever, not all in the same plane, nor yet any two in the 
same plane as AF, we may construct a parallelepiped having these 
three lines for edges, and AF for its diagonal, the opposite edges 
meeting in F. Now the forces represented by the edges of this 
parallelepiped meeting in A, have the given force AF for their re- 
sultant, therefore this given force have these three for its components, 
so that any force may he decomposed into three concurring foyrces acting 
in any proposed directions^ provided all three are not in one plane nor 
any two in the same plane as the proposed force. 

This decomposition will be most easily effected, analytically, when 
the directions of the components are at right angles; for if a, /3, and y, 
represent the inclinations of the proposed force R to these several rec- 
tangular directions, then the three components will be obviously ex- 
pressed by 

R COS. a, R cos. /3, R cos. y . * . . ( 1 )> 
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for in fact, these componenta are no olher than the projections of the 
onginal force on Ihiee rectangular axes, calling these several projections 
or component forces X, Y, Z, we have, by adding their squares, 

X" + T"+Z*=R«(co«-*- + «"-'^ + eM-'r>. 

but (Ami. Geom. p. 126,^ 

CO».*a+CO8.'/3+C0a.'y=l .... (2), 
.-. R = "/X" + V> + Z'. 

It thus appears that when we wish to decompose a given force tt in 
three rectanguiar directions AX, AY, AZ, making with R any proposed 
uigles I, fi, y, we shall have, foi the analytical values of the compo- 
nents, the expressions 

X = Rcoa.fl, Y = Rcoa./3, Z = Rcoa. y . . . , (3>, 

:ind when on the other hand we wish (o compound three given rec- 
tangular forces X, Y, Z, the infeniiy of the resultant will he given by 



and its direclion by the expressions 

»...=-;-, »..„=-x_,„..,=4_....(.,. 

Two of these latter equations are however sufficient to fix the position 
of the resultant; since, on account of the necessary condition (3), any 
one of the cosines become fixed when the other two are; llius, wlien 
a and are determined, we get y by the equation 

COS. j = '/l^ caa.' a — cos.' /3 .... (6). 

We need not embanass ourselves here with any inquiry about the am- 
biguity of the signs of the cosines in (5), arising ftom the nmbiguily 
of the sign of the radical R in (4)j for, as we know that the resuliani 
must necessarily lie within the angle formed by X, Y, Z, die angles 
»i A 7i whiel' 'I forms with these lines, must always be acute. 



J 
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(22.) Let us now proceed to determine the resultant of any number 
of concurring forces P, Pj, P,, P,, &c. situated in space, and acting 
in given directions. 

Through the point of concourse A draw three rectangular axes 
AX, AY, AZ, and let us call 

a , P 9 y i the angles which P makes with these axes, 

*i> Pi> Km • • • • "i 
•a* Mj> y%i • . f . Pj 
dse. d;c. 

then, by decomposing each force according to these axes, we have 

P cos. a , P cos. j3 , P cos. y for the components of P 

PjCos. «,, P, co8.j3,, P, cos. 7, P, 

Pacos. «2, Pjcos. )3j, PjCos. yj P, 

<&c. ^c 

Adding together all the forces which act in each axis, the three sums 
X, Y, Z, will represent three rectangular forces acting in given direc- 
tions, which may be substituted for the proposed system, the values of 
these three forces being 

P cos. « -h Pj COS. ft| -|- P, cos. a, -f <fec. = X 
P COS. )3 -f P, 
P COS. 7 -f P] 



\ COS. ft| -f- P, COS. a, -|- <fec. =s X -v 

»,cos.i3, -f P,co8./3,-f«fec.=Y > • • • • (1). 
\ cos. yi -f P, COS. 7, -f &c. = Z -^ 



Having thus reduced the system of forces to three, we have, for the in- 
tensity of the resultant, the expression 

R = \/x»-f Y«-fZ* .... (2), 
and for the aiigles a, 6, c, which it makes with the axes, the expressions 

X Y Z 

COS. a = —5—, cos. b = —5—, cos. c = — ^— .... (3). 
H H K 

In this way, therefore, we may completely determine the resultant 
of any system of forces situated in space, when we know the intensity 
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b! each force, and the angles its diiection makea with thi«e rectanguUr 
lies. The cosines in (1) necessarily cany with iliem the proper sigiu 
M in art. (18). 

When the system of conoumng forces la in equilibriutn, then, since 
R^ 0, me must have 

X'+ Y» + Z' = 0; 



but as every square is essentially positive, this c: 



It be unless 



that is 10 say, we must have (equa. 1,) 

PCOS. «+ P|COB. =, +P, CM. a,+&C. = 0-j 

Pco9. /3 + P,coB. (3, + P,coij.;3, + &c. = } . . . . (4). 
Pcoa. 7 + P,coB./, + P,coa.}i, + *C.=0* 

These, therefore, are the eguatiotti of eguilibrima of a system of con- 
turting forces P, Pj, Pj, &c. situatetl any how in space. 

(23.) The projection of any line in apace on two rectangular axes, 
may obviously be found by first piojecting the line on the plane of 
those axes, and then projecting this projection on the axes themselves. 
Hence, if a system of forces in equilibrium be projected onllie plane of 
ry, the forces represented by these projections will be also in equilibrium, 
seeing that the componenls of these forces will be X ^ and Y ^ 0. 
Now the position of one of the rectangular planes, as die plane of xi/, 
Is always arbitrary; on this accomiC therefore, and on account of the 
equations (4) it follows, that when any number ofjorces are in egui- 
librio, their projettians upon any plane or upon any line viill also be in 
eguilibrio. 

(24.) As the resultant R or AF (fig. 11,) of any system of forces is 
the diagonal of the parallelopiped whose edges are the components 
X, y, Z, or AB, AC, AD, it follows that X, Y, Z, are no other than 
thecoordinatesof thepointFjf-dno/, Geum.p. 218). Knowing, there- 
fore, the coordinates of a point F in the line AF passing through the 
origin A, we know enough to enable us to write the equation of this 
line or of the resultant. These equations are (Anal. Geom. p. 224, J 
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If we remove the origin of the rectangnlar axes without altering ^ 
directions of the axes, so that the coordinates of the point of concoiifse 
A may be jr',y, z\ then the equation of the resultant will be 

s — «' = -^(* — a?'), « — «'=-Y-(y-y'), 

or the line will be equally represented by combining either of these 
equations with that of the third projection, viz. 

Having now established the general theory of the equilibrium of a 
free point acted upon by any number of forces any how situated, we 
shall devote a short chapter to the application of this theory to parti- 
cular examples. 



PROBLEMS ILLUSTRATIVE OF THE PRECEDING THEORY. 

(24.) We have already adverted (4) to the propriety of representing 
balanced forces by means of weights, from the circumstance that any 
influence tending to move a free point may be always counteracted and 
rendered nugatory by the opposing influence of some weight commu- 
nicating to the point, by means of a cord attached to both. All, there- 
fore, that has been established in the preceding chapter respecting the 
equilibration of forces acting on a point, applies when these forces are 
weights acting on a point through the intervention of cords, provided 
only that we consider these cords to be themselves without weight or 
thickness, to be inextensible, and' to be perfectly capable of moving over 
the fixed points or puUies, (as at fig. 12,) employed to direct the influence 
of the weights, with perfect freedom. The consideration of a system 
of weights thus acting on a free point through the intervention of cords 
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and fixed poinls, introduces the consideration of two new modifications 
of force, viz. Tfenji'on and Preaure. 

By the tension of a cord is to be underalood its tendency lo stretch 
under the influence of an appended weight; as this tendency caries 
with the weight, this \a taken as its measure; so that when we speak 
of tiie tension of a cord as a force, -ve always mean the weight which 
produces thai tension. The pressure on a fixed point is measured by, 
or is equal lo, that force which must he applied lo it, when supposed 
&ee, to keep it in equilibrium. 



A cord PABP, panes over two fixed points or small pulleys A, B 
m the horizontal line AD, and two given equal weights, suspended at 
the evtcemities P, P, support a third given weight W. It is required 
10 determine the position of C, (fig. 12). 

Hie point C is kept in equilibrium by the equal tensions (P or P, ), 
of the strings CA, CB, and by the weight W acting vertically. Hence, 
by resolving the forces in the directions of two axes CX, CY, the one 
parallel and tlie other perpendicular to A6, (he forces in each axis 
must destroy each odier. Hence, taking first the components in CX, 
we have the condition 

P COS. a + P, COB. a, = Or P COB. a ~ P, COB. »' = 0, 

from which we immediately infer that as P = P, , a ^ «', and there- 
fore /3=^,, so Ihat the triangles ACY, BCY are equal, and CY 
hisecis AB. 

AgEiin, because 0^0 , the components in CY are 2P cos. p, and 
W in the opposite direction, therefore the second condition is 

aPcos.^ — W = .-. CM.^=sin.B = ^. 

Hiis equation in sufScient lo determine the point C or the line EC; 
hut, to avoid any trigonometrical computation, let us put for cos. ^ ita 

equal -^TTi then 
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BC _ \/bY« -f YC« __ 2P J5XL — l?lZ"^* 

TC^ YC" "" "W" **• YC« ■" W« 

W 

The solution of this problem may be conducted di£ferently as follows : 

Parallel to CB draw AE, and produce the perpendicular CY till it 

meets in £; then the triangle ACE thus constituted will have its three 

sides in the directions of the three balancing forces, and will, therefore^ 

be proportional to them; hence, as the tensions of CA, CB are equal, 

the sides CA, AE are equal, so that the perpendicular AY bisects 
CE; also 

P: W:: AC:EC = 2YC 






2P AC 



W "" YC 



and the remainder of the solution may be as above. 

If we suppose W ss 0, then the above expression for YC shows 
that YCs=0, as it obviously ought to be; that is, the cord will be 
brought into a horizontal line AB. But upon no other hypothesis wiU 
this be the case, except, indeed, we suppose the weights P to be inft> 
nitely great, for however small W be assumed, yet so long as P is of 
finite magnitude YC will have a finite value, and can never be accu- 
rately 0, so that it is impossible for any two weights P, P,, however 
great, acting as in the figure, to draw a third weight W ever so small 
up to the horizontal line AB. The same is true if instead of a small 
weight W attached to a cord without weight, we consider the cord 
itself to have weight: we may therefore say vnth Professor Whewell 

''Hence no force, however great. 
Can stretch a cord, however fine, 
Into a horizontal line 
Which shall be accurately straight.'* 

As W increases horn 0, YC increases and becomes infinite when 
W 3= 2P, so that when the weight W is either equal to or greater than 
2P, there can be no equilibrium, for W will continually descend 
drawing up the weights P, P, , 



PROBLEMS Olf CONCDRKING FORCES. 



Suppose the weights P, P,, are unequal, and that the line AB, instead 
of being borizoalal, makes a given angle BAO' nilh Ihe horizontal line 
AB*; lo determine the position ofC, (fig. 13). 

The solution will perhaps be mos-t easily obtained without reBoUing 
the forces; thus, draw AE parallel lo CB, meeting the vertical line 
CE in E, theu the three sides CA, AE, EC, being in the directions of 
IbetlireeequilibraliDg forces P,, P, VV, are proportional lo them; hence, 
knowing the proportion of the three sides of the triangle AEC, we may 
ilelennine its angles: we may, therefore, consider the angles ACE and 
AEC = ECB as found; consequently iheangle CAD, the complement 
of ACE, becomes known, and DAB being given the angle CAB 
becomes known ; hence, in the triangle CAB, we hare the side AB and 
the angles C and A to determine the two sides AC, BC. 

Thus, suppose P = 41k,P„ = 3«., and VV = 5ft; also AB = € feet, 
and the angle DAB ^ 30°, then the angles of a triangle whose sides are 
AC = 3, AE = 4, EC = 5,areCAE = 90°=BCA,AEC = 36''. 54' 
= ECB; hence DBCssQo" — ECB = 53°.6', and consequently 
ABC = DBC — 30° = a 3° . 6'. We thus have AB = 6 feet, AC B = 
90°, ABC = 23° . 6', whence AC = a ■ 35 1 feet, and BC = 5 ■ 518 
feel. 



Two equal weights P, P,, balance themselves over any number of 
liied pulleys: to determine the pressure on each, (fig. 14}. 

Each of the points A, B, C, &c. are kept in equihbrium by three 
forces, vii. by the equal tensions on each side of il and by the pressure 
It sustains, which latter is therefore equal and opposite to the resultant 
of the two equal tensions P, Hence, calling the angles at A, B, C, &c. 



the preasaru on A =: ^P ccih. j a 
B=2Pco9. i* 
C = SP COS. i c. 
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PROBLEM XV. 

A cord AC6 of given length is fastened to two hooks A and B^ and 
a weight W is at liberty to slide by means of the ring C freely upon 
this cord; at what point will it rest? (fig. 15). 

It is obvious that if the two hooks were in a horizontal line, as A', 
B the weight W ought to settle itself at a point symmetrically situated 
with respect to the two points A', B, that is CA'B will be an isosceles 
triangle, and therefore the angles A'CH, BCF, made with the horizon- 
tal line IIF, will be equal. But if the hook be at A mstead of at A', 
then the force in CA being the tension of CA, or the pressure upon 
the hook A, we may consider the hook to be removed and a force 
equivalent to this pressure to be applied at A ; but it matters not at 
what point of its direction a force is applied, so that C will continue 
undisturbed if the force' be applied at A', that is, it will make no 
difference as to the position of C, whether the hook be at A or at A', 
the tension of CA being the same throughout; hence the angles ACH, 
BCF are equal, and the tension of CA equal to that of CB. Produce 
AC to meet Ae vertical ED in D, then the sides of the triangle BCD, 
being in the direction of the forces, are proportional to them; this 
triangle is moreover isosceles having CB = CD on account of the equal 
tensions of CB, CD, or of the equal angles BCF, ACH; hence AD is 
equal to the length of the string. We thus have given 

AB = a, AD = /, EABssa 
.*. AE = aco8. a, EB = a8in. a 

^^ /IS s s— T,« n//* — a^cos.'tf — a Bin. a 

ED = V /« — a« COS.* a .\ BF = ; 

also, since 

DE: EA:: BF : FC 

„^ a cos. «i -, a sin. a , 

.'. FC = — - — {1 ; =\y 

2 \//2— a>cos.«« 

these values of BF, FC determine the point C. 
As to the pressure p on the hook B or A, we have 

BF : BC : : i W : /?, 



CONCURRING FORCEtf IN ONE PLANE. 



1 



Or die pressure may be found by first iletermintDg the angle D by 
meana of tbe sides A£, AD ; this angle being equal to BCY or ACY, 
we have, by calling it J}, and reaotviiig the equal tensions p along the 
axis Cy, 

w 

In the very same way the problem may be solved, when, inslead of 
a weight W acting vertically, any power aclioB obliquely be attached 
to the ring, for the lines BA', AE being drawn perpendicular W tli« 
direction of this force anil ED parallei lo it, the above reasoning be- 
comes then obviously applicable to this case. 

The question may be viewed in rather a different manner from Aal 
above, by considering that as the cord ACB is of constant lengll), the 
[Kiint C, before arriving at a state of rest, must describe the arc of as 
ellipse, and, moreover, tliatthe place of rest must be at the lowest point 
possible ; hence the horizontal line IIF must be a tangent at C lo the 
ellipse whose foci are A and B, seeing that eveiy other point in this 
ellipse is above that line; hence, by the property of the ellipse, the 
angles BCF, ACH are equal, and, consequently, the tensions are equal, 
because their components in the directions CF, CH must be equal. 

It is very clear, although we have not assumed il above, that because 
the cord passes freely through llie ring, the tension of the part CB 
must be communicated to the part CA, for nothing hinders this com- 
o that the cotd will be equally tense throughout. 



A cord of given length -passes over two pullies, and one of iB extre- 
mities P is put tlirough a small ring or noose at the other extremity Ci 
a given weight W is then attached t-o P ; il is required to determine 
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the tension of the string when in equilibrium, as also how much of the 
cord will hang below the rinp(fig. 16.) 

The tension of CP is measured by the weight W, and this same | 
tension must be communicated to the parts CB, BA, AC, since the 
cord passes freely through the ring and over the pullies; but when 
three equal concurring forces are in equilibrium, the angles formed by 
their directions are each 120°; hence, drawing the horizontal line AD, 
we have in the isosceles triangle ADC, the angles A, D, each equal 
to 30°, and the angle C equal to 120° ; consequently, as the position 
of AB, with respect to the horizon, that is, the angle BAD, is known, 
we know in the triangle BAC the side AB and the angles A and C 
which is sufficient for the determination of AC, BC, and, therefore, of 
the place of C; also the perimeter of this triangle foeiag taken ftom liie 
whole length of the string, leaves CP the distance of the weight from 
the noose. 

If, instead of the loop or ring at C, the extremity C were firmly 
fastened by a knot to BCP at a given distance from the other extremity 
P, then the tension of CP, would not be freely commumcated to CA 
or CB, but whatever tension CA had, the same would be communi- 
cated to AB and BC, for tibe rope being freely moveable over A and B 
could not rest so long as either of these tensions prevailed. The equal 
tensions of CA, CB, as also the position of the knot C, wtU be detei- 
mined in this case as in problem iv. 

PROBLEM VI. 

The extremities of a given cord are &stened to two hooks given in 
position, and to a given point in it is applied a power P acting in a 
given direction: to determine the pressures upon the hooks (fig. 17.) 

As the point C in the given cord ACB is given, as also the line AB, 
therefore the three sides of the triangle ABC are given, and, conse- 
quently, the three angles ; also, as the direction of YCP is given, the 
angles at Y are given; hence the two exterior angles ACP, BCP are 
given. If, therefore, we draw CX perpendicular to CY, the angles 
ft, a/ will be known, so that calling the pressures on B and A, p and/)', 
we shall have, by the conditions of equilibrium, 

p cos. a — p COS. a'=zO, p sin. A -\- p' sin. a' = P 




Hie pressures p, p', therefore are to each other as tlie sines of the aogles 
0„ ^, or of the angles ACP, BCP; but this much we might imme- 
diately have infeired &om the property (hat nhen three forces equili- 
biale, each is proportional to the sine of the aogle betneeu the directions 
of the other two. 



CHAPTBK IXI. 



7 ULrecuuiis 



ON THE FUNICULAR POLYGON AND CATENARY. 

(35-) If a cord be kept in equilibrium by means of seveial forces 
P, F,, P,, Pg, &c. acting at the knots p,, p,,p,, &c. the figure p,,j)„ 
p, , fa;., which it forms itself into, is called the fimicuiar poli/gon (fig. 
18). We propose here to investigate the conditions of equilibrium of 
such a figure. 

And first it is obvious, that the several points p, , p,, &.C. are each 
kept in equilibrium by the three forces wliich concur there; it ia equally 
obvious that the tension of the string p, p, being the same throughoul, 
there is the same pressure upon the knot jj,, as upon the knot p,, but 
enerted in the opposite direction, and the same of any two consecutive 
kiMs pt, p,; p,,p„ &c. Hence, if the three forces which equilibraEe 
p, mere applied to y,, Ihe equilibriam of ^j would remain undisturbed ; 
but of the forces thus acting on p, two wouid destroy each other, since, 
as just observed, the tension of y, p^ presses the points p,, p, with 
equal force but in opposite directions; we may, therefore, consider but 
foui forces acting on p^ viz. the forces in p, Pg and in ^g pj together 
with those in p, P, and in p, ?,. Again, if the four forces equili- 
bratbg p, be transfeiied to p„ the equilibrium of jij "iU re 
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disturbed; and, as before, the two forces due to the tension oi p^ /?, 
will destroy each other, and thus the point jj, will be kept in equi- 
librium by five forces of which only one, viz. that in p^ p^ will be a 
tension, the others being tlie forces P, P, , Pj, P3, originally applied 
to the cord at the knots /),, p^, p^. Proceeding in this way from 
knot to knot, it is plain that when we shall have arrived at the last 
knot or at the extremity of the cord that the point will be kept in 
equilibrium by the concurrence of all the forces originally distributed 
along the cord at the points p,, p^ &c. the directions of these forces 
being preserved. 

From all this it follows then, that for the funicular polygon to exist, 
the intensity and directions of the several forces acting at the knots 
must be such, that if they were all applied to one point they would 
keep it in equilibrium, and that to find the direction and tension of the 
n th side of the polygon it will only be necessary to ascertain what 
would be the direction and intensity of the resultant of all the forces 
acting on the n — 1 preceding knots, if they were all to conciur. 

It thus appears, that in the funicular polygon the conditions of equi- 
librium are the very same as if the forces all concurred, or were to be 
transferred parallel to themselves to a single point, so that if we assume 
three rectangular axes, and call, as before,, the angles at which the 
several directions oi the forces are inclined to these, a, «i, «,, &c. /S, 
P,f ^29 &c. y, 72, Ys, &c., the conditions necessary to the existence of 
the funicular polygon will be 



P COS. * + P, cos. tfj -f Pj cos. a.^ 4" ^^» ^^^ \ 

P cos. /3 + Pj COS. /3i + Pj cos. /Sj -f <fec. = V .... (1). 

P COS. y + Pj cos. 71 4- Pj COS. 7^ + <fec. = 0-^ 



When the forces all act in one plane, then two axes taken in this plane 
will be sufficient, as one of these equations then becomes identically 0, 
the conditions being 



P cos. a + P, COS. tf , 4- Po cos. «« 4- <fec. = (I 

' ' - . . (2). 

P €08. /3 -f P^ COS. j3i 4- P3 cos. /32 4- cfec. 






To construct the polygon in any particular case, we must know not 




only the inteaaities anil directions of the several forces, bul alsQ their 
pCHDts of application ; when these are known, we may easily consbuct 
the successive sides of the polygon; thus ihe resultant of P, P, being 
determined, ve slmll llience have the dii-ection and intensity of the force 
in p, p3, and die point p, being known we thus have the side p, p, ; in 
like manner the resultant of p, and the force in p, p, just determined, 
will make known Ihe intensity and direction of the force in p, p,, so 
that, as the point p, is giTen, we may construct the second side p, p„ 
and so on till the polygon is completed. 

If any one of the forces were attached to the cord not by a fixed knot, 
as we liave hitherto supposed, bul by a moveable ring, then in tbe 
equilibrated slate of the system the tensions on each side of the ring 
would be equal, and would therefore form equal angles with tbe force 
on the ring. 

In this way may the absolute tension between any two proposed 
knots be determined, but if we WTsh merely to find the ratio of the 
tensions of any two sides of the polygon, then, recollecting that each 
of three equUibrating forces acting on a point is propoitional to tbe sine 
of the angle between the odier two, and calbng the several tensions 
I, li, ;,, Sec. (see fig. 18,) we have 



i, Ac. 



Multiplying these equations together, and omitting the factors c( 
ir and denominator, we bave generally 






, (3), 



Should, therefore, tlie angles «, s,, n,, ^c. be equal throughout, llic 
tension will be uniform througbou.1, and, conversely, if tbe tension be 
uniform throughout, the angles must be all equal; wben, therefore, the 
angles are equal, the uniform tension of tbe cord is measured by eidier 
of tlw extreme forces P, P. , which are necessarily equal in intensity, as 
ihey measure the equal tensions of the extteme sides of the polygon. 

(QG.) The most important case of the funicular polygon is that in 
which tlie several forces P, , Pg, &[c. (fig. 19,) ore weights, acting in tha 
same vertical plane upon fixed points of tbe cord when suspended at 
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its two extremities P, P*, (fig 19), we shall therefore consider this case 
in particular, and first we may remark, that the polygon so formed wiU 
lie wholly in the vertical plane of the forces, for of the three equilibrating 
forces concurring in p, , two, viz. those in p^ P, and in p^ Pi r are in 
the vertical plane ; therefore the third, or that in p^ p^ , must be in the 
, me planer also, this last and that in p, P, being in the verticsd 
plane, the force in />, p^ must be in that plane, and so on. Let us 
then draw in this plane the horizontal and vertical axes PX, PY ; the 
angles a, aj , &c. Which the directions of the forces make with the first 
of these axes, are each equal to 90°, and the angles )3, /3, , &c. made 
with the other axk, are each 0; hence, denoting the sum of all the 
weights P, Pj , &c. by W, the equations of equilibrium (2) at page 
28 become, in this case. 



P CO?, a -{-Pn COS. a^^O *! 

P COS. p + P,tC08. j3„ -f W = 5 



fl>, 



where P and Pn are the pressures on the two points of suspension; 
these pressures are therefore readily determinable if the angles a, a»j 
that is the directions of the extreme cords, are given, there being no 
necessity to know the situation of the knots, nor yet the separate forces 
Pj, Pj, &c., but only their sum W. All this, indeed, may be deter- 
mined from the equations themselves > thus, let t represent the tension 
of any side of the polygon, and let us put a for the angle it makes with 
the horizontal axes, and b the angle it makes with the vertical axis. 
Tlie tension t may be considered as exerting a pressure upon the knot 
at that extremity of the proposed side which is farthest from the point 
P, so that substituting this pressure for P* in the equations (1) and 
calling the sum of the weights between P and this knot u', we have 

P cos. « + < cos. a = ) 

> . ' ' . (2), 
P cos. l3-\- 1 cos. i -f w = J 



two equations from which the two unknowns t and a may be deter- 
mined, and thus the intensity and direction of the force in any side of 
the polygon ascertained; and, from knowing the intensities and directions 
of the forces in two adjacent sides, we find the intensity of the vertical 
force at ihe angle by taking the resuHant* 




As 10 Uie ratio of any two tensions, it ii involved id the general 
eipreasion (3) of last article, which, becauae in the case under con- 
sideration a, is the supptement of a,, a^ the supplement of u, , and so 



fr '■--' m 

^t^Ml lie ttmu'iii of aiii/ tieo lUea of the polygon are reciprocatuf u§ i 
Ihf jirtei of tin ungia witch theyj'urm with the vertkal axil. 

Since these angles are tlie complements of those which the same 
sides form with the horiwntal axis, we may substitnle the cownes of 

I'lese latter for the sioesof the former, or because c03.= we may 

9iy that Ike leiiiion* are dirixtly <a the scamtt of their iiicUnatim to 
the horizon. 

(27.) The Cateuari/. By referring to equations (1), laslartiele, we 
see that they express the conditions of equilibrium of these three forces 
acting at iheir point of concurrence, viz. the force P inclined at an 
■Q^le n to the horizon, the force fn inclined at an angle s„, and the 
veciical force W. Hence, in our polygon (fig. 1 9), if we produce the 
directions of the pressures P, P., that is the extreme sides of tlie polygon, 
the point O in which they meet must be the point of cooconrse of 
which we speak, at which tlie vertical weight W and tlie pressures P, 
I', acting maintains the equilibriu.m of O ; these pressures are there- 
foie the same as if all the weights acting at the angles of the polygon 
were collected and applied at O, it would therefore not be improper 
to consider W so applied as the resultant of all the original weights. 

If we suppose in our polygon the weights to be attathed at equal 
distances, the teas these distances are taken the greater will be the 
number of sides of tlie polygon, and, consequently, die figure will 
ttMHOach tlie more nearly to a cuivilinear form, which form it must 



32 ELEMENTS OF STATICS. 

actually assume 'when the distances between two consecutive weights 
become 0, that is, when the weights act upon every point of the cord; 
now this is the same as considering every point itself to be weighty, so 
that the curve, of which we speak, will be that which a perfectly flexible 
physical line or chain actually assumes, when suspended at its extre- 
mities. It is called the catenary curve, (fig. 20.) 

The direction of the pressures on the points of suspension will, obvi- 
ously, be tangents to the catenary at those points, and, fix)m what has 
been said above, it appears that the point O, in which these directions 
meet, would be kept in equilibrium by the pressures or the tensions of 
the lines OP, 0P», and by the whole weight W of the chain suspended 
atO. 

(28.) Let us seek the equation of the catenary, supposing that the 
cord or chain is uniformly heavy throughout, that is that the lengths of 
any two portions are to each other as their weights. Taking the hori- 
zontal and vertical lines AX, AY, for axes of co-ordinates, we shall have 
for any point M, Pm = x, mM =zy and PM ^ s; and the portion s 
of the cord is held in equilibrium by the tensions at P and M, acting 
in the directions OP, OM of the tangents at those points and also by 
the weight of s; or the point O is held in equilibrium by the same ten- 
sions and the vertical weight s, the relation therefore between s and the 
tensions is determined by the relation between the sines of the angles 

about 0, that is (14) 

sin. POM _ s 
sin. MO* p * 

where p represents the pressure on P. Now 

sin. POM = sin. (lOM -f POX) 

= sin. lOM COS. POI -|- cos. lOM sin. POI 
= sin. m MO sin. a — cos. m MO co8. «. 

consequently, since mMO = MOs 

sin. POM . ..^ 

—^ — — — - = sin. a — cot. m MO cos. ai 
sm. MOs 

but {Diff, Calc. p. 112.) cot. ?wMO= -p: hence 

dx 
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s dy dy 

— ^ sin. a. r- COS. a .*. « = sin. « — p -p- cos. « . . . ( 1 )« 

p d» ^ '^ dx 

which is the differential equation of the catenary. 

We may obtain a differential equation, involving only j: and y, pro- 

dM 

vided we differentiate this wi^ respect to x and substitute for -p its 

dx 

equal 



'or we thus have 






^ll4-f;=-;.cos..^ 



'. J =C pCOS. A 



-Jl + i^ 



The numerator of the fraction in the second member of this equation 
will obviously be the differential of the denominator if we multiply '\t 
by dy*; by doing this, therefore, and then integrating the equation, we 
have 



I dy^ 

= — n cos. « N 1 H — TT 

from which we get 



y =— pcos.«>l 1 4- -^^•^-^' 



dy ^ (g — y }^—p^ COS.* g 

r/x /7 cos. a 

It remains to determine the constant c, for which we have this con- 

dy 
dition, viz. that when jt = and 3/ s=s 0, that is at the point P, — = 

dx 

tan. a. so that for this point the equation (2), just deduced, is 

sin. a Vc* — D'cos.'a 

tan. a = ::=■ , 

cos. a. p COS. a 



• This is the same as multiplying both sides by ~ and then multiply- 

ax 

ing by dx, to prepare each side for integration. 
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or 

.*. c* isji* (ain.* « + COB.* •) =s/»* 

hence the differential equation of the catenary (2) is 

-J- .» — — — — — ^— , , , ^a^, 

dy 
If we substitute this value of—, in the equation (1), there results 

dx 

s =ip shi. • — ^Q, _y)« _^« co8.« a . . . . (4), 

which expression, for the length of the arc, proves that it is rectifiable. 

In order to obtain an equation between s and y, independently of 
differentiab, let us put in (3) 

p — y =^hP cos* « = a» 
then <fyss — dz and the equation reduces to 

dz 
dxss — a • J .... (5) j 

to render this rational we must assume 

>/a* — o«=:z — »', 
from which we get the equation 

which differentiated gives 

d% d%f .. 

.-. j= — — =— rflog.x; 

that is, from (5) 

<2jr =a<i log. z' .*. « = a log. »' -f c 

estoring the value of %' 



w 
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I = a log. { . — Vi^^^'l + ci 

or, restoring the values of z and a 

i=pcoa.»Iog. ((p— y) — V'{;j— y)'— y^coa.'.] +f...(a), 

llie constant c tnaj be determined ironi the coodition that c ^ n 
V =: 0, the origin being at P, this condition gives 

e = — pcos.nlc^. {;i(l — >in.a)}, 

and thus the equation (6) is 



r=pcc 



J-)^ 



pO- 



zlM±lll 



.-) 



In ofderto determine the lowest point in the catenary, i 
at which the tangent of the inclination to the horizon is 0, 
— ^ in (3), which will give for y (he value 

j,=y(l — coa..),..(ii), 
and this put for y in the equation (r) gives 



x=pc< 



■'"g- l-^ln.. 



also the l^gth i of the cord hanging between the point of suspension 
P and the lowest point is, by equation, (4) 






■ <n>> 



(29.) If both points of suspension P, P„, are in the same horiionlal 
line the portion of the cord between P and the lowest point will, obvi- 
ously, be equal in length, and symmetrical in tlgure to that between 
P. and the lowest point: hence the value of i in (10) will be half the 
length of the cord. When, therefore, we know the horizontal distance 
D of the points P, P„ and the length L of the cord, we may by help 
of the last three equations determine the angle n and the tension p: 
thus dividing (9) by (10) we have 
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D COS. a , COS. a , , . , 

-r^"' — '®ff' -; 1 — J .... (11) 

L sin. « ° 1 — sin. a ^ 

an equation from which, the unknown quantity a, may be determined 
by approximation, after which p will be given by (10), viz. 

knowing, therefore, a. and p, we may readily find the tension t at any 
point of the cord; for if s be the length, hanging between P and this 
point, then from equations (2) art. 26 

p cos. a-\-t cos. a := -v 

p COS. /3 + < COS. 6 + * = % ... (13); 
also i 

COS.* a + COS.* 6 = 1 -^ 

from which, cos. a and cos. 6 being eliminated, there results for t the 
value 

^=:>/pa — 2p*8in. a-f «* 

= V ;>^ cos.' * + (/? sin. «— *)'.... (14) 

This expression we may simplify and render independent of p; thus, 
substitute for s the value in equation (10), and we shall thus have for 
the tension a at the lowest point A, 

a =j9 cos. a =r, (equa. 12), \ L cot. a . . . (15); 

consequently, by substitution, the general expression for t is 

t =zs/ i L' cot.» .T^ (i L — sy .... (16) 

and from this we may get the value of cos. a, by means of the first of 
(13). It thus appears that when a flexible cord, or chain of given 
length, is suspended from two points, at a given distance from each 
other, in the same horrizontal line, we may always determine its tension 
and direction at any point. 

(30.) The general equations of the curve (4) and (7), as also the 
expression (14) for the tension at any point, will become simpler in 
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formjiTlheoriginof the axesbe taken al the lowest poinl A of the curve; 
fbr canfining oui»elve3 to the consideration of the branch A Pa, we may 
view A and P» as the two points of suapension of the cord A P„ in 
which cuse a^O, and as t/, which has heretofore been measured down- 
wards, will now be measured upwards, we must change the sign which 
ii carries io the preceding formulas when we wish to adapt iheai lo 
this arrangeroeDt of the axes. Calilog the tension at A, a, we thus \ia\e, 
by equation (4), 



»= -/iaj 



alio from equation (7) 



J'^Vii, 



e by the equation just deduced 

s/a' + s" = n/«» + iHy + ?' = 1 +?; 
y put the last equation under the form 



TTie expression (14) fc 



= ■/«' + *". 



- W- 



All these equations involve the unknown tension a, but tliis may be 
determined by trial from (3), since we know ilje values of i and < in 
one case, vii. r^lD and i^il.. By means of this value of s and a, 
thus determined, we may obtain i/, that is the length of A A', or the 
distance of the origin A from the middle of P P., and knowing thui 
the posiliou of the axes, the curve may be constructed from its equa- 
tion (2). 

We shall DOW give an example of the preceding formulas. 
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PROBLEM I. 

(31.) The length of a heavy flexible chain is just double the hori- 
zontal line, joining the points of suspension to determine the pressure 
on these points, the incUn&tion « tft^e hocCEon, &c. 

It is obvious, from equation (1 1, p. 36), that it is sufficients toluid^lh^ 
ratio o^.the length LtP the distance D^in order Ijp det^ii^e the ai^le «. 
We shall not, however, employ this formula, but that above marked 
(3), as this is of more easy application. If flien, in this formula, we 
suppose s equal to half the length of the chain equal to j., then x^ w)uch 
is half the horizontal distance between the points of suspension, must 
be k\ moreover a will then be cot. « (equa. 15, p. 36): hence we shall 
have 

i = fllog.{ ~^}5 

the logarithm here indicated being hyperbolic, it will be convenient to 
ccfnvert it into a common logarithm which requires that we multiply its 
value by '43429, so that 

•21715 = a log.{— i- -i— }. 

Now the first side being little more than |, a near vafaie of a^ at once 

presents itself, viz. a = } ^ *2, which substituted in the seeond member 

gives 

•2 log. 10-000 =*20086; 

a result which is rather too small; let us, therefore, take a a little larger, 
fnaking it a := ^ = *25 ; the second member will then be 

e i log. 8-1231 =5: -22743, 

which is a little greater than the true result. Hence by the known rule 
of tnal and error, since the differences of the results are nearly as the 
differences of the suppositions which have led to them, we have 

-22743 — -20086 = -02657 : -22743 — -21715 = -01028 : : -05 : -0194 

.-. o = -25 — -0104 = -2306 nearly. 



w 
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To obtain a Mill nearer approxiniatioii to the truth, let us now assume 
u ^ -23, then the second member of [he equation in a is 

■23 log. 8'H092 = -^ITaS, 

and as this a a little too great, let us, finally, put a^-22 and we have 

'SSIog.»'ie<)3 = '31203; 
consequently, 

■9IT35—'S1M3 = ■00532: 81735 — -21715 = -OOOi ;: -01 r 00037, 

.-. B = -23 — -O0037 = '92963. 

Seeking now in the tables lor the natural cotangent coiT«sponditig 
10 this number, we find for the angle o, or the inclination of the chain 
to the horizon at ^thei point of suspension, the value 

s = 77°, 4' 

therefore putttng l-^i L, the pressure on these points is (equation Vi) 

_ ' _ I . 
''~8in.«~-074fl3 ' 

and the tension at the lowest point A is (equation 15) 



Also for tlie distance of A, below the horizontal line F Pn, we hare 
(equation S), 



the depth of the lowest or middle point. 



A heavy flexible chain, 100 feet in length and weighing 1000 lbs, is 
suspended at it£ extremities to two fixed points, in the same horizontal 
line, 95 feet IJ in. asunder. Tt 13 required to determine the greatest 
depth of the curve, the tension at the lowest part and the tensions at the 
pobts of suspension. 

D 

In this example the ratio -- is -95125; hence, as in the former 
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problem, we shall have to detennine a, or rather cot. a, from the equa^ 

tiOD 

•43420 X •05125 = •41312 = a log. {ii 5!l±i}. 

a ■* 

■; . ■ . ' • ■ 7 

After a little consideration i/ve find that as=— sc l'75i8a qear value, 

4 

• ,- • ' 

substituting this, therefore, in the last member, we have 

-^ log. 1 •7232 = -41359^ ... 

this being a little greater than the true result, let us take « = 1' 7, and 

we then have 

1-7 log. 1-7484 = -41240 f 
consequently, 

'41359 — -41240 = -0011 : 41359— -4131 2 = •00047 r: -05 : -02136 
.-. a = 1 -75 -- 02136 = 1-72864 nearly. 

Again, let a= 1* 73, then 

1-73 log. 1-7331 = -41316. 

Comparing this result with that obtained by the first supposition, we 
have the proportion 

.41359 -..41316 = •00043 : -41350 — -41312 = -00047 : : -02 : 02219 

.-. a= 1-75— -02210 = 1-72781, 

this number corresponds to the natural cotangent of 30°, 4', therefore, 
for the inclination a we have 

a = 30°, 4' 

/ 50 

.-. pressure, p = — : = -r—rrr = ^^'8 ft. = 998 lbs.* 

^ ^'^ sin. a '50101 

also tension at A, a = / cot. a = 50 x 1*72781 = 86-4 ft. = 8641bs. 

and distance of A from P P«, y z=p (1 — cos. a) = 13-4 ft. 

* Because the weight of a foot of the chain is lOlbs. 
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A chain of given length, 2 1 hangs freely over two giren points, in ■ 
horizontal line, in what position will il rest (fig. 21). 

When the cbam is at rest it is plain that what in the former problems 
tsas the pressure upon the points of suspension P, P., will here be 
equiralent to ^e weight of either PP', or of P«P.'f the parts hanging 
vertically, these parta are, therefore, equal to each other, and to what we 
iiare hitherto called p; hence, calling half the length of the catenarj i, 
iJie eiprcssioD for I will be (equa. 10, p. 35,} 



.-\-p=p{m 



(-1) ■ . 



- (1); 



also the eipicssion for half PPn or f is (equa. 9) 



'^g-f — iin 



dividing this by the last equalio 






= — tsn-i^ lag.lan.t^; 
the first member of tliis equation being given, it follows that to determine 



^1— cos.'>3 _ I I— coa .)3 
■ 1 +cos.^ ^Il+cos./j - 



iGregory'i TrigonBtnetry, p. 47.) In like i 



-ll+c 
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/3 the angle, at which the chain is inclined to the vertical, we have only 
to find by trial a number ;such that when multiplied by its logarithm, 
the product shall be equal to a given number. When this is found, 
« becomes known, and from the above equation (1), we get 



/> = 



sin. « H- 1' 



which gives t^ length of that part of the chain which hangs verti- 
cally on eadx side of the curve. 



PROBLEM IV. 

Given the distance 1V between two fixed points in the same hori- 
zontal line, to determine the length of the shortest chain that can remain 
suspended, as in the preceding problem. 

We have just seen that 

-— := — tan. \ p log. tan. ^ /?j 

V 
and as / is to be a minimum, -~ must be a maximum, /^ being constant^ 

that is to say, calling tan. j^ /3, x, 

— X log. » = — log. X* := log. — := max. 



•*. — max, or ^r* = min, 

X* 

This equation is solved at page 72 of the Differential Calculus, where 
the value of x is found to be 

* = — = ;: — 77;:r;r-:: — = tan. | 3 
e 2-71828J8... * ^ 

.-. cotan. i j3 = 2-7182818..., .*. i /3 = 20°, 12' .-. P = 40°, 24'. 
It appears, therefore, that in this case we must have 
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4-= ^log. — =^.-. / = fr = 2«7182818r, 

/ e e e 

so that if the distance 2/' between the fixed points be 10 feet, then the 
length 2/ of the shortest chain^ which will suspend itself by hanging 
over them, will be 27- 18281 8 feet. 

For the length of each part of the chain hanging vertically we have 

and for the distance of the lowest point in the catenary from the hori- 
zontal line 

y =p (1 - COS. .)=,-/ j^^ =/,-/ tan. J /5 

For further particulars respecting the curves formed by flexible lines, act- 
ed on by different forces, as also respecting those which elastic laminte 
assume under like influences, we must refer the student to Professor 
WhewelVs Mechanics, chap, x and xi, (the first edition of this work is 
here referred to,) where these matters are very elaborately treated, and 
at great length. 



..• ' . »>• 
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OMAWTMTL ZV. 

ON THE EQUILIBRIUM OF A POINT ON A CURVE OR 

SURFACE. 

(32.) If a material point be placed upon a curve surface, and be kept 
in that place by the mutual action of any number of forces applied to 
it, the resultant of these forces, must be in the direction of the normal 
to the sur&ce, and must be equivalent to the pressure which the sur- 
&ce sustains. For, if the resultant had any other direction, we mig^t 
decompose it into two, one in the direction of the normal, and the other 
in the direction of a tangent to the surface; the first of these would be 
opposed by the resistance of the surface, but the second, being unop- 
posed, would cause the point to move. Considering, therefore, the 
resistance which the sur^e opposes to the normal force, as one of the 
system offerees acting upon the proposed point, we may altogether dis- 
regard the surface and view the p<Hnt as a free point kept in equilibrium 
by the system of forces P, Pj, P,, &c. and N; and, hence, we have the 
same equation of condition as in (22), that is putting 9, ff^ &\ for the 
angles which N forms with the three rectangular axes, we have 

N cos. -|- P €08. A -h Pi ^^' ^\ + P) cos. a, -|- Ac. s: 
N cos. & •\'V C0S./3 4- P, cos.i3i -f PjCos.j^j-f- <fec. = 
N cos. 0" + P cos. y + Pi cos. y, + ^s cos* y% + &c. sc 0; 

or, putting as at (22) X, Y, and Z, for the sums of the components 
along the respective axes, the three equations may be vmtten 

Ncos.a4-X = 0, Ncos.0'-|-Y=O, Nco8.0"-|-Z=O .... (1) 

Now we must here remark that the angles 9, ^, &*, which determine 
the direction of the force N, are entirely dependent on the equation of 
the surface, and on the coordinates of the point to which the forces 
P, P„ &c. are applied. Knowing, therefore, the equation of the surface, 
and the position of the point, we may always determine the direction 
in wbich the resultant of the applied forces P, P„ &c. must necessarily 



ensure ihe equilibrium. Thus, ihe equaiiou of ihe Burfcce 



ehave.CDif-Cuif.p. 164,) 



J ■ill' rfi^ rfw° 



The values of cos. 0, cos. ff, cos. 6". being thus found, if we substitute 
them in the equations (1) and then elimiilale N between e.ieb two, we 
shall obtain two equations expressing the conditions vrhich must exist 
anitHig the applied forcea and their inclinations Id the nxes, inoidei that 
iheir resultant may be a oonnal force. Indeed, to obtain tliese equa- 
tions, we need not Cake the trouble to first calculate v, but may simply 

dii du du 
substitute —.—.and—-, fot 9, ff, and fl", respectively, because t dis- 

d.r du dz 
appears with N. It hence appears, that by means of the equation of 
the suT&ce and the position of the point, the equations of equilibrium, 
originally three, become reduced to two. 11^ indeed, one of the axes 
ofreference, astheaxis of 2, coincide wilh the normal, and, consequent- 
ly, originate at the point, then to find these two equations it will not be 
necessary to know tile equation of t)ie surface; for then tlie equations 
(I) will be 

P COS. « -I- P, COS. a, + P, COB. ., -j- &r. = 



Pcos.(3-|-P, c 
N + Pco9.y-|-P,ci 



9.^. -1-P,ea 
<. 7, -)-P,cn. 



■ T, -1- *c. 



:0; 



the two first of which are all that are requisite to esialilish the equilibrium, 
for if these hold, the third must necessarily hold, since tlie intensity of 
Ihe normal forces or pressures may be any whatever, without disturb- 
ing the equilibrium, lliis third equation Is necessary, however, to de- 
termine the resultant of the applied forces, or tlie intensity N of the 
whole normal pressure. 

(33,) Uavii^ thus briefly noticed the conditions necessary f« the 
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•quilibrium of a point oo a suHace^ viewing the matter in ib6 utmoM 
generality, we shall now consider the equilibrium under more particukr 
circumstances, taking those cases only, which are likely to present them- 
tehres in nature, where the acting forces are gravity or weight. 

In this point of view, where we are to consider the means pf retain- 
ing a heavy point on a given sur&ce, tiie problem becomes very much 
simplified from the following considerations. A heavy body (considered 
as a point) placed upon a sur&ce, will, unless it presses entirely in the 
direction of the normal, tend to move on that sur&ce towards the hoii- 
zon, and this tendency will be in a certain determinate direction, viz. 
in that direction which is nearest the perpendicular to the horizon. 

Now a through the point at which the body is placed a tangent plane 
to the fiurfece be Kkawn, and fipom the same point a tangent line, per- 
pendicular to the horizontal trace of the tangent plane, this tangent 
line will, obviously, be shorter than any other drawn firom tiie same 
point to the same trace; hence this tangent line must be more nearly 
perpendicular to the horizon than any other ^roi^ the body^ pls^ne, 
and, consequently, in the direction of this line the body will tend to 
move; the very same conditions, therefore, which would be necessary 
to counteract the tendency to move on the sur&ce, would be necessary 
to counteract the tendency to move if the point were placed on this 
line, instead of on the sur&ce ; we may, therefore, in seeking the c(mdi- 
tioBS of equilibrium, substitute the straight line, of which we are speak- 
ing, for the curve sur&ce. The position of this line is always detendii- 
nable ftom the equation of the sur&ce, for the trace is found by putting 
in the equation of the tangent plane, ;; = 0, supposing the plane of 
xy to coincide with the horizon, and the line sought will be represented 
by the equations which characterize the perpendicular to this trace 
through the given point. In the vertical plane through this line must 
the forces act, so that we may resolve each into two, one acting in this 
line, and the other in a line perpendicular to it; the sum of the forces 
acting in this latter line, be it what it may, ¥dll be counteracted by the 
resistance of the line, so that to establish the equilibrium it will merely 
be necessary that the sum of the forces, acting in the inclined line, be 0. 

Hence we shall need but one equation of condition; and, indeed, in 
whatever two rectangular directions the forces be resolved, the conditions 
of equilibrium will always be expressed in a single equation. For call- 




ing tiie resistance of the line R, and the sum of llie components of tl 
other forces X and Y, we know that the conditions of equilibrium an 

.X + Rco... = 0, jca.. (....(A.) 

I Y + Riin. .=0 *■ t—lL^. R 3 



N( 



IT each of these equations exists separately, whatever he i, or i 
t be Y, because R ia always equal, and opposite to the pte 



rhai- 



or — : 1 "rtiatever this may be; and, as the equilibrium »• 

qnirea that they exist together, it is merely necessary that we have 

-^ = ^^orXtaD.. — Y=0 .... (B.) 

If we take the axes of components the one parallel and the other per- 
pendicnlai to the horizon, ihen the angle a (fig, 32) will be obtuse, and 
cas.« = — cos.a'^ — sin. land the equation of condition just deduced 
13, therefore, in this case, 



X + Ylan.i = 



■CC)i 



t being tlie inclination of the line of support to the hori^ion. It must 
bs remembeTed that when this equation is satisfied, and we wish todc' 
(eimine the resistance R or the pressure on the Ime, we must recur U 
one of the equations (A). 

From what has now been said, it appears that the equation (C) ex- 
presses the conditions of the equilibrium of a heavy body upon any 
curve surface, i being the inclination of its tendency lo move, iu virtue 
of its weight, to the horizon; and the horizontal and vertical aies of 
components being taken in the vertical plane of this tendency. 

We ahali now pioceed to the solution of a few problems. 



48 ELEMENTS OF STATICS. 



PROBLEM I. 



(34.) Given the inclination t, of the straight line AC, to the horizon 
AB, and the weight of a heavy body W to determine what weight, P 
acting in a gi^en direction, W M will be sufficient to sustain W on the 
line (fig. 23). 

Here are three forces acting at W, viz. the weight W in the vertical 
direction WY,the resistance of the line AC acting in the perpendicular 
direction WR, and the weight P acting in the direction PM, and all 
these directions are given; hence, as one of the forces W is given, we 
have enough to determine the other two. 

Let us call the given angle CWM, e, then CWQ being equal to 
90 -|- i, we have M WQ = 90 -|- i -f- e, which call 9, then we have 

sin. MWQ= sin. 0, shi. MWR = cos. c, sin. RWQ = sin. QWN == sin. i, 

consequently, calling the resistance WR, R, 

_R __ s in. 9 ™ sin. 9 cos, (i -|- c) 

W "" COS. c ' "" COS. e cos. e 

P sin. • _ ___ sin. t 

-- = .-. P = W . 

W cos. 6 cos. e 

If the power P act along the plane, then c = 0, and, consequently, in 

this case, 

R = Wcos.i,P=:Wsin.f 

P sin. • 



R cos.t 

If the power act in a direction parallel to the horizon then e = — « : 
hence 

R=:W-i~. = W8ec.t,P = W?i^ 
COS. t cos. f 

. p 

.*. — = sin.«. 

If the power act in a direction perpendicular to the horizon, then 
9 = 180°, also cos. £ = sin. i, therefore 

R = 0, P = W ; 



that is, tlieiemugt be no pressure upon the line, and, therefore, llie 
power P must be equal to the whole weight which it auslains. If we 
suppose the power to act perpendicularly io tlie line, theu i ^ 90", 
and cos. (i + tj^sm. i,and the general fonnulas give 

These equations shew that llie equilibrium caonot be maintained under 
these circumstances, unless an infinile pressure b exerted rai the line 
requiring an intinite power P. Oo reviewing l)ie foregoing results it 
appears that the power P, necessary to support a weight W on an iu- 
cliued plane, will be the least possible when it acts in the direction of 

this plane; indeed it is plain iroin the general expression P^ VV — '—, 

that P will be the least possible,* remaining the same, whencoa. j^l. 
If we hod solved this problem by the method of resolution, lakiup 
for axes the lines WC, \VR, as recommended at the former part of 
last article, ibea the single equation of equilibrium of which we ha\ e 
there spoken would have been 



PCOS. [' 



-Wsln.i 



. ■ 0); 



from which we immediately get the value of P sought, vl 



To determine the pressure wi 
(he other componeat forces, ' 



must employ the equation fiirnishei! by 
'.. those acting in WR, this equation is 



By employing [he second mode of resolving the forces, that is 
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ding to horizontal and vertical axes, we should have for the conditions 
of equilibrium the equation (C), in this case, 

Pco8.(€-hf)-h{P8in.(€+0-W}^. = 0. 

whence 

P COB. e €08.* I -|- P cos. • sin.* • =s W sin. i 

• • 

.•.Pco8.e = Wsin.f.-. P = w"-^. 

cos.e 

For the resistance R we must employ one of the equations (A^ir 
taking the first we have 

p cos, (c -h _ j^ _ ^ cos, (g -f 

sin. t COS. c 

as before. 



PROBLEM II. 

Given the position of the line AC, and of the pulley M, as also the 
weights of W and P, to determine whereabouts W must be placed that 
the equilibrium may be possible (fig. 24). 

The perpendicular MM' is given because the position of M and of 

AC are given. Call this perpendicular a; then by equation (1), last 

proposition^ 

W 
cos. e = -~-sin.t 

s/pt __ w« sin.» • 
.'.sin.c^ . 

P 
Now WM sin. £=s MM' = a 

a Pa 

.-. WM == gfn, ^ - gin ,. ^-———-^ .; 

an equation which determines the place of W. 



EQUILIBKIUH OH A SURFACE. 



Two weights W, W, attached to the exttemiliea of a atriog, which 
passes over a fixed pully, mutually support each other on two inclined 
planes (fig. 25), to determine the relations between W, W, the tension 
of the string, aod the pressures on the planes. 

Here each weight is supported by the tension of the string which is 
the same throughout; this tension will then be the same,a3regardKeach 
body, as the power we have hitherto tailed P. 

If, tlierefbre, we designate tlie angles concerned in one of t!ie planes 
as in problem i. we have 



tSL 







iHucIi equations exliiblt the relations required. 

If the pulley be fixed at the intersection of the planes, so tliat tlie 
string acts in each plane, then t ^ 0, I'^O and 



thai is, the weights a 



I this I 



"C A" 

e as the lines on 



fhich they 



It has been already observed that when the weight rests on a point 
of a curve, ihe conditions are the saine aa if h rested on the tangent, 
line tlirough that pointy the inclioailon of this line to the horizon, 
which it is necessai'j to know, may be determined when we know the 
equation of the curve, referred to vertical and horizontal axes, and l]ie 
coordinates of the point where the body is placed. If we resolve all 
the forces which are applied to the point, in the directions of the axes, 
and call the inclination of the tangent line to the axis of x, i, then 
know that the conditions of equilibrium will be expressed by the i 
gle equation (C), at page 47, vij. 



J 
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X+Ytim.t=:0; 

but, if Xyy are the coordinates of the point, we know {Diff, Calc. p. 112,) 

dy 
that tan. t ^ — , hence the equation of condition is 

OJP 

X + yJ«=0 (I.) 

If a weight W be supported on a curve By means- of another 
weight P (ftg. 26), hanging vertically, the two weights being connected 
by a flexible string passing over a puUey, then it will be most convenient 
to take the vertical Ime MX as sTds of x, and the horizontal line MY 
as axis of y. In this case we shall have the following values for the 
forces X and Y, viz. for X we shall have the weight W diminished by 
P COS. MWn = P COS. WMm, and for Y we shall have — P cos. MFm, 
that is, putting MP = r, 

x = w— pi- 

r 

r 

substituting these values in the above equation, we have 

r r dx y 1. ■ .7 ^1 

but, since 

df^ dy 

hence the equation of equilibrium is 

W — P$^sasO .... (a). 
dv 



PROBLEM IV. 



A given weight W rests upon a circular arc, as in fig. 26, bemg support- 
ed by another given weight P, by means of a string passing over a pul- 
ley, fixed at a given point in the vertical line MX, passing through the 
centre C : to determine the position of W, 
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R«lernng the curve lo the vertical and horiiiomal axes MX, MY, 
and calling MC, l", we have, for llie equation of tljB curve, 



or substitutiiig /, tlw length of the string MVV, for .1'+^' 
Hence dlSeientiating with respect to x 

so that the genentl equation of equilibrium (3) is, in this ci 

w-pf=o...,= -E^, 

which gives the position of VV. Or, because 



H 



Instead of a circle let the curve of support be an hyperbola with ita 
ItanBrerse diameter vertical, Uie pulley being in the centre (fig. 37). 
The equation of the curve is 



and the expression for I, the distance of any point in it from tlie cc 
is {Anal. Geom. p. 99,) 



^^^^hee 



being put for . Hence, by differentiating, 

di~'' *'■ d^~~r'' 
Ihe et^uaUoo of equilibrium is, dieicfore, 
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This fixes the position of W ; or if \^ ^biMHute for / its vatltte ki terms 
of e and x, as given above> we shall have 

,•• « as I ' J sss M»t. 

It s^ppears from this expression that ihe e<|uilibriam is in^poflBilile if 
W is less than Pe; and if W =Pc the point of rest must be at an in- 
finite distance. 

prObIem vt« 

It is required to find a curve such that a given weight P hanging 
over the pulley may balance another given weight W at every point of it 
(fig. 28). 

We have here to find a ciurve suoh that the equation 

dr 
ax 

ax 

may exist not only at one particular point, as in the preceding cases, 
but id €fvery point (ir, i/) of the curve. Ttih eiquation, therefore, can 
be no other than the differential equation of the sought curve. H^nce, 
multiplying by dx and integrating, there results 

\Vx — Pr + C=0 
or 

Wx-~P^?4:^:|.Ce:0 
or 

y'+ — pa — '^ pi—* — ^ — ^ • • • • 0)5 

for the equation of the curve tought. In order to sketfiify this «({Qa- 
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tion, let US remove the term containing the first power of x, which is 
done by substituting for x, in this equation, the value {See Anal, 
Geom, p. 145,) 

which leads to the equation, 

* ps ^ ^ ^ jpll • • • • \*^ 

and this efuation characterises an hyperbola rdated to its principal 
axes. 

For the distance c between the centre and focus of this hyperbola, 
we have (Arud, Gtam^ p. 141,) 

_ wc 

but this is the distance of the new origin fix>m tlie primitive origin, 
and the primitive origin is on the pulley; hence the pulley is at the 
focus of the hyperbola. 

By putting first Y:= ^and then X «eO in the equation (2), we have 
for the semi-axes of the hyperbola, 



W» — P« * (W»— P»)* ' 

in which iequartions C is arbitrary. 
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SECTION II. 

ON THE EQUILIBRIUM OF A SOLID BODY. 

(35.) Having considered pretty mudi at large the equilibrium of 
forces^ acting upon a free point, it is time now to examine the more 
general case in which forces act upon different points, all connected 
together in an invariable manner, as we shall here suppose the parts of 
a solid body to be. We shall divide the theory into two parts; first, 
considering the forces which act upon the body to be all parallel, and 
then considering them to act in any manner whatever. 



ON PARALLEL FORCES. 

(36.) Let us first consider two parallel forces P, P,, acting at the 
extremities of a straight line AB, (fig. 29,) and let it be required to deter- 
mine what must be the intensity, and where the point of application, of a 
single force, which, acting on the line, shall have the same effect as these 
two. Let us represent the parallel forces by the lines AP, BP„ and 
let us apply to the extremities of the line any two equal but opposite 
forces AM, BMj; these will destroy each other, and will, therefore, 
have no effect on the system. Hence, instead of the two forces AP, 
BP„ acting on the line, we may consider as acting the four forces AM, 
AP, BMp BP„ or the resultants of these AR, BR,. We have thus 
exchanged our two parallel forces for two oblique forces, meeting in 
some point C. Considering the lines to be all rigid, we may transfer 
the points of application of these forces to their point of concurrence C, 
making C£ = AR, and C£i=AR|, so that these concurring forces, 
acting on C, have the same effect on the rigid Ime AB^with which they 



aie connected b; the rigid Uncs CA^ CB„ a^ the original forces 
P, P,. Let us now resolve the forces CE, CE,, into their original 
componeDts Cm, Cp, and Cm,, C^i; tlien since the Iwo Cm, Cm,, are 
equal and opposite they destroy each other, so that the system will be 
reduced to the two cooapiring forces Cp, Cp„ or to the siugle force Cp 
+ Cp„ -which is equal (o AP + BP, ; thus we have, for the inteijaily 
of the resultant of the two forces P, P,, 

P + P, = R; 
and as this force may be applied at any poiol, in its direction CO, U 
will be that point in the proposed line to which it must be applied ; 
in of this point is tbuu determined. By similar trianglee. 



CO 
AO " 



CO ■ 



OB _ Cp. Ep, _ Cp 
' ' AO "■ E^. Cp, ~ 'Cp, 
hat is 

OB : AO : : Cp : Cp, 

ir Cp, Cp, being equal to P, P, 



: AOr 



P : P.. 



Hence we conclude that the resaltant of Ivm parallel Jorcei ii uUu 
paralkl, if equal to their tunif and act* at that point which dividet the 
dUtance between them into parts reciprocally proportional to their 
inlensiliet. This point therefore is &xed however the direction of the 
components may vMy. 

Tlie proportion, just deduced, gives also (see fig. 30,) 



AB: 



; RiP 



AB : AO : r R : P, ! 

therefore P, P,, and R are to each otlier, respectively, as OB, OA, AG, 
that is to say, tliat any two nf the tkree forces are to each other recipro- 
cally as their diataneeaj'nim the third, so thai when any three of the 
six quaotities concerned, viz. the three forces and the three distances 
are given, the odier three may be determined by the successive appli- 
cation of this theorem. The same theorem then serves to divide a given 



J 
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force R into two others parallel to it, acting a' given distances OA, 
OB, on each side of O. And lastly, it serves also to determine the in- 
tensity and point of application of that force P^ (fig. 31) which will keep 
in equilibrium the line AO, acted upon by two opposing parallel forces 
P, R', whenever such equilibrum is possible. This qualification is 
necessary, because there is one case in which two parallel forces, acting 
on opposite sides of a line, cannot be equilibrated by any third force, 
viz. the case in which the two forces are equal; for it is plain that if R' 
be equal to P, that R, which is equal and opposite to R', cannot be 
the resultant of P, and any other force Pp because if it were we should 
have P 4- P, = R, whereas P alone is equal to R : hence P, must be 
0, and, therefore, by the theorem, the point of application B must be 
infinitely distant, so that no single force can keep the line AO at rest 
when its extremeties are solicited by equal parallel forces acting in op- 
posite directions. The tendency of these forces will plainly be to cause 
the line to turn about its middle point, this being at rest. 

From what has now been said, it follows that the resultant of two 
opposite forcesy P, R', applied to different points^ A, O, is equal to their 
difference P/, acting parallel to them in the direction of the greater, 
and that its point of application's is given by the proportion, 

?*, : R' : : AO : AB 

R' R' 

.•.AB=^ AO = 



F, ~" R'— P* 

From knowing how to compound two parallel forces acting upon a 
straight line, we are enabled to compound any number so acting. The 
resultant will, obviously, be equal to the algebraic sum of the compo- 
nents, affixing opposite signs to those which draw in opposite directions. 
As to the point of applicatioifof this resultant we shall not stop to de- 
termine it, for this particular case, but shall proceed to consider the 
theory of parallel forces in all its generality. 

(37.) Let P, P„ Pj, &c. be parallel forces, applied to any system 
of points A, A„ A^, &c. any how situated in space, but invariably con- 
nected by rigid* lines, (fig. 32,) and let it be required to determine the 
resultant of this system both in intensity and position. 

The most obvious mode of proceding is this, viz. first to compound 
two of the forces P, P^ and to substitute for them their resultant R; 



F 



PARALLEL FORCE! 



then to compound this with the thiid force ?„ and to substitute for the 
two B, P„ that 13, for the three P, P„ P„ their resultant R„ and aoon 
till the sjslem is reduced to the two paiallel forces R„ — [ , P., of which 
the lesultant -will be lliat of the whole system ; and will, tlierefore, be 
equal in intensity to the sum of the components. In this process of 
composition the seveial partiil resultants R, R,, R„ &c. are not only 
detenniued in intensity, but the point of applicatiou in the line Joining 
the points, acted on by the two compocents, ia ineach casedetennined. 
Every such point would remain fixed, howerei ihe direction of ihecom- 
ponent parallel forces might vaiy, provided thcii respective intensities 
did not vary (36); and, therefore, the pobt of application of the final 
resultant would remain Used, howerer the direction of the system of 
parallel forees might vary provided they retained their respective in- 
tensities; it is through this point, therefore, that the resultant of the 
system must always pass onder every change of direction; it is hence 
called the centre of these parallel foi-cea. 

(38.) Let now there be assumed any three tectangulur axes, and let 
us represent by 

I, g, 2, the co-oniinQtea of the point A 
i,.yi,i, .... A, 



and by X, Y, Z, those of diet 
ihal these latter are severally 



of the parallel forces; weshall prove 
Pt-t-P,ri + Pjj,.. 



p + p, + p,.... 


V Pj + P,» 


+p,,, .... 


p + p 


+ r,.... 


J P'+P,- 


+ P,i, ... 


^ p+p 


+ p,.... 



For lei us first consider only two forees P, P,, acting oi 

A, A, (fig. 33), of which the abscissas are OA' = x, OA,' = i„ and let 

C be the centre of these two forces, its abscissa bebg OC'^X'; then if 



60 £t.M|;K:;fs^Q^ .i^T^cs. 

ttf:Cf(k9M^ projection* oC A, C, A,, a^j^ pl^ii^ <rf,>^i^TOjP^l 
btv«^a3i'Vc«m^<xfthe'pwaUeli, . ., ^^ .^ e^. ^,,.„^, 

A| C : AC V: «, ff ^ iW :r A', CTsi: «, *- if* : A't!«i?.iiiiV^''*'' 

but (86), , .,;.,(•;,. .:jv 

iA,C:AC::P:Pj 

.-. (p + p,yx'L:ii+ "p; X, "" ' ' 

-',- ■■«• . ■ /.I. ;i'-' t'-' ■»;:»■•;. ■• . ■-♦• '•.■ ■.^ ' ■■* ■.^^ V# iMfiJsO^{ 

£«it U0 :ii6i¥,pro€ieed:v«ith t^ IvfO fiNSctes (F^^ P^.aodP^'a^disHig 
joiMl 4beir|i9i«t0 oCi^ppltoi^oa C^iAj, an^Uy'^^ Itm pOHMod 
wiflk PiandPi) abd,«aUykDCP)tiMB abQci«sa<uf theiMtftwaf piir^livtaals 
X>,'the^fqMiU imiie be . :. ; • T ;( ..^f, vonji 

ot, SMttetitdf ing for X^ fte T^hie just obtained .r. / •>iit «i io^ 

(P + Pj + P,)X"==P« -f P,x, +*P,x, / 






Proceeding in this manner till we^mvc at the c^nti^-^iSltt^ parallel 
forces, of which th\s abscissa is'^^ we shall haye^finaUjr.: i:{ 

as annpunded'; and if for ^e axis of jr"we $ut)stitule mutciti^lv^^e 

axes of y '^d of z, we shaR hare ttie similar «quatidbs ■' ^'** -^ 

'■■■•■■;•'• ■ - ■ • -i' ■■ . . :- !'j !«r A 

, xi jSX — — ^-f I ■ » « ' I ll p^^— ^ J 

-P4-Pi + J^ ••••,•'• ^ '"■ '^-'^'-'n^f^ 
and thus we may flways determine the coordinates of the centre when 



we know those of Ihe poinLi or appLcation of tlie syslem of pamllel 
Ibrces, as nell aa the jeveial intcDsittes of those forces. Calling the 
reaultani of llie forces R, the preceding equatiODs give 

RX = Px + P, I, + P, 



" T r, I, T ■-, I, ■ . . 

P* + P, S. + P, J, . . . 5 . . . 

Pi + P, J, + P, !, . , , ' 



We may here remark ihat it is possible so W place (he axes of coor- 
dinates, that iwo of the tliree equaliona (2) will suffice to fix the 
position of the resultant of the ayslem; for lei one of the sues, as the 
axis of z, be taken parallel (o the direction of the forces, ihen, as the 
reaultani itself will be parallel to the same axis, its position wilt be 
known if we only know where it meeta the plane of I'jf, that is, if we 
know the X, Y of any point in it; hence the two firal of equaliona (2) 
are luflicienl to delermiue the line in which the resultant acts, and thiii 
is all we want to know, since on ivhatevei point in this line it acta, the 
eRtct ia the same. Under this arrangement of the axes, therefore, the 
equations necessary for the determination of the resultant in intenaiiy 
and position are 



RY; 



R = P + P, + P, + P, + . . . 

= Pi + P,i, + P,.,-f-P,i,+ . 






(88.) The product of any force, by the perpendicular distance of 
tm fomt on which it acts from any plane, is called the moment of that 
Anu with respect to the plane; thus Pr is the moroenl of the force P 
with leaped to the plane of YZ, because i ia tlie distance of the point 
A on which it acU from that plane. Hence we learn from either of 
the three equations (2) just given, tbat the moment of the reiuUant of a 
tyttem of paralld Jbrcei in rtferenre to any plane it equal to Ihe mm 
of the momenli of the comptmentt in rtfenrnce to the mine planei the 
llgebcaictti sum being always understood, regard being had 10 the signs 
of the forces aa well aa to the coordinates of the points on which Oiey 
act. Il is eaay to see how the foregoing results become abridged when 
the forces all act in one plane, as also when the several points on which 
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they act are in one straight line; in the former case only one coordinate 
plane is necessary, viz. the plane in which all the points are situated; 
in the latter case only one axis is niecesmy, viz. the line in which (he 
oints are situated, so that either one or two of the foregoing general 
equations may in particular cases become superfluous. 

The preceding theory will enable us readily to determine the con- 
ditions of equilibrium of a system of parallel forces; for let us assume 
the axis ofz parallel to the direction of the forces, then, since the sum 
of the forces, tliat is the resultant R, is 0, we have, by the equations 
marked (3), 

P* + P, ap, + P, Xj -f Pj r, + . . . =e V . . . . (4); 

Pi' + Piyi+P.?/, + P3y3+---=o^ 

which are the equations necessaiy to establish the' eqUitibrium, and 
they express these conditions, viz. 

1st. I'ke sum oftheforc(8 must be equal to 0. 

2d. The sum of their moments, in reference to each of two perpen- 
dicular planes parallel to their direction, must he equal to 0. 

(39.) Before terminating this chapter we should remark, that a more 
concise notation is frequently employed to express the equations (1), 
(2), &e. thus the equations (1) are written 

y_ S(Pa;) S CPy) S(P;g) 

S(P) ' 2)(P) ' S(P) ' 

the character S signifying the sum of the whole system of quantities of 
tlie form of that to which it is prefixed. In like manner, the equations 
(2) may be written 

RX = S (Px), RY = 2 (Py), RZ = 2 (P»), 

and the equations of equilibrium according to this notation are 

2(P) = 0, S(Px)=0, S(Py) = 0, 

provided the two perpendicular planes to which the moments are 
referred are parallel to the direction of the forces. We shall now 
proceed to some interesting and important applications of the theory 
delivered in this chapter. 




CBAPTBH IZ. 

ON THE CENTRE OF GRAVITY, 

(40.) Experience teadiea us that all bodies nithui our reach leitil lu- 
wards Ihe eatih, to nliicli, if abatuloaed to theniiitlvfs, or led uuaupport- 
ed, they would lall in a. vertical dirwtioD. The KasoQ wliy smoke aiul 
vapours in genetal do not fall to the eardi, is llial they arc not left uiuup- 
poited, being indeed borne up by the air in ihe same way ihal a piece ol' 
wood is bonie up by ihe tia-Utr in a vespel, and prevented from reathiiij: 
ihe bottom as it would do if this support were removed. Hiis nijireisul 
tendency of all bodiea lo the eailh, proves tJie existence of a soliciting 
power whose influence extends equally to every body viilh which we 
are siUTouoded. By the tetidency here spoken of we mean the dis- 
position to move, and that this is ihe same in all bodies, great and 
small, when all support is taken away, has been fully and fiequently 
esUblished by the most convincing esperimenls; thus if a very small 
particle be placed beaide a large mass in a. vessel exliauated of air, 
diey .H'411, when let go, continue tKsideeach other during- the whole 
lime of descent, and will both strike tlie bottom of the resBel at tlie 
same instant, so that if it were passable lo destroy the coiieaion amoii)^ 
the particles of matter, in virtue of which it becomes a solid mass, ttius 
enabling each particle to obey whatever force acted upon it individually, 
yet the tendency to move being exactly the same in each, no one 
panicle eoiJd in descending ditplace any other, so tliat the same 
arrangement would be preserved during the descent as if all the par- 
tiiles cohered. We call Uiis soliciting power of the earth, whicli we 
see is altogelher independent of the mass on which it acts, iue roncE 
OF eu*viTY, or simply caiviiv, tbus naming an influence, the nature 
of which we know nothing only as regards its eflects, and this J9in fait 
all that we here require to know of it- 

It may be proper here to caution the student against a very common 
misapplication of the term gravity. We use incorrect language when 
we speak of the gravity of this body, or the gravity of tiiat, forgmvity is 
not of tlie body but of tite earth, and is always tlie same at the same place. 
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exerting the same effect on all bodies however diflbrent, that is, producing 
in all the same tendency to move. The weight of a body Aimishes us 
with no information respecting the force of gravity, but only with respect 
to the number of its constituent particles, for if one body is double the 
weight of another this does not arise from any variation in the force of 
gravity, but because there are twice the number of particles in one 
body that there are in the other, and each particle is influenced aUke; 
so that it will require double the effort to support one that it requires 
to support the other; the lighter body may, however, have more external 
sur&ce or appear imder greater bulk than the heavier, but then the 
pores which separate the compouent particles will be proportionally 
larger. 

Understanding by the weight of a body the efibrt necessary to pierent 
its falling, we may correctly say that the weight of a body is the re- 
sultant of all the efforts (or weights) which gravity impresses upoo its 
component particles; as these component efforts are all directed in 
parallel lines, their resultant must be equal to their sum, and act in 
their common direction and at a point which will be the centre of these 
parallel forces, and which in the present case is called the centre qf gravity 
of the body. The determination of this centre in different bodies may 
be effected by the application of the theory delivered in the preceding 
chapter, provided we suppose, as we shall here do, that the bodies 
proposed are perfectly homogeneous, so that the effort necessary to 
counterbalance the influence of gravity on any part of the body will be 
proportional to the mass of that part. 

Before proceeding to particular applications of the theory, we may 
as well here notice the distinguishing characteristics of the point which 
we have called die centre of gravity, and which are direct inferences 
from that theory; these are, 1st, that if the centre of gravity be sup- 
ported, the whole body will be in equilibrium, because tiie resultant of 
all the forces which act on it will be opposed in whatever position the 
body be placed : moreover every body kept in equilibrium by a single 
force, must have its centre of gravity in the line of direction of that 
force. 2d. The sum of the products of each particle of a body into its 
distance from any plane, the distances on opposite sides taking opposite 
signs, is equal to the product of the whole mass into the distance of its 
centre of gravity from the same plane; so that if a plane divide a body 
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inw sjunmettical halves, it must pass through (lie centre of, jji^^^^^ 
Ttw (itst of tliese, propectiea ppiuis out an experimeuUil metbM^of 
finduig lAe centi'e of gravity ofa body; thus, let the body be suspe|i4e4, 
by. ^ String altaclied tu any point,, it will arrange itself ao that this sUiuiK 
vottld, if we could eonlinue it, pass tlirough tli* centre of gravity^. Tn 
like niannei, if iLwere suspended from any oiliet point, tUe line gf the 
siting would also pass ihtougji tin centre of griiviiy, consequfiolly the 
intersection of Uieae two lines would determine [hat centre, If thebitdy 
liave a Hal surface, we may lay it on u horizontut table pusliing it jqore 
and more over tlie edge till it ju^t balances itself, in whicli position the 
centre of gravity will be vertically o\er tlie edge of Ihe table; if, ilien^ 
we loarli the line of the edge on the bo<ly, and pE<oceed id the same w^y' 
with the body in another position, vie shall thus have a point iri flie 
same vertical as tlie centre of gtavily, and to which if, as a suppoit^uii 
indefinitely slender vertical rod were applied, and tlie talile removed, 
llie body would remain in equilibrium. Or if it were to be siiS|>endeil 
by this point, the flat surface would assume a horiMntal position. 

(41.) We shiill now investigale general analytical expressions for lln- 
determination of the centre of gravity of any body whatever, 

Let ABC &c. (iig. 34,) represerkt any solid body, tlie component 
panicles of which we shall call P, P,, P,, &c. and their sumorllie 
mass of tile whole body, B. Then, if G be the centre of gravity of lhi« 
body, and the body be refened to three rectangular planes, the distance 
of G from the plane of.ry will, by equation (l), page 59, be . , . 

X _ GH ^ ^-^ 3 ■ - — - . . . , UJ- .i^a 

The numerator of diis fiaclion consists of the sum of tlie inuumemhl): 
P^icles P, P , P„ &c. mulliplied by their respective distances from 
Ihe plane of ri/; but altliougli the terms are iimumemble, yet theirsum 
may be accurately deieimined by tlie aid of the integral calculus. In 
order to this determination, lei UN be aoy iucretnent of the body, tlien 
the conespond iug increment of the expression under consideration, tbal 
ia.of ihe Dumeralor of (1), will be e'qual to the sum of all the parlicks 
in. the slice CN, mulliplied by their respective distances from the plane 
of .(;y. Now, culling llie increment MN of the abscissa, A, it is obvious 
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t)i$tjbo:weir«r«ipiU we take- A, that is^ howeveir ritnder tliel'stioe GN 
mfQr 43£| jtlie sttio- of whkb we have juAt s|>okeft wiM alwagvlranebii^' 
prided betw»eQ these two, viz. the sum of Ihe same paftidiBB^Mmt 
nMiltiptied eajth jby the distaitee AM«? jr^ and tbesatnwtoiiBilHi^lMd' 
each by AN.s=<r -f' ^} that is, puttmg S ioi theeKpreBsUm'we'avawNi^ 
94vmgy and a S, a B, for the cocresponding ioansntents oi ihdar aadb 
of the body, ; a S wiU i^waye be/ mterroediate betweoi s A B andr 
(JT. -H A) A By but the rsMtio of Phaser is 
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oj^jwl^eij i/^, ancl coi^quently ^B, is 0;^^ thei^efor^ the J?^ of tj^jj^ipn 
t^coQ^iatCL qnaptjil^y A S to either oiust in the limit b^ ;,; t^ is^^ -.i^;^. 
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« A B 



= 1 in the limit 
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t^^nci^the expression (I) is 
In like manner 
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e^juatioi^ fron^ which the coordinates of the centre of gravity ^ B .o\9J' 
be d^etennuined when the equation , of B is- kno^ ./y^ 

But it must be observed, that thou^ in all these equations 4Bm^, 
nifies the differential of the body, yet it is not to be represented in all 
by the same analytical expression: for regard must be bad to the 
position of the slice A B, as this will in general be different in its three 
positions, parallel to the rectangular planes; and therefore also, in 
gea^raVthe expressions for ciB will all three be different; but this will 
be sheWn more clearly when we come to apply the formulas to the 
determination of the centres of gravity in surfaces and solids, (art. 43.) 
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It is seldom, however, requisite to employ all three of these eqiiation* 
for that purpose; much wilt depend upon a happy anaDgemeni of the 
coordiDBte axes: thus, if nre know the position of a plane that mill 
divide the body into symmetrical halves, then we know that the cenire 
of gravity must lie io this plane, (p. 64;) (nt:ing, therefore, diis for one of 
the cooidinaw planes, it is clear that two of the equations (A) will 
suffice lo determine the centre. If we know two peqieiuiicular planes, 
of which each divides the body into symmetrical halves, and in all 
bodies of revolution any two planes through the axis of revolution will 
do this, then we also know the Une in which the centre lies, and hence 
one of the above equatioDS will be sufficient. Should the body be 
merely a lamina of matter, so thin, indeed, as to fae taken lor a plane 
suifiwe, then, by choosing the axes in this plane, more than two of llie 
foregoing equations can never be requisite, and but one if one of the 
coordinate axes divide the iigure symmetiijally into halves; and the 
same is obviously true if the body be considered merely u^ a plane line. 
If the curve be of double curvatuie, all t)iree of the equations will 
generally be necessary. 

Let us now proceed to the actual determination of ^he cGiltrH''of 
gravity in given figures, considerii^ in order lines, suHaces, and solid 
bodies. 



DctermitiatUin of Ihe Centre oj' Gravity vj'a Plane Line. 

(43.) When the body may be considered as a line lying in one plane 
we shall put 2i for B; and supposing 6rst thai the line is symmetrically 
situsted with respect to the axis of r, that is, that the centre is in this 
axis, we shall have by the first of (A) UiU expression for the distance 
of the centre from the origin, vifc 



/ill + "' .•i dx 
_ J^ — ^'^ 



But when the line is not symmetrical with respect to the axis, tlien - 
we must determine the Y of the centre of gravity as well as the X, and 
this, by Uie second of equation (A), is 
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fueU 



^(Hr^i^^f* 



.■ r 



a V 
in which — =^' is given in terms of f by the equation of , the line. 



.-,P) detwuinftthftcenfaifi pfffl»^ftoC^if|y^.s«^l4,!H»i?- .: ;r - .. 









thefr(^^i[6y .repraseoting the whole line by a^ vivJittv^ When ;i^^ ^y 
X &=,i fly so that the centre of gravity is at the middle point, as indeed 
is obvious wi^ut calculation. . 



PROBLEM II. 

To determine the centre of gravity of the, contour of any polygon. 
L^t tis represent the sides of the polygon by. Pi, P.,, P^, &c. and 
let the coordinates of the angular points be 

*i>yi5 *a»y2> *'3>y3> «:c., 

then th^'COordiDates-of the- middle poitits <^^he Bides will be 

'^i -I" ^a 3^1 -fya . J^a-f J^3 ya + Vz . .^ 

r~' 2!""'. a. ' 2~"' *''• 

and these points are, by last^ problem, the several centres of gravity of 
the sides, so that we now have to iift|[^ the centre of gravity of the 
weights P, Pj, Pa, &c. apting at these points, and for this we have 
the fequations 

X -- ^ (-^1 4- ^a) -f Pa (aa +■ ^s) + Pa (^ a "f ^,) -f - ^ . .Vni^n -^ t \) 

2(P, + P,-hP3 + P«) 

Y _ Pi(yi+ya)H-Pa(y!>4-y,)4-P8(y^-h.y4)-f»-"P*(y»-f y.) 

2(P, 4-Pa + Ps 4- P») ~ ^ * 



It is obvious tliBt if the polygon be regalar, the middle point, or the 
centre of the inscribed circle, will be the centre of gravity, and P^ P„ 
P,, Sec. will be all equal; hence if the polygon hare n sides 



an equation which expresses this geometrical property, vii.ihatif, from 
the comers, and from iLe centre of a regular polygon, perpendiculars 
10 any line in its plane be drawn, the sum of the perpendiculars from 
the comera will be equal to as many limp? that from the centre as there 
are sides to tbe polygon. 



To determine the centre of gravity of a circular arc BAC ^ 2i 
35.) Tlie eqtiatioD of the curve referred to the axes AX, AY is 



so that the distance of the centre of gravity from the centre of the circle 

IS a fburtli, proportional to the arc, the radius, and the chord of lliearc. 

When the arc is a semicircle the chord is double the radius, arxl tlieii,. 
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^ It, pjaj! l)Q»Ji«uij,pbaerv/edx that,,in .tofoli^oa ^^. hi^g -nqt jojight 
fojr th^.arl^if^^Cr^op^^t necesiiary.to coI9p^te^tUe^bo¥e.;fni^^g^v^^ 
need we seejk /oj: it in any casej beqause it isalw^y/ithefJefiD^ ini^i^g^ 
that we want. Since the body whose centre of gravity we require is 
necessarily limited, it is between its. limits tl^ pur integial is to be 
taken^ and thus limited it can require no correction, {Int^ Calc. p. 94.) 



PROBLEM. IV. 

To de||ei;i^iE^j^ ^centre of gravity, of the arc of a cyclpid.. 

^® 4i(jiS|Mi^i^)igq\M>Jti<"^ 9^ thiff .cuivei is, /«ee Int. Cft^; p^ ^^^r) 



dx y ' 

where r is the radius of the generating circle 



* 2V2ry « 

For the whole curve y = 2 r,, so that the distance of the centre of 
grayity G, Ironx the vei^tex is eq^al to one third of .the diafpeter of .,the 
generating circle. 



Determination of the Centre of Gravity of a Plane Area. 

(43.) When the body is considered. as a plane area «, the first of the 
equations (A) becomes, by Substituting « for B, 

. fxdu . fiydx 

A;=S — =-7r-; — .... (1>, 

which is of itself sufficient to determine the centre when thie axis passes ' 
through it, that is when this axis divides the figure into symmetrical 
halves. But suppose we require the centre of gravity of the part u on 
one side the axis, that is of the area ABD (fig. 36), then, in addition to 
X =: AM, we must also know Y = MG. 



CSHtftt'dF CRWIt*. 



u 



Now P bein^ any poinl (r, j/), we are not to subBlitate in llie ei- 
^jressioa for Y, instead of rf B, the value i/dr, which we put in the ei- 
pression for X ; because now we want, agreeably to the general ini-esli- 
gation, not the differential of APN, but thai of APN'D; the former 
was coirecdy expressed by PN . di; but the latter must be PN' . dy 
^ (AD — AN) rfy = (a — x) di/, a bring the distance of the bounding 
ordinate trom the origin; hence 



_/j^"_/(l: 
-^^-/(«. 



-t)dy ' 



.(2). 



I( appears then that the expression for da depends upon like manner in 
whicfi we conceive a to be generated, that is whether we coJisider the 
increment a " to be parallel lo the axis of 1/ or to the axis of r, or, 
which is the same thing, whether we consider in the equation of 11, ihe 
independent variable to be j ocy. We naay, however, express rfu in 
a form which will leave it optional with us which shall be the indepen- 
dent variable, this form is 

da^fdidy, 

where tht integral sign applies to eil/ier of the diflereutials under it, 
regard being had in the integration lo the limits between which the 
variable is comprised. Thus, in the ease we are considering, if we take 
ihe integral sign to apply to dr, and integrate between the limiu i ^a 
and xss r, then the above equation is the sameasrfu^(a — i)dy; 
biLt if we consider the integnU sign to apply 10 dy, then the integral .V' 
being between the limits y ^y and ^ ^ (see fig- 36), the above ex- 
pression is the same as du^i/di, Hence, by writing du in the above 
general form, the expressions foe X and Y will be 



JJ^ydx ' 



iM) 



£rdsdr_ 
'^- JJdnd. 

in wliich the integralions may he performed in any order. If in the 
first of these we integrate fbr,v, fii^t, we shall have the form (t) above: 
and if we inleginte the second for x first, we shall have the foun (3), 
but if we intigrale this for y first, then 



I 



inded bv sli 



■ (3)- 



liglit lines only, ihe c! 



^1 
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•ioiple ifyjw^we the aid of ibe enlimlus, as » the first of tlie fbUowing 
proU^ems. 

PROBLEM V. 

To deteRDine 4he centce of .gniYZty of a plane triang^ ABC (fig. 37). 

Biwct any side.as AB by a line CD firom the opposite ai^le, then 
the centre of gravity must be in this line; for it will bisect any line a b 
whatever drawn parallel to AB, so that, taking any point inda^ there 
shall always be a corresponding point indb equidistant fiom CD, or 
from a plane through CD perpendicular to the plane of the triangle; 
hence the sum oi die moments on one side this plane will be equal to 
the sum of the moments on the other side; hence the centre of gravity 
being necessarily in the plane of the figure, must be in the line CD. 
In like manner, if AC be bisected by the line D£, the centre will lie 
in this line, hence it is at the point G where it intersects the former. 

We might immediately infer from this, that the three lines from the 
angles of a triangle bisecting the opposite sides necessarily meet in a 
point. To determine the distance of this point firom C let us diaw £D, 
which, as it bisects the two sides AB, AC, roust be parallel to CB and 
equal to half oi it ; hence the triangles EGD, BCD are similar 



ED GE 

to express this distance analytically, put a, 6, c, for die sides respectively 
opposite to the angles A, B, C, and e for the line C£, then ( Geometry ^ 
p. 37,; 

in like manner BG s= } >/ 2a« + 2<?« — 6« 
AG = i V 2** + 2c* — a« 

Adding together the squares of these expressions there results the 

equation 

3 ( AG« 4- BG« 4- CG«) = AB« + BC« + CA»; 

that is, in any plane triangle the sum of the squares of the sides is 
equal to three times the sum of the squares of the distances of the 
vertices fix>m the centre of gravity of the triangle. 
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If three equal bodies be placed at the vertices of a triangle, (heir 
cehtM ef grari^ will coincide with the centre of gravity of the Irinigle; 
for llie centre of gravity of the two equal bodies A, B wiU'twatD, 
and the weight at this point will be 2 A; hence, joining D, C, the 
B of gravity of 2 A aud C ^ A will be a point G, aoeh that 



SA 



' go' 



Again, the centre of grsvity will still he the same point if-fte'e^al 
weights be placed at the middle points D, E, F; for (he middle M of 
DE will he the centrcoFgmvily oFtwo of tliem, and (he centre of Aese 
andthe third win be a poiot G, such ftal MG = iGF and MG la 



equ^ la iGF, because, by similar triangles EGM, BGF, 



EM" 



"■+£E''cectre' of gravity of atty plane polygon may be filuoi ^ iPist 
finding trie centres of gravity of its component triangles, andtfem the 
Lomiiion cenire of grivity ofallthese points loaded with theirjfispMfive 
"Itlnilglea. ■ '''ij 



To determine the centre of gravity of a circular segment (fig. 3B.) 
From the equation of the curve, taking die centre for origin, and 
^5^P5.,wehave , _^ ■ ,„,,,„^ „ ] 



= 0, and 11= 1-57079 r', hence, in 



- -^lodelferDaine the centre of gmvily of the 
'FrtWftie-equWion of the curve 
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If we require the centre of gravity of the semi-parabola ABx^ then Y, 
which for the whole parabola is 0, will have to be calculated by the 
second formula (3), that.is^ we shall have 

Determination of the Centre ofiJravittf of a Surface of Reoolvtion, 

(44.) Let the axis of x be the axis of revolution, then it will pass through 
the centre of gravity of the body, and therefore the first of the general 
equations (A) will be sufficient to determine it. Putting S for the 
surfisice, this equation becomes, («ec Int, Calc. p. 144,) 



/^^1+-^'^* 



_ /xrfS _ fxyda _*^ ^ * dar" 



S fy^ ^ 1 dtr" 



PROBLEM VIII. 

To determine the centre of gravity of a spheric surface (fig. 40.) 
By the circle 

a«-f y« = r* ... __ = ^ ... i^ds=^rdx 

fxy ds fxdx 
fyds ~~ fdx 

Hence, integrating between xz=zr and x = OC = a, we have 

r — a 
her ce G is at the middle of CB. 
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To deiennine the centre of gntvity^ of a conical suifiice (Gg. 41). 
l^ing the centre of the cone as the origin, we have for the revolving 
line OB the equation 

y = ai: .: ~f~ = a* .■,ydt = a V* 1 + oMr 



-=— r = — OC. 



' ' fydt 'fxdi 
Hence G is at the distance of one third the height from (he base. 

Delerminulion of the Centre of Gravity if a Solid nf Rewtutioa. 

(45.) Pulting V for B in the genenil expression for X, and we have 
for any vcSurae of reroiution 

V —ffdx' 



To determine thecentreofgravityofasegment of a spheroid (fig. 42), 
Taking the origin at A, tlie vertex of the generating ellipse, we have 
fcr its equation 






f{iax~ -x')xdr 



For a hemispheHiid we have i^a and X ^ — a. 

As the foregoing expression for AG is independent of b 
the same when 6^a, or when the body is a sphere, so diat if a sphere 
be described on either axis of a spheroid, any segments cut off by a 
plane perpendicular lo this axis will have the same centre of graviqr. 
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(46.) The general fonnula employed in this article will^ after a slight 
modification, serve to determine the centre of gravity of any volume 
generated by the motion of a varying surface along a fixed axis, per- 
pendicular to its plane, and passing through its centre of gravity^ as the 
axis of T, provided only that in every position this surface is the same 
function of x. For, calling the generating plane K, the differential d'B 
of the body generated will be K cbr, (Int. Calc, p. 150,^ and hence the 
formula in last article will be 

^^ /Kdj' 

We shall give two examples of the application of this form of the general 
equation. 

PROBLEM XI. 

To determine the centre of gravity of a pyramid or cone. 

Let AB be the axis, which call b, and the area of the base HA, a; 
then, since the area of any two sections perpendicular to the axis are 
as the squares of their distances from A, we have 

b* ^ a _ ax* 

substituting this value of K in the fonnula above, there results 

y__ fKxdx _ f3i^dx _ 3jp* _^ 3 
"■ fKdx'^ fa»dx " 4«« ""T** 

hence AG is equal to f the altitude of Ae cone or pyramid. 

If the solid is the frustum or trunk of a cone or pyramid of which 
the distances of the two ends from A are respectively b*, 6, then, in the 
expression for .r, we must integrate between these values of x, that is 

• ^f\.Yjtdx flx^dx 3 b*^b'* 



A'Kdx ~fWd» * *'-*" 



PROBLEM XII. 



To determine the centre of gravity of any segment of an ellipsoid. 
Calling the principal semiaxes a, b, c, the equation of the surface is 



andlbe equuionofB 
plBoe of ^i is 



fiDm' which 
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leclion u the distance r trom, and parallel to, itie 

e get these functioos of x for the semiaxes of the genera- 



and therefore the 



■/Kdj- /(«'- 



I of tlie generating surEice in any position is, (Jut 



t')di 



-i^^ 



" laa' 



-4ir" ■ 



This expression being independent of b and c, shows us that eUipsoids 
having one common axis, have 'a common centre of gravity for all the 
segments cut off by a plane perpendiculm to that axis; which is an 
eitension of the property noticed at (45). 

(47.) Having nom given, in succession, all the moat useiiil formuliu 
for the determination of the centre of gravity, together with their prac- 
tical illustration, we shall terminate by merely writing down the forms 
which the general equations (A) take when we wiali to apply them to 
a surface, or a volume wliich is not of revolution, Dor yet symmetrical 
with respect to an asis. 

Ihe general expression for the differential of a surEncp S, referred to 
three rectangular planes, is, (Int. Calc. p, 157,J 



=/J' + S-t 



. i/idyi 



where it is optional for us to consider the differential dS lo be taken 
either with respect to j: or with respect toy; hence pulling this for r/U 
in the general equations referred to, or ratbn: writing the coefficients 
andR the radical in the more abridged form y, q', we have these ex- 
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pi>assiop» lor the coordinates of the centre of gravity of the surface, 

2 _ j(7'g x/T+yrfT^ dx dy 
Jfs/T+?^T7^^dxdy 

» 

4 Again, the general -expression for the differential of a voinme V is, 

f Lt*i Coir. p. 154J 

dy^JSzdydx\ 

in which it is optional whether we consider the differentiation to be 
performed with respect to the independent variable x ory: but we may 
render this expression still more general, as well as more symmetrical 
by putting J</jj for z, for tlien the differential 

d V ^jffdz dy dx 

may be considered as taken relatively to either of the three variables 
Xy y, z, we please. Hence the expressions for the coordinates of the 
centre of gravity of the volume are 

X = Mj^Jy_^ or Sf^^d^dy 

Sjfdzdydx ffzdxdy 

Y -= ./ZT y dz dy dx ^^ Jfyz dy dx 
• JUfdzdydx JJ'zdydx 

rj,_fCfidzdydx ^^ lffz * dydx 
JJUfdz dy dx JJ'z dy dx 

On Guldins Theorem, or the Centrobaryc Method. 

(48.) The expressions for Y, at articles (42) and (43), furnish a very 
remarkable theorem for the determination of the surfaces and volumes 
of bodies of revolution. The expressions referred to immediately give 
the equations 

2 TT Y* = 2 trfyds and 2 tt Yfydx = Tr/y* dx ; 
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the fbnner relating to the carve line, the latter to tlie sur&ee. Now 
13 the circumferenceof which y is llie radius; il, therefore, expresses 
the circumference which would be described by Ihe centre of graviqr 
of the line » if it were to revolve round the axis of jr but 2 Trfyds ex- 
presses the area of the surfeee which would be engendered by this re- 
Tolution; hence, 1. The lurfgte generated by the revolution of a curve 
round an cj-ii is eqaal to Che length of that curve multiplied bj/ the 
circumference detcribed by lU centre ofgramly. 

Again, 3 r Y, in the second of tbe above equations, being equal to 
ihe circumference which would be described by the centre of gravity of 
Ibesur&ce a, if it were to revolve round the axis of j*, and ■^ft/'dxb^g 
the expression for the very volume -which would thus be generated, it 
follows ihat, 3. The voliane generated by the resolution of a plane 
tarface round nn aiis is equal to the area cif that surface tmdt^lied 
by the eircumference descrUied by its centre of gravity. 

These two propositions comprise Ihe theorem of Gutdin, and their 
application to the determination of the surfaces aod volumes of bodies 
constitutes the Centrobaryc method, Ey this method we see that when 
we know the length of the generating line, or the area of the generating 
sur&ce, as also Ihe distance of its centre of gravity from the axis of revo- 
lution, the value of the sur&ce, or solid generated either by a whole or a 
partial revolution, may he at once found. Also any two of these three 
things beini; given, viz. the generatrix, the distance of its centre of gra- 
vity &om the axis, and the ma^itude generated being given, the third 
may be found. 

As an example of this method, suppose we wanted to know the 
volume of a paraboloid of revolution: Let a be the axis oi height of the 
generating semi-parabola, and b its bas&; then the distance of its centre 
of gravity from the axis is J6, so that the cirtumfcreiicc generated by this 
* centre is \bTr. Again, the area of the generating surface is, {Int. Calc. 
p. 187,) j ah, consequently, mulliptying these two quantities together, 
have, for the volume sought, 

this volume is, therefore, i tliat of its circumscribing cylinder. 
ippose now that we wished to determine by this method the ce 
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of gravity of a semicircle of radius r. We know that the area of this 
semicircle is i r^^, wad that the yolume of the sphere, generated by it 
is ^ x; hence, as this expression must be equal to the former multi- 
ptied by tiie dxcumleraice described by tiie centre of gravity sought, 
we have for titts okciunfereDoe, the value 

.•.^f-t-S8ir= •42441 f=X; 

aisd this is a mote simple tvay of determining the centre tiian that emi- 
pk^f^ in problem vt. 

We diall conclude the present chapter with a few miscdlaneous exi- 
amples for the exercise of the student. 

. 1 . For the centre of gravity of a parabola of the mfa order, whose 
equation is 

the expression is '■ 

2«4-2 

2. For the distance of the centre of gravity of a semi-ellipse whose 
axes are 2a, 2b, from the base or minor axis, the expression is 

3 ir 

3. For a paraboloid of revolution, whose altitude is a 

X = — -a. 
-^ 3 

4. For a segment of a hyperboloid, whose altitude is a 

^ 8a4-3af 
12a + 4x 

5. The convex surftice of a conic frustum, or trunk, is found by 
Guldin's theorem to be equal to half the sum of the circumferences of 
the «nds mnltiplied by the slant height. 



i" 
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llhas been shenn iu ihc outset of this chapter that for a body to be 
' supported it 19 absolutely necessary Uia.t its centre of gravity lie in a 
vertical line, passing through the base on which the body stands, ot if 
the body suind on props or legs this vertical line must pass through the 
area, which a string stretched round these legs would enclose. The 
space thus enclosed by the feet of the human body, b, obviously, but 
•mall, and when we consider Ihe very various positions in standing, 
stooping, walkii^, &c. which we can easily and safely assume, and the 
great rapidity with which we can pass from any one of tliese positions 
into another, we cannot &il to be impressed with the wisdom and bounty 
of the great Creator, who, by such admirable disposition of the limbs 
and joints of tlie body, has recdered this small space sufficient for its 
support in all these various attitudes. A person in danger of MUng 
Hiperiences an irresistable impulse to overtake aa it were the point where 
the line of direction seeks to meet (he horizontal plane, and hence the 
long strides which he is impelled to make when violently pushed in the 
back, the feet endeavouring to overstep the point alluded to; so when 
standing and inclining the body forward, till the line of direction is about 
to fall beyond our toes, we cannot he Ip putting forward our foot to over- 
step it. Children who have not the same command over their limbs as 
grown persons, and who have, moreover, a less sense of danger, do not 
always use the best means to recover their stability when about to fall, 
but then in the more hazardous circumstances they usually take care [o 
secure for themselves a more spacious base than grown persons; thus 
in walking up or down stairs, we commonly see children employ botli 
their hands and feel, thus securing for themselves a very considerable 
base out of which the line of direction is not easily forced. 

If a body rest on a single point it is necessary that the vertical line 
through it should pass abolhrough the centre of gravity, but "in certain 
cases a body resting upon a single point may yet have a disposition to 
recover from any derangement, and to resume its vertical position. Thus 
, if the base be a plane, and the bottom of the body rounded, but such 
that the centre of gravity lies below the centre of curvature, the mass 
may rock backwards and tbrwards, but will soon regain lis erecl site. 
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Let O (fig. 43,) be the centre of the incurvation at the end of the body, 
and G or g its centre of grayity lying in the axis AO. Conceive the 
body to be rolled on its horizontal plane from A to A', the point which 
touched A vdll merge into a, and the axis will come into the position 
aO\ Now if the centre of gravity G stood above 0> it would evidently 
in 4he position G' ieasi beyond the vertical A'C, and tiie body would 
fidl over: but if the centre of gravity were at g below O, it would still 
in changiag to g lie within the vertical A' O', and, consequently, the 
body .wonld roll back to its first position/' Leslie's Natural Philoso- 
phy, p. 55. • 
It may be remariced Aat when, bs in the case just deduced, the body 
Nisists the tendency to overtnra it, and returns to its first position of 
^uilibrium, 4ihi8 «qnilibnam is called stMe; but when it yidds to 
every tendeocy to overturn it, and fells, the ^quilibrimn from which it 
has been distucbed^ is caUed tmstatk. The equilibriam of an ellipse 
vesting on ihe extremity of its minor diameter is stad>le, but the equi- 
librium when it rests on the extremity of the major diameter is unstable. 



ON THE EQUILIBRIITM OF A SOLID BODY ACTED UPON 

BY FORCES APPLIED TO DIFFERENT POINTS 

AND IN DIFF^EKT DIRECTIONS. 

(49.) We come now to consid^ a body or system of material points 
connected toge^er in an invariable manner, vdien in a state of equi- 
librium fiom the action of any system of forces whatever, and to deter- 
mine what the conditions are which must necessarily characterise such a 
system. The reasonings, therefore, of this chapter will be so general 
that the results to which they lead will compr^end in them all the 
particulars faidierto deduced respecting the equilibrium of forces acting 
under certain restrictions, whether through the intervention of a solid 
body, or upon a single point. The more important of these particular 
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deductions are, however, essential to the establishment of the geneisl 
theory, so that we are not to expect that the discussion of the general 
proposition, on which we are about to enter, will he independent of ils 
particular cases already considered, hut that it will on the contrary be 
in a great measure founded upon them. We shall find it convenient 
Id divide this proposition iuto two parts, taking Grst the case where the 
component forces all act in one plane, and afterwards considering them 
lo act without restriction. 



I. When the farces are all tiltiated in one plant. 

(50.) I-et the plane of the forces P, P„Pj, gic. be taken for the plane 
of jy, and let their points of application be (j,j), [x„y^, (■^a^i). 8tc. 
also let the inclinations of the forces to the axis of j be as usual, a, a„ 
«„&c.,and totheajQsofy, 3, 3|,(3j,&c; these latter angles being the 
complements of the former. Let now each force he decomposed into 
two parallel lo the aires, and we shall thus have instead of 

P the componunta F co9. a, F cos. 



&c. &c. 

so that the points are now acted upon by two systems of parallel forces, ■ 
and,supposing that each system lias a. single resultant, it will be parallel 
to thecomponents, and it follows that the original system may be replaced 
by two forces X and Y, of which the ir 



Y = Pco».(9 + P,co9.j3, + F, c " ■ ■- » 






thus when we know tlie right-hand members of these equations, as we 
are here supposed lo do, vre know also the intensities and directions of 
the two (brces X, Y, but not as yet their points of application. 

To determine these let j' be the distance of the force X, from the 
axis of X, to which it is parallel, and .c' be tlie distance of Y from thi; 
axis aiy, then we know (3S) that 



§4 BLBMEKTS OF STATICS. 

Y 



f^apyPoot.* -l-jf, P|Cos.«j -{' y^^t cob, tn^ +d?c.) 

? • • • • W; 
s^ xds« p€M« /S 4- 'i Pi COS. /3, -f- dr, P, co«. /3, -f- ^ec. J 



from which, as the values of x, x ,...., ^,^|.... are supposed to be known, 
^ and y become known, and two lines drawn parallel to and at these 
distances from the axes will coincide with the directions of the forces 
X, Y, and as a fbite may be applied at any point of its direction, we 
may consider the intersection of these two lines to be the common point 
of application of the two forces X, Y, so that the original system is thus 
lediuMsd to two determinate forces, acting on a determinate point in 
known directions; and, lastly, these are reducible to a single determi- 
nate force R, by the equations 



— — ^ -^ _ _ _ J 

r X Y 

R =t V X* -f- Y*, COS. a = -^ , cos. * = «- 



(3); 



a and b b^ing the inclinations of R to the axes of x and y. 

It is thus proved, that when a system of forces, acting with given in- 
tensities, and in given directions, upon a given 'system of points invari- 
ably connected, has a single resultant, its intensity, direction, and^point 
6f application may all be determined by means of the given quantities. 

(51.) It should be remarked here, that the equations (2) which en- 
able us to determine the point (y, y') of application of the resultant, 
after we have found X and Y, furnish us with more information than 
we absolutely require, for it would be quite sufficient for us to know 
the situation of ani/ point through which the resultant passes, for know- 
ing this the position and intensity of it would be given by equations 
(3), and the effect of it will, we know, be the same to whatever point 
it be applied. Again the position thus determined ought, obviously, 
to be independent of the coordinates x, y; x,, yi ; 8cc. because it would 
remain the same to whatever points the forces P, Pj, 8cc. are applied, 
provided we take them in their directions. What is here said amounts 
to this, viz. that we ought to be able to determine the perpendicular 
distance of the resultant from a given fixed point, when we know the 
perpendicular distances of the components from that point, and this 
determination we shall be able to effect by means of the equations (2). 
The given fixed point from which the distances of the directions of 
the several forces are to be estimated, we shall, for simplicity, consider 
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lo be the origin and the product of each force by the perpendicular on 
its direction, we shall call the ■nuiment t<f that force nith respect to ihe 
proposed point. This being premised let us substitute for X and Y, in 
equations (3), their values (3), viz. R cos. a and R cos. h, and then 
subtract the oue equation ftoin tlie other, and we shall thus liave 

RO-MH.a — i'CDS.*) = P(if««. - — iC08.3) + P,(j',cos.a.-r, 
COB. &{} + 4c. 

Let V3 inquire into ibe meanbg of tlie firstsideof this equation. Sup- 
pose 11) (lig. 44) lo be the point of application of Ihe resultant U ^ mn, 
then jnB = i', wi A^y, and let peipendiculaM be diawii froni 0, A, 
B, on tlie resultant, then it is plain that 

y'coB.n = A^, i'coi.4 = By; 

also, if Oi be drawn parallel to m p the triangles, viq&, OjA, will be 
in all respects equal, and, therefore, As=: Bj, therefore hp — Bi/s=Or, 
which call r, consequently 



In like manner, for any other force P,, we must have 
P,0.r«.., — i,co«.;3,) = P,^ = ««ne»(o/r, .... (5); 
- /). representing the perpendicular from O on the direction of P,; lience 
the foregoing equation ia the same eis 

nr = P/.i-P,;p, + P,ft4-P,P, + *« f8)i 

so that the moment iif the resultant is equul to the sum of the iinimeatt 
nfthe riimporienls. 

In the figure to which our reasoning has been applied we have so 
taken the direction of the force K that the angles a and b may have 
positive cosines: but ihe inference (^4) will always be the same what' 
ever be the directions of It, thus in fig. 45, where cos. b is negative, the 
same reasoning as that employed above shows us tliat Or = B^-f A^, 
and thus the same conclusion (4) is obtained. 

(52.) The foregoing genera! theorem is analagous, in terms, to that 
given at (38), for ihernomeutaof a system of parallel forces wilhreapecl 
to a plane; but the student must caiefully observe ihat there is no ana* 
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logy between tiie Aeorems themselves; for the moment of a force, with 
respect to a point, is altogether distinct from its moment with respect 
to a plane; this latter moment depends on the point of application of 
the force, and is independent of its direction ; whereas the moment, 
with respect to a point> on the contrary^ depends on the direction of 
the force, and is independei^t of its point of application. 

The second side of the equation (6) is suppossd to be entirely known, 
and this is only supposing that the intensities P, P„ &c. are known, 
and the several directions in which they act, or which is the same thing, 
the equations of these directions. Thus, suppose the equation of P»'s 
direction is known to be 

y = —r x-^-h .'. q.OQS. «» •ss^.y co», a» — X cos, />», 

cos. «» 

X and 3/ being coordinates of any point whatever in the given direction,; 
if we take any particular point (jr», ^») we have 

6 cos. a«=:y» cos. an — XmCOS. /3»; ' 

therefore, by equation (5), last article 

Ptt as d cos* On \ 

and h and cos. «» ar^ by hypothesis, known both as to sign and quan- 
tity; hence ;?« is known, both as to sign and quantity. Hence the se- 
cond member of the equation (6) is entirely known when the intensities 
and directions of the forces are known; also R is known, from the same 
data, by the equations. (1) and the first of (3) in article (50), conse- 
qdently, r, and, therefore, the position of the resultant R is known. 
By using the notation employed at (39) the expression for r will be 

2(P;?) 
'• = -R-' 

and' the equations necessary for the determination of the resultant, botli 
in intensity and direction, will be those marked (1) and (6) in last 
article; that is the three following 

X = S (P COS. a), Y== S(P C08./3), Rr = 2 (P;?); 
the first two giving 
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(63.) When ibe system is in equiiibriuin then we have X := 0, 
Y^O, and, consequenlly, It 3=0, so that the equation a of equltibrium 



S(Pcos.«) = 0, E(Pio9,j3) = 0, 2(Pp)=0i 
n their more eitpaiided (ana, 

.B, +P,COH.B, +.(!e.= 



a + P, COB. It, +P,COH.B, +.(!e.=0 

+ P,co8.,3,+P,c<™./3, + «c. = o( . 



We have already shown how the signs and values of the several pto- 
ducts in the last of these equalions are to be determined from tlie data 
of the problem; but, in the case of equilibrium, it sometimes is eoove- 
□ient to determine the signs from other consideraliona less analytical. 
Let us suppose the origin of the axes A (tig. 40), which we have taken 
for (he centre of moments, to be connected with the system by means 
of the rigid perpendiculais p, p„ p„ Sic. on the directions of the sevecal 
forces; then the wliole system being at rest the point A will be at rest, 
and may, therefore, be considered as fixed. Now the tendency of the 
forces P, Pi, P„ as marked in the figure, is to make the extremities of 
PiPupu on which they act, to turn TOund Ain the same direction, and, 
consequently, the tendency of llie whole system with which these points 
are invariably connected is to turn round A; to prevent motion, there- 
fore, the remaining forces P,, P,, &c. must impress on the system an 
equal tendency to turn round A in the opposite direction; we ought, 
therefore, to attach to these opposing tendencies contrary signs, that is, 
if we consider the forces P, P„ P„ -be. conspiring in one direction to 
be positive, we ought to consider the forces P„ P„ 6cc. conspiring in 
the opposite direction to be negative. In the former method of deter- 
mining ilie sign of any moment P* pn, we considered P« to have always 
the same sign, or to be positive, »o that the moment always took the 
sign of;;.. If, on the contrary, we attach the sign to P., it ought, ob- 
viously, to be in conformity to the principle just staled, and then we 
must consider />■ to be always positive. 

(54.) Of the preceding equations of equilibrium we may now remark 
that the two first establish the condition that there must exislsome^tii 
point. A, in connection with the rygtem, round vfhich, however, the 
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system may reyolvej ^ durd equfttioDi in coojuaotioa wkh tas^ tiidst 
ikea MtftbUsh &e leflMimiig Qon4iti0n of equiUbriiuB, viz. iimt tkae 
can be no motion of rotation. If the body or system, on which the 
forces act, be not entirely fi«e, but be only at liberty to move in any 
direction about a fixed point, then the last of the above equations vnll 
be sufficient to establish the equilibrium, the fixed point being taken 
for the centre of moments. 

If of the equations (1) only the last has place, then all we can 
infer is that the system has no tendency to move round the p<Mnt taken 
for the centre of moments, and since w« here supp«9e ^t tiie value of 
By viE. 

is somediing but tet Rr or 2 (Pp) is 0, we must conclude iiiat rss 0, 
so that l9ie point fatal for the centre of moments must be on the resul- 
tant, int>rder that the equation s (Pp) s= may have place, send itbe evay 
point on the resultant it obviously vnll have place ; so that if any point 
^ tlie resultaat were to be fixed, Ais ponit would sustain tbe whole 
(Ressuie of the system. 

11. When tbe forces are situated in different pkmes. 

m 

(55.) Let us now consider the forces P, P|, P^, &c. as acting, in any 
XQanner whatever upon a solid body, or upon a system of points, inva- 
riably connected. Let &e inclinations of P to the axes of x, y^ and 7, 
be as usual »9 p,y; the inclinations of Pi, »i, /3|, y, ; and so on. More- 
over let the coordinates of any point in P's direction be x, y, and z; 
those of any point in Pj's direction, x^, ^i, Zi ; &c. and let all these di- 
rections be produced till they pierce one of the coordinate planes, say 
the plane of xy, excluding for the present those forces which may be 
parallel to this plane. Let us call the coordinates of the point where 
P pierces the plane of xy, x% and y\ then, for the equations of this 
line, we shall have, {Anal, Geom,, p. 223,) 



X — a/ssaz _ 

. (1); 



— afssax^ 
where a and b denote the tai^nts of the angles which the projections 
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of the proposud line on tlie vertical planes make with the axis of ?. 
Non between these constaata u, b, and the given inclination!) of ^k 
line itself to the axes, there exiats the relations, (_Aii/i!. fif.im. p. 228,) 



Itoice substitating theae values in the equations(l), and putting £^0, 
ve have, forlhe coordioales, x', y', of the poiut where P pierces ,)be 
plane of -ri/, the values . ^ n 



*~ eoa.y ~ Pcos.7 ' ' ' " '■"'' ., 

at this point {x',y'), since it is in P's direction, we taay consider P to 
be applied; let us then do an and decompose P thua applied, accord- 
ing lo the three axes, and we shall then have, instead of ihe original 
force P, these three, viz. 

PC0S. = , PC03./5, PCOB.7; 

the Brst two acting in the plane of i^, and the third acting parallel In 
the axis of s, and all upon the point (j', j') where P's original direction 
pierces the liorizontal plane. Hence the momeuls of the vertical fbrce 
P coa. /, with respect to the vertical planes, are, by taking acconni of 
tiiuations (2) iicd (3) just given, 

.•p<:o..T = P<>o..y-:Pcos.- 

y P COS. y = 1, P COS. T — 5 P COS. (3. 

Now whatever we have said respecting the force P and its components, 
equally applies to any other force P., that is, it is equivalent lo llie 
three component forces 

P.cmi..., P.coa.j3., P.coa.7.1 
acting on the poinl where P„'s direction pierces the horizontal plane: 
the fiiBt two being in that plane and parallel to the axis of x and y, and 
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the tliiid Unce-bttx^ yertical, et panilel to AaaoDB •£. j»$ jpgreOter the 
moments of iStaa kst Ibioe^ in refeienoe io the Tertioal planeS| must he 

tf» K C08. 7n ^ Z» I'm COS. An 

ttDd 
y» P« COS. yn — f « P« COS. /3ii ; 

Consequently, the original system of forces may he reduced to three 
distinct pahillel systems; one sylrtem being yertical, and the other two 
both in ^e horx^ntal ]f>lane, one of these parallel to the moA of ar^ the 
other to the axis ofy, and the combination of these systems must equi- 
librate if the original forces equilibrate; but, in order to this, it is 
necessary that the vertical forces of tiiemselves equilibrate, or have no 
resultant, because no vertical resultant could be counteracted by the 
horizctital forces; hettce the vertical and horizontal forces eqtuUbxiate 
ifeparately. Tlie vertical forces, therefore, must fulfil the conditions at 
page 62, that is, they must sati^ the equations 

,2 (P. COS. y) as; 0, S (a: P cog. 7 — z P cos. a) = 0, T (y P cos. y — 2p 

cos.j3) = .... (4). 

The horizontal forces being also in equilibrium they must satisfy the equa> 
tions (1) at art. (53), viz. 

2(Pco«.«) = 0,S(Pcos.j3) = 0,S(Pj>)=0 .... (5) 

where it must be observed that 

Pj9=y'Pco8. « — x'Pcos.jSj 

and, by the equations (2) and (3) above, the second side of this equation 
is the same as 

y P cos. a — a? P cos. j8. 

Hence, writing the equations (4) and (5) in their expanded forms, we 
have these six equations of equilibrium, viz. 



u A + Pj cos. *i + P, cos. a, + <fec. = ^ 
j.j8+ PjC08./3i+PaCos./3j + <fec.=sO V . . . . 
I. y 4- Pj cos. 7j + Pj COS. y, 4- *«• = •^ 
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>PeOi-— lPoOl.^)+O,P,C«.ai-r,P,COa.^,)+(^5l',CMM.B,-I,P,0I».ft)=0 

IrPccw-y— iPco9..)+Ci,P,coa7,-j,P,cos.«,)+(ijPjCoa.y,-2,P,«>g,fl,)=0M7). 
[|rPcoi,y-iPcoB.^) + <y,P,cos.y|-iiP,ooB.^,)+(3,P,coi,y,-i,P^og.,3,>=o' 
(56.) Lei OS inquire a little into llie meaning of Uiese two groups of 

The liiat of the group (6) shows us that in the case of equilibrium, 
the resultant of llial set of components which ia parallel to llie aids of 
X, must be 0; and, in order to this, it ia necesaaj^ that tlie resultant 
of those forces ^hich pull one way must be equal to the resultant of I 
those which pull the contrary way; these equal and conlraiy resultants 
may either act upon the same point, and thus mutually oppose each 
otiier, or they may act at different points, but both in the same plane 
as the line joining those points. If the forces we are now considering 
were all that acted on the system, then, in the fii-st of these cases, tlie 
whole system would be kept in equilibrium, and tlie body would be 
at equal liberty to obey any new influences as if these forces had not 
been applied. But in the second case, where the contrary resultants 
of the systems of parallel forces do not concur, the body would not 
equilibrate, but would have a tendency to revolve round a fixed point 
in tfae middle of the line, joining the points of application of tlie two 
resultants. As, however, the equation under consideration, the first of i 
(G), thus lar fixes a pointin the system, it prevents the body from lending I 
to mtjve in the direction of the axis of j. Applying the same reasoning 
to each of the other two equations of the group (6), we infer that they j 
are sufficient to prevent in the body all tendency to motion in the 
direction of llie axes of y and i, so that the entire system cannot lend . 
to change its place, that is, there can he no motion of tranatation. l 

There may, however, exist, in conjunction with these conditkais, a I 
tendency to rotation in three distinct directions, and tliese three ten- 
dencies must be counteracted before the equilibrium of the body can 
be established. It must be these tendencies then that are counteracted 
by the remaining three conditions (7); but let us exBmin< 
meaning of these equations, and, for this purpose, it will be sufficient 
to considertiielirat termyPcos, « — jtPcos. |S. The forces P cos. 
Fcos.^, act perpendicularly to each other on tlie point to which P 
originally applied, and in a plane perpendicular to the axis of z; y 



J 
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the distance of that point, in the axis df car, which is in this plane, ^m 
the direction of the force P cos. a, and j: is the distance of the same 
point from the direction of the force P cos. fl; so that if these distances 
were rigid lines, these two forces would tend to torn the system about 
this point, that is about the axis of z in contrary diractionsr; hence the 
expressions y P cos. « and a* P cos. /3 are the nooments of the foio£s 
P cos. A and P cos. /3, with respect to the axis of a[, oor, whk^ia ^the same 
thing, with respect to the point where their plane cuts the axis of z. 
Hence the group of equations (7) intimate that in the ea»e of equUi- 
brittfftf the sum of the moments. of the component forces, with respect to 
the three axes, art mvemlltf 0.; understanding by the moment ofa force, 
with respect to an axis, the product of that force by the distance of the 
akis from its direction, the force itself always acting in a.:plane perpen- 
dicular to the axis. We have thus a right to infer, seeing that equations 
(6) and (T) folly establish the equilibrium, that when there is no motion 
of translation, and when moreover the moments of rotation about three 
rectangular axes are each 0, the moments of rotation about any other 
a^ces whatever must be 0. 

It remains to consider the effect of those among the original forces 
which may be parallel to the plane of ^^, since the decomposition we 
have hitherto employed supposes the forces all to meet this plane. 
Suppose P to be parallel to the plane of xy; at its point of application 
apply also two equal but opposite vertical forces Q, — Q, then one of 
these being directed towards the plane of ^, die .component of this 
and P will meet that plane. 

Call this resultant F', theu, instead of the force P, we shall have the 
two forces P' and Q acting at the same point, and to which the pre- 
ceding theory is applicable. Now the horizontal components of P' are 
the same as ^le horizontal components of P, seeing that PMs composed 
of P and a vertical fource; and therefore the two first of equations (6) 
said the &st of (7) remain unaltered, whether we substitute the two 
forces P' and Q for P or not. For the third equation of (6), these two 
forces fomish the terms P' cos. y -f Q = — Q H- Q = 0, the same as 
the original force P for which cos. y is 0. For the second of equations 
(7), these same forces furnish the terms 

(iP' cos. y — « F COS. «)^= (— «Q — « P cos. «) 
and 
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the aggregate of which is the term — 2 P co9. a, the same that would 
be given by the origioat force P, for which cos. 7 is ; and precisely in 
the same way is it 10 be shown, thai there will be no difference in the 
last equation whether we auhsliiute for P the fon:es P', Q, or take the 
force P itself. Hence the foregoing equations establish the equilibriunt, 
however the original tbrces may act on the ayatem. 

(57.) When the body to which the forces are applied is not free, but 
is onjy at liberty to mo»e in any ditectioa round a fixed point, dien, 
taking Ais point for the ohgin, the equiUbrium will be established if 
the equations (7) have place, for tliese equations forbid all tendency 
to move in the only way in which the body is at liberty to move. 

In such a case the pressure on the point must be equal in intensity 
w the resnltanlof all the applied fi>rces, or to the resultant of the same 
forces if they were all to be transfetred parallel to theii directions to 
the fixed point itself, since, as is plain Irom equations (6), it will 
require the same pressure or opposing force to preserve the equiUbrium 
in one case as in the other. Calling the pressures on the point, esti- 
mated in the several directions of the axes of j',^, and «, X, Y, and Z, 
we have, from equations (6), 

X = — E(Pcos..), Y=— S(Pcoa.(3), Z = — S (P aw. y). 

When the body can move only reuad a fixed axis, then, taking this 
for the axis of i, all tendency to this motion will be prevented if the 
single equation 

Cj(Pcoe.« — iPcos.^)-|-(y, P,CM.a,— I, P,co*./3,)-^ 
(y,P,COa. a, —I, P.eos. 0,) + iftc. = B, 

We may consider the 6xed axis 10 be secured at its extremities by 
two fixed points or pivots, and then Ihe general equations of equilibrium 
viiH furnish us with expressions fi>r tlie pressures sustained by these 
pivots. Call flie pressures upon one of flie points, (0, 0, Z',) in the 
directions of the axes, X', Y', Z'; and the pressures upon the other 
point, (0, 0, Z",) X", Y", Z" ; then, these being the forces which, with 
those applied to the body, secure the equilibrium of the system, we 
must have, between them and the applied forces, the conditions 
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X' + X'' =— S (P COS. »), Y' + Y'' = — 2 (P COS. j3), 
Z'-|.'Z' = -.D(Pco8.y) .... (1), 

in order that the equaitions (6) may be satisfied; and likewise the con- 
ditions 



»'X' H- I'X'ss— 2 (a: P COS. 7 — a P cos. a) 
%' Y' -}- 1'' Y' =— 2 (y P COS 



. 7 — a P COS. «t) !J 
. y — t P COS. jS) 3 



in order that the equations (7) m^y be satisfied. 

The third of the equations (1) shows that the axis is pressed in the 
dirQotipn-'C^^its ieqgth by the force 2 (Pcos^y); which is, therefore, 
divided between the two pivots^ although there is nothing to teach us 
in what proportion. The remaining four equations of condition 
eoable us to determine, when the intensities and directions, as well as 
the points of application of the applied forces, are given, what efforts 
they exercise on each pivot to carry away the axis. 

(58.) Before concluding the present chapter, we shall briefly advert 
to the remarkable analogy which exists between the theory of moments 
apd 4he projections of plane figures in geometry; and first we may 
remark, that the several terms which constitute the equations (7), and 
each of which we have called the moments of two component forces 
with respect to the aicis perpendictilaf to their plane, may each be 
oonsidered as the mmBilkkt of the .projection of the force itself on the 
plane .perpendicular to the same axis, with respect to the origin A. 
Thus let us take any force P«, and represent it by a part of its direction 
estimated from the point of application; then the projection of the line 
Pi. on the plane of xy may be considered as the projection on that 
plane of the proposed force. It is obvious that the components of this 
projection parallel to the axes of x and y must be the very same as the 
components of P» parallel to these axes, that is, this projection is the 
resultant of the two forces P« cos. aj» and P* cos. /3»; but when two 
forces act in a plane, the moment of the resultant in reference to a 
fixed point is equal to the sum of the moments of the components, or 
to their difference if they tend to turn the system in contrary directions 
about this point, and the moment of our two forces is yn Pn cos. «», and 
x^ Pn cos. j3». Hence, calling the resultant of these forces, or the pro- 
jection of Pi,, Pn; and p'n, the perpendicular upon it from the centre 
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and similar expressions obviously have place for the momenta of the 
projections on the other two planes. 

As the projectioii of a line on a plane is the product nf die line by 
(he cosine of its inclination to the plane, or by the sine of its inclination 
to a perpendicular to the plane, the projection P',) of P, on die plane 
of j-y, will be eipressed by the product F„ sin. y,; and, in like manner, 
the projections ?"» and P'",, of the same line on the planes x2 and yz, 
will be 

P-. = P»sin./3,, P"', = P.8ln.a.i 



I these projections ftom the origin, 
we aiay wriie die equations (7) in 



,7, + *c.= 
0^ + &c. = 
. »j + Ac. = 






hence, calling the perpendiculars o 
or centre of moments, y. andp",, we 
this more concise form, viz. 
J.' P.in.r+/, P, sin. r, + /, P,Bi 
p' P8in./3 + /, P,Bin.,8,+p'i PjBii 
p" Pain. <• + /", F, tin. b, + p"\ Pj ai 

If p„ be the perpendicular from the origin, or centre of moments, 
upon the line P» in space, then pu Pa will be double the area of the 
triangle whose base is P, and vertex the origin; also p'„ P', will he 
double the area of its projection; we may say , llierelbre, that ibe momept 
of the projection of any force is equal to the projection of ila moment. 

As the moment p" P', of the projection of any force P on the plane 
of xy, or the moment p' P", of the projection on the plane of .is, or the 
moment p"' P"', of the projection on the plane of y:, is in each case 
equal to double the projection of the triangle whose base is P and 
vertex the origin, or centre of moments, it follows, from the llieory of 
projections, (Anal. Geom. p, 270,) that if/' P" represent the moment 
of Ihe projection of the same force oii any fourth plane, passing through 



£Cj,'"'P'"') = 



».;s(/P') + c< 



. r 2 ip' p') + COS. r s (p"' p"'), 

i of l);e new plane to the planes of 



wliere S, i', i', are the inclini 

p' P', of p' P', and of p'" P"' respectively. 

It also fbllons from the same theory, (Arud. Geom. p. 271,) that if ' 
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any namber of Ibrces be projected on three rectangular planes, and the 
moments of the projections on each plane, regarding the origin as the 
centre, be collected into one sum, the squares of the three sums thus 
furnished will be constant for every system of rectangular planes having 
the same origin. 

For the determination of the principal plane, or that in which the 
moments of projection of any given forces amount to the greatest sum, 
the Anafytical Geometry, p. 271 et seq. 



PROBLEMS ON THE EQUILIBRIUM OF A SOLID BODY. 

PROBLEM I. 

(59.) A bent rod or lever ACB is suspended at C, about which 
point it is free to move in a vertical plane, and weights P, P^ are 
attached to its extremities: to find the position in which it will rest 
(fig. 47). 

Let us take the fixed point C for the centre of moments, then it will 
be sufficient for the equilibrium that the moments of the applied forces 
balance each other. These applied forces are first, the weight Pj of 
the arm CA acting at its centre of gravity, the middle point </; 
secondly, the weight P acting at A; thirdly, the weight P, of the arm 
CB acting at the middle point b; and lastly, the weight P3 acting at 
B: these forces all have vertical directions, and the moments of the 
two latter oppose the moments of the two former. Hence, drawing 
the perpendiculars from C on the directions of the forces as in the 
figure, we have this equation for the conditions of equilibrium, viz. 

P . C;> + Pj . C;?. = Pa . Cp^ + P3 . Cp^, 

and it is from this equation that the required position, that is, the angle 
AC/> or the angle BC/?s, must be determined. Put « for the angle 
ACjP, «' for the angle BC/?3 and Q for the given angle ACB; also, call 
the given length AC, 2 a, and the given length BC, 2 a', then 
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Cp = tricos.i, Cp, = aeoa.*, C/^=:o'oo«,«— a'coi. (a + e), 
C;i, = 3a'c(Mi.«' = — So'cos. (a + Bj; 
hence the equatioo of equilibrium la the same as 

(aP + P.) B COS. . = — <P, + 2P,) a' eOB. (a + 0). 
where « is the only unknown quaiiltly. Or, since 



the equatioQ reduces to 

(2P + P,) a = (P, + SP,) 0- (1«n. a sin. 9 — 
_ (2P + P.)a + <P, + 3P.)..'co 
■' (P, + aP,)B'8Jn.e 

If the extremities of the lever cany no weights 

_ P,a + P,a'cos.e 
'"■'— p^a-sia.e 

These results nould remain unaltered, though ihe two arms CA, CD 
were of different thickness; but wben they are equally thick, since 

Pi ft' 
their weights must then be as their lengths, or, since ^ — , the 

last expression may be put under th« form 



(60.) An oblique cylinder stands on a horizontal plane, its utclination 
10 wliicb is 60°, perpendicular height 4 feet, and diiimeter oftlie base 
3 feel. lUijuired the diameter of the greatest sphere of the same 
material as the cylinder that will hang suspeuded from the upper edge 
(Gg. 48,) without overturning the cylinder. 

The centre of gravity U of the cylinder is at the middle of its axis 
(JD; hence the acting forces are the weight of the cylinder in the 
vertical direction GE, and the weight of the sphere in the vertical 
direction B'P and these two forces are just suQicient to prerent aoy 



di 
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tendency to motion about B; hence the equation of equilibrium is 

BE X cylinder = BF x sphere. 
Now by trigonometry 

sin. OD£:DGE :: GE:DE = 2^J 
.-. BF=2DE=i:4^}, BE =BD — DE = §— 4 v^J; 

bence, substituting the volumes of the cylinder and sphere for their 
weights to which they are proportional, the equation of equilibrium is 

(1— 4>/i) X^X '7854 X 4 = 4^J x t X -7854 X diameter^' 

.'. diameter = 2 • 006 feet. 

PROBLEM III. 

(61.) One extremity C of a heavy rod is moveable about a fixed 
point in a vertical plane (fig. 49), and to the otlier extremity B is fast- 
ened a chord which goes over a pulley A in a horizontal line with C, 
and supports a weight P equal to half the weight of the rod: required 
the position in which the rod will rest. 

The forces which prevent motion about C are the tension of the cord 
BA, measured by the weight P, and the weight 2P of the rod acting 
vertically at the middle of CB. 

Praw. Bjf perpendicular to AC, and CE perpendicular to AB, then 
the equation of equihbrium is 

P.CE=t2P.iCF = P.CF.-. CE = CF. 

Put BC = a, AC ^ b, and AF = x, then the right-angled triangles 
A EC, AFB being similar, we have 

EC» _^^ . (b — »)' _ flg— (6 — j)a _ ga — ^a + 2^.r — ja 
AC»""BA« ** ^» "~a:*-«-fa» — (6— »)'•"" a» — 6«-f2Aa: 

an equation which reduces to 

2ia»--(4ia— -a*, a* — 26(a« — fe)a==0. 

One root of this equation is .r = 0, aid the ot' er two, as given by the 
quadratic, 



-4-(o±^'' 



C» ± V 8 fr- + a») . 



■ (2). 



Lei us examine into Ihe nalure of these aa connenled witli the positions 
of the rod. The first root i ^ O gives the position in fig. 50, which 
position, however, the rod cannot ta.ke if AC is greater than CB, thai 
is if 6 exceeds a; but when b does not exceed n, then this will be one 
of the positions of equilihrium, and it may be remarked that whatever 
be the weight of the rod moveable about C, tlie oiher end B will 
always be supported in every position by a verlica! force equal to half 
that weight. 

Iliet« cannot be any other position of equilibrium for the same 
weight P between the lines CB, CA, because in no such position can 
the condition of equilibrium, vii. CE^CF, have place; hcDce no 
negative root of (1) can be consistent with the conditions of the 
question. 

To determine in what circumstances the two p 
put a^nb, then the values of ^ will be 



e admissible, 



= 6(1- 



,»-t n-^H-f 



-)> 



which forn = 1 gives x^O, and i ^^b; when n is less than 1, then 
it is obvious that both values of j; are positive; hence, when a is not 
greater than b, there are always two positions of equilibrium detenni- 
nable from the two roots or values of i in (2). As one of these 
values of r is always greater than b, tlie corresponding position of the 
rod will be as in fig. 51, When n is greater than 1, one df the above 
values of Jr is always positive and the other always negative; hence, 
when is greater than h, there ia hut one position of equilibrium 
(fig. 52) determinable fiom the positive root or value of x in ( 2 ), 
hut then there is another position, determinable from x^Q, that is, 
the extremity B will rest in the vertical line from the pull ey, as in 
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PROBLEM IV. 

(62.) AD and BC (fig. 53,) are two heavy bai» moveable in a 
vertical plane about their extremities A, B in the horizontal line AB; 
required the pogilion in which they wiU rest hf leaning against each 
other, 

Call the weight of the .bar AD, acting vertically at ita middle £^ P ; 
^d the weig^ of the bariBC^actiDg vertically at G, P^; then the ibfces 
acting on AD^ to tpm it round A, are P in the d»tctioD EK^ and the 
pleasure of €B ia the direetioa DL perpendicular to BC ; cadi this 
pressure P^^ then the bar AD being at rest^ we must have 

also the Winces acting on BC, to turn it round B^ are P, in the difection 
GH| and; the. pressure Psi^^ the perpendicular direction LD; -bencey 

V, .BHssP,.BD, 

these iyroi are therefore the equations of equilibrium. Eliminating Ps, 
we have the single equation 

P . AK . BD = Pj . BH . AL. 
PutAB = a, ADssi^, BCsc^andBDsi:; then 

AK t= AE • cos. A = -=— ^ — ^— r 

BH = BG*co8.B = -s— ^ — ^- 

AL=& AD •cos.Dta—-!-- • 

2x 

HencBi by substitution, we have 

3*(6«4-a»— x«)PBB«o(tf» H- «• — **)(*» + «* — a*)P, J 

im equation of the fifth degree, firom which, when numbers are put for 
fl, b, and c, the values of jr may be determined, (see Algebra, p. 198.) 



(63.) A given rod or beam, not of uniform thickness, has oae end 
suspended by a cord of a given length, fined at a given point abore an 
inclined plane of a given iDclination, and the other end of the beaiu is 
sustained by the inclined plane ; it is required to determine the position 
of the beam, weight sustained by the cord, and pressure against the in- 
clined plane when the beam is at rest, (fig. 54.) 

Let P be the given point, AP the string, AB the position of the benin 
when at rest, with its end B on the given inclii:ed plane BK. 

Tha forces acting on the beam are the tension of ihe string in the di- 
rection AP, Ihe weight of the beam acting vertically al the given point 
G, its centre of gravity, and the pressure at B acting in llie given direc- 
tion BI>, perpendicular lo the plane. Let PA, D'B, be produced till 
they meet in D, then, as the resultant nf the forces acting in these linef; 
must pass through D, and as the direction of this resultant is vertical, 
jt follows that the vertical line DG must pass through the centre of 
gravity. Hence to determine the position of the rod, draw AH, PK, 
parallel to D'D, and AM parallel lo BK, also produce BA lo N; tlien 
ilie position will be ascertained, if we can find Ihe angle PCK ^ PAM 
= 9. Tlie known quantities are BG = n,GA = 6,PK =17, PA=/, 
CBQ^i^ inclination of the plane; if, therefore, we call the unknown 
angle ABK, or NAM, f, we shall have 

PMssCsin. 9 
AH s= KM = (a -I- () 9iu. ^ 
.-. PM — KM = /aln.e + (o + fc)Bin.p = c .... (A). 
If, therefbre, we can obtain nnotlier equation involving no other un- 
known quantities besides 9 and f, this latter may he eliminated, and 
thence 9 determined. Now two different expressions for BD, involving 
only these unknown quantities, may readily be obtained from the two 
triangles ABD, GBD, which have this side in common; for observing 
that 

PAN = BAD = fl — ^ 

ADB = Al' Jl =90° — 9 

BDG = KUQ = (' 

BGD scomp.QBGsflO"— (i-i-fl>i 
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we have, from the triangle ABD, 

sin. ADB : sin. BAD : : AB : BD ; 

that is, 

cod. 9 : sin. (9 — ^} : : a -f 6 : BD . . . . (1 ) ; 

and in the triangle BGD> we have 

sin. GDB : sin. DOB : : BG : BD ; 

that iSy 

Bin. f : COS. (• 4- ^) : : « : BD .... (2). 

Equating now the two expressions for BD, furnished by (1) and (2), 

we have 

(a -f ft) sin, (g — ^) a cos. ( 1 -f- 0) 

COS. 9 siu. f 

.'. (a 4- sin. • sin. (9 — ^) = a cos. 9 cos. (t -|- ^) . . . . (B); 

hence, by means of equations (A) and (B), 9 may be determined, and 
thus the position of the beam found. 

It remains to determine the tension T of the string, and the pressure 
P on the inclined plane, tn order to this draw GV parallel to PA, 
then, since the sides of the triangle GVD are respectively parallel 
to the &ree forces, they, or the sines of their opposite angles, are pro- 
portional to these forces ; that is, calling the force in GD, or weight of 
the beam W, we have 

sin. GVD : sin. VDG = sin. t : : W : T 
■In. GVD : sin. VGD = cos. : : W : P ; 

consequently, 

cos. 9 €03. 9 



PROBLEM VI. 

(64.) A given beam AB is supported by strings which go overpuUies 
C, D, and have given weights P, P„ attached to them, to find the posi- 
tion of equilibrium (fig 55)* 

Produce the strings till they meet in g, then the vertical gE will pass 
through the centre of gravity G of the beam, and if GF be drawn 
parallel to DG the three sides of the triangle GFg will be propor- 
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lional W the three equilibraling forces, and these are all given. Put 
AG=:a, 0B= b, the iDclication oC CU lo the horizontal line CK, or 
DK', j; Ihesequantitiesarealsogivea. Lei n tepresent the angle DCA, 
and the angle CDg, then sb. BDP, = ain. tj3 + i)= sin. FGg, 
and cos.gCKsscos, (a — i)^9iu. FgG; hence, from the triaiigle GFg, 
we have 



<o..l,_,) 








80" — /3 — .) 


= 


•In 


(0 



W ain. (180" — /3 — .) .In. (j3 + .) 

From these two equations the unknown angles ■ and jJ may be de- 
termined, liut lo find ihe position of AB, we must also know the angle 
A' ^ S. From G diaw the perpendiculaia Gp, Gp,, on the strings, then 
Gp= GAsin. A= a ain. (« — J), and Gp,= GB sin. GB;»i = 6sin. 
(^ + ()i benee 

ain. (a — J) P = i Bio. (/3 + 1) P, 



neln. (. — *) ' 



.(3)1 



from nhich equation t may be determined, a and /l having been pn- 
viously found. The quantities thus found enable us lo find the two 
unknown sides of the triangle CgD, and those of die triangle AgB, and 
thence tlie distances CA, DB. 



(65.) A given beam AB hangs by two strings, CA, DB, of given 
lengths, S^jmiwo given fixed points C, D; to find the position in which 
it will rest (Hg. 56). 

Here instead of the tensions we have the lengths u', b' of the strings 
CA, DB; hence, using Ihe same notation and the same reasoning as in 
the last problem, we get two difierenC expressions ^1), ^2), foithe ratio of 
these tensions; that is, we have one equation between ilie unlinowns 
a, ^,and i; it will, therefore, require two more equations to determine 
then; these two may iie readily obtained, since we may deduce two 
diSerent expresgione for the perpendiculars from A and B on the strings. 
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Thus, if we draw AM parallel to BD, it is plain that the perpendicular 
from A on DB will be equal to that from C on DB, minus that from 
C on AM; that is^ calling CD, c, the expression for this perpendicular 
will be 

c sin. j3 — a' sin. (« -f- i3) ; 

but the expression for the same perpendicular is also AB sin. B, that is 

(a -f b) sin. (p + $) 
.-. c sin. j3 — a' sin. (« -I- j3) = («-!- j8) sin. (jS-f^) .... (1). 

Again the perpendicular from B on Ag is equal to the perpendicular 
on it from D, minus that from D on BN parallel to Ag, the expression 
for this perpendicular is, therefore, 

c sin. a — b* sin. (a -|- j3); 

but the expression for the same perpendicular is also AB sin. A, that is, 

(a -f- b) sin. (« — d) o 

.•. csin. a — 6' sin. (« -|- j8) = (a + 6) sin. (a — S) .... (2). 

These equations^ in conjunction with that before mentioned, viz. with 

cos. (j8 -h _ ^ sin- (P + ^) _ . /3) 
sin. (j3 4- ») fl sin. (a — S) * * ' 

are sufficient to determine the unknown quantities sought. 

PROBLEM VIII. 

(66.) A given solid hemisphere, with its convex part upon a smooth 
inclined plane of given inclination, is kept from sliding by a string of 
given length having one end fastened to a given point, and the odier 
end attached to the edge of the hemisphere : it is required to deter- 
mine the point where the hemisphere touches the plane when at rest, 
the pressure on the plane, and the tension of the string, (fig. 57.) 

Let P be the given point, PI the string, IFM the hemisphere, C its 
centre, and CT perpendicular to MI, then the distance CG of its centre 
of gravity is J CT. The forces acting on the body are the weight W 
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in the Teitiail direction GR, the pressure P in Ihe direction FO perpen- 
dicular to tile inclined pluie AB, and the tension T in the direction 
IP; this last direction must when prodoced meet inO the point of con- 
currence of the other two forces. To determine die point F, draw GN, 
IL, and PE, perpendicular to KF, ID perpendicular to PE, and PH 
to AB, then the given quonlitie:} are 

CG = o,CF = 4, PH = EF = !:, PI = /, eot.ai«toBAR = 

eoUangieGONtel; 

and we wish to find HF or PD and IL. Put s and 1/ for the 91 

and cosine of die angle GKN, or KIL, then ne have 

KN = a#,GN = aj, CL = ii,Ll = *y 

,-. ON = ( ■ GN = (aa^, CO = CN — ON = O — (i) 

LO = CL — CO=Ar— «(r— ft),LE = CE~CL = 

lD = t — e — bi. 



y the similar 


triangles 


OLI, IDP, 








OL : LI : : ID 


DP 










d since DI> 


H-DP-- 


= IP> = P 




This equatio 


Ib-c- 


-'■'•+i;"': 


e — ij) 



is sufficient to determine j- and 1/, and thence DP and LI. The sides 
LI, LO, being now known, the angle LOI islcnowni hence, taking the 
centre of moments at L, we have 

OL Bin. LOI X T = OLain. LOG' Wi 
and LOG = /. A, 



= T co«. LOI -(- W co« . LOG 

e (rin, LOO • col, LOI + coi. LOG) W. 
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PROBLEM IX« 

(67.) To determine the position in which a paraboloid ABC will 
i^t upon a horizontal plane, (fig. 58.) 

Suppose P to be the point on which it rests, then the pressure bemg 
in the vertical direction PG, is in the normal to the surfece at P, and, 
moreover, passes through the centre of gravity G. Taking the axis 
AX, AY the equation of the vertical section, through AX, and 
PGis 



therefore, the subnormal NG is 



^ = 



but, calling the altitude AX of the paraboloid a, the distance AG is 
(ex. 8, p. 80) AG = |fl, 

2 2 

this Aerefore is the abscissa of the point on which the body rests, hence, 
the tangent of the inclination XRP of the axis to the horizon, that is, 

the value of--, for the point P is 
ax 

tan.0=^=V'/=V'j?-J-2(§a— ;») (1). 

ax 2iV 

Besides the point thus determined, there is no other on which we can 
place the body where the normal shall be equal to the distance of the 
centre of gravity from the horizontal plane, which equality must exist 
in order that the body may rest on that point, making, however, one 
exception, viz. when the point is the vertex A; for at this point the nor- 
mal being in the line of direction of the centre of gravity, the body 
would necessarily rest on it, be the length of the normal what it may. 
In order that the body may be unable to rest on any other point besides 
this, the altitude must be such that between the vertex and base there 
shall be no point whose normal shall equal the distance of the centre 



>r gravity from the plane, therefore, the condition is that the result (1) 
nay be either impossible or infinite, which requires lha.t 



when, therefore, a^l/i we see that the vertex is the poinl at which tlie 
normal measures its distance from the centre of gravity. Hence if any 
segment of a paraboloid, whose altitude does not exceed J/>, be placed 
any how on a horizontal plane, except indeedon itsbaw, it must always 
restore itself to an upright position and rest, when it does rest, on its 



(68.) To determine the pressures exerted by a door on its hinges or 
on the two piTOls upon which il bangs. 

Call tbe weight of the door acting at its centre of gravity P llie dis- 
tance of the centre of gravity, that is, of the direction of the force from 
the vertical axis J, and the distance between the pivots s'^s"; then 
there being no pressures in the direction of tiie axis of y the equations 
1 at p^e 93, become, in this case. 



(-X-' = 



B = 0, Z' + Z' = 



y = — P . 



■ 0) 



■e the equations (2) furnish only 



■ w- 



The equation (l) shows that the door presses with its whole weight P, 
the vertical line of tbe binges; and the equations (2) express the hori- 
zontal forces on t!ie hinges, the lower hinge being pushed inwards, and 
the upper hinge drawn outwards, each with a force equal to 
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.-.'■» 
PROBLEM XI. 



(69.) One end of a uniibnn beam of weight W is moveable round a 
fixed point in a vertical plane, and to the other end is attached a string 
which passes ov«r a pulley^ and is loaded with a given weight P; die 
fixed point and pulley are in a horiaQuial line, and their distance asun- 
der is equal to the laigth of the beam, which, however, is not given ; 
requited the angle B between the beam and horizontai line when the 
beam is at rest, 

P P« 1 * 



PROBLEM XII. 

(70.) A cone of marble, the axis of which is twenty feet, and base 
diameter, six feet, stands on the edge of its base, the axis making an 
angle of 60° with the plane of the horizon; what must be the direc- 
tion and intensity of the least force applied to its vertex that will just 
sustain the cone in that position; the weight of ttie cone being 284 cwt. 

The least force is 1 *377 cwt. acting perpendicular to the axis. 



PROBLEM XIII. 

(71.) What will be the height of the greatest segment that can be cut 
off a prolate spheroid whose longer axis is double the shorter, by a plane 
perpendicular to the longer axis, so that it may be unable to rest upon 
any point of its convex surface except the vertex. 

Height = semi, trans, x (3 — nj 6), 



PROBLEM XIV. 

(72.) A beam of given weight W, rests with one end against a ver- 
tical wall and the other upon an inclined plane; calling the inclination 
of the beam to the horizon i, the pressure against the wall P, and the 
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ihrust against ihe inclined plane T, to detennine the 



t09 
of P 



(73.) A ladder of unifonn ihictness and weight w pounds is placed 
against a vertical Trail, and at a giren inclinalion i to the horizon, a 
person weighing W pounds ascends the ladder, and it is required to 
detennine the pressure al the top and the thrust at the bottom of tlie 
ladder when the person arrives at any given height. 
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ON THE MECHANICAL POWERS. 

(74.) llanngnowcotiaidered pretty fully the theory of theequilihrium 
of forces, applied to different points of a solid body, it is proper that we 
should speak of those cases in which the forces are not immediately 
applied to the body, on which their influence is ultimately exerted, but 
to some intermediate body contrived for the purpose of transmitting 
this influence in the most advantageous manner. These contrivances 
are called Mixhinei', and the simple elements or constituent parts nf all 
tuachinerj are called the mccliamcal pouiers. These are six in number, 
and are as follow ; the Leeer, the Wlieei and aite, the Pullei/, the la- 
clinal plane, the Screw, and die Wedge. 



(75.) A lever is a rigid bar, or rod, moveable about a fixed point or 
Julcrutn, and it is divided into three different kinds, depending on the 
position of this fulcrum with respect to tlie applied force, and the body 
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to be B^uenocd by it; ihm, if &e firicnim be between the foiee or 
power and the body or weight, as in fig. 59, the lever is said to be of the 
first kind; if it be situated so that the weight is on the middle, as in 
fig. 60, the lever is of the second kind, and when, as in fig. 61, the power 
is in the middle, the lever is of the third kind. In the figures the rods 
are straight, but they would still be levers if bent or curved. 

That a lever acted upon by any forces may be in a state of equilibrium, 
it ia, obviotMly, merely aeeeasaiy that fbe sum of the moments, taking 
the fisknun as the ceiktire^ be equal to 0; this condition, therefore, coia- 
priset (ike vbele theoiy «f tkt lever, so thai when, as is eommovfkylk^ 
oase^ tl»eqii«iilir«|t2pg forees aie a weight W and a power P, then the 
condition is 

W;,, = Pp.-.^=^ (1); 

hence the weight and power are to each other, reciprocally as their dis- 
tances firom the fulcrum. If, as is usually the case, the object be t 
balance W with the least power possible, this must act so that p may 
be the greatest possible, and, tiieieftne the power must act perpendi- 
cularly to the lever. 

When the weiglit w of the lever itself is to be taken into consideration 
we must view it as a third force, acting at its centre of gravity; if we 
call the diitanee of tins new force firom the fnlcrum g, then the above 

equation witt be 

Wp,±wg=:Pp .... (2); 

the upper or lower sign being used according as this force tends to 
fevor or to oppose W. 

(76.) Hie mechanical advantage of the single lever may be conside- 
rably increased by combining several together, so that the power of one 
may be communicated to another. 

Thus in the system of levers, represented in fig. 62, if we call the arms 
which are on the same side of the fiilcra as the power p, /?„ p^ &c. 
and the other arms p%p\y />'„ &c. and, moreover, call the powers acting 
at the extremities of the latter arms Pj, P„ &c. then in the case of 
equilibrium we shall have the equations 

P;,= P,y, P,|,, = P,;»,'. P^p^=P,p^', <fec. 
and multiplying these togedier. 
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Ill 



Pjt;>,p,....=P.py,;r,....i 
r, ihe last power P, being the weiglit W, 

^PPiPt = w-pyiP'i ■ ■ ■ •; 

a that the power is to the weight, as the product of thearrasoo the sidt 



of the weight, to the product oflhe a.; 



in the side of the power. 



(77.) A body 13 weighed successively in the two scales of a felse 
balance, in the one scale it balances a weight p, in 'Sat olbcT a weight q, 
required Ae tr>je weight of the body. 

Suppose the lengths of Ibe arms of (be bahuice to be a and b, and 
let X represent the true weight of the body, then its moment in one scale 
is ax, and in the other bi, aud, by the problem, 

multiplying these together we have, 

abi' = <!hp<,.-,x=-Jpg; 
hence tlie true weight is a mean proportional between the two false 



(78-) The common steelyard (6g. 63), is a bar AB, moveable about 
a fulcrum O ; P, the body to be weighed, is hung at the shorter arm A, 
and B given weight W is moved along the odier arm till it balances Q; 
then the weight of Q is known from the place of P; to liud bow the 
distances OC increase with regard to the wei^t Q. 

Let G be the centre of gravity of AB, and Gg vertical meeting the 
hoiiiontal line AOC in g. Call the weight of AB, ui, OA = p, OC 
= Pt t)g ^ g, then, by equation (2) above, 

. „ ,j^ P^. 
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tog Pv 

hence, if we take Ojr = -— -, we have jrC=-r--; hence *C varies 

as P; and, proceedmg from x, equal additions o£ distance to xC cor- 
respond to equal additions of weight to P: that is, if xC he graduated 
with points 1> 2, 3^ &c. at equal successive intervals from x, W placed 
at these points will successively haiance the weights 1> 2^ 3> &c. 



PROBLEM III. 

(79.) A homogeneous lever AB (fig. 64) of the second kind is eqoalljr 
thick throughout ; it is required to determine whst must be thtt length of 
the arm AB, that a given weight W, acting at the extremity of tlie lam 
AC, may be supported by the least power P possible, taking into aocounl 
the weight of the lever itself. 

The lever being homogeneous, and equally thick throughout any por- 
tion of its length, may be taken to represent the weight of that portion; 
hence, calling the length AB of the lever x, its weight will be I x, actr 
ing at G, its middle point ; therefore, putting AC sspf we have, by 
equation (2), 

W;>i + i»** = P*-'-P = — + *»• 

To determine for what value of x this expression for P is a minimum, 
we have 



d P 



^-l^ + i=o.. 



dx «^ 

from which we immediately get 

4^=2 W;>i.%»s=V'2Wj?, 

the value required. 

It must be remembered that we have taken l^igths to represent weights, 
so that, whatever our unit of leng& has been, the weight of that unit must 
be considered as the imk oCivei|^ thu9 if we have measured ;>„ and, 
thetefoie x> m todiflftiHtiieH 4r nttaerieal expression for W will be the 
w^ght W,'4lli \^6HtA ^iil inch of the lever. 



* '• . 
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By substituting this value of j- in ihe (bregoing expresaion for P, wk 
have, for theiniensityofthis power when actiiig at the greatest advantage. 



The Wheel and Aile. 

(aO-) This machine is in reality only a modificalion of the lever; il 
consists of two pans, a cylinder called theojr/i^, and a surrounding circle 
or lekeet coniiecled with it, having its centre in the axil of the cylinder 
about which the whole turns, (see fig.65.) 

This machine is not complele in itself like the lever, requiring the 
addition of cords, or chains, or some other intermediate body, to com- 
rauoicate with the forces engaged. 

The more immediate object of di is machine is to support or raise a 
wei0it W, suspended to a rope wound about the axle, by means of a 
power P applied to the circumference of the wheel. But in numberless 
applications of this machine the an-le does not communicate directly 
with the weight by a cord: but, by Leing surrounded with teeth, as in 
fig. 66, acts upon a toothed wheel, and the axle of thislast upon another 
toothed wheel, and so on, the power being thus transmilted to the 
weight W. The effect of a power thos transmitted we aliall consider 
presently, examining first the more simple case just noticed, , ' 

Let the radius of the wheel be p, that of the axle^,, then (73) . 

P P, 
the weight and power being lo each other, reciprocally, as llieir distan- 
ces from the fixed axis, as in the lev«r. 

If the equilibrating forces do not act tingentially, aa we here sup- 
pose, then instead ofp, p, representing the radii, they will represent llie 
distances of tlie directions of the poner and weight from the axis. 

It is obvious that the greater be the wheel die less will be the power 
requisite lo support or move a given weight: and that a. continually 
decreasing power may have a uniform effect upon a constant weight, it 
must act upon a series of continually increasing wheels, constantly 
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keeping up the above proportion, the radii of the wheels varying in* 
▼eisely as the powers : thus, P and P' being any two values of the powers 
we have 

^— Z ^ — £l . Z— Z! 

P " Pi* Px " Pi '' p' ""P* 

In this vray the varying power exerted by the main spring of a watch 
while unodling is made to produce a uniform effect; this power acCmg- 
on a series of varying wheels (fig. 67) called \he/uzee. 

It should be remarked that the machine we are now considering ts 
virtually unchanged, though the wheel be stripped .of its rim and .Htut 
power be applied at the extremities of the spokes. 

It should be further remarked that the thickness of the rope, when 
considerable, must not be neglected in estimating the conditions of 
equilibrium; for we ought to consider the forces to be transmitted along 
the middle or axis of the rope, and, therefore, the radius of the rope 
should be added to that of the wheel, and of the axle, so that in the 
above expressions p and pj are the distances of the axes of the ropes 
from the axis of the machine. 

(81 .) When the axle is toothed it is called a pinion y and the teeth its 
leaves. If a power be in equilibrium with a weight by means of a 
system of toothed wheels and pinions, as in fig. 66, then we shall find 
that the power will be to the weight as the product of the radii of the 
pinions to the product of the radii of the wheels. 

For let the radii of the axles or pinions be r, r,, r^, &c. and those of 
the wheels R, Rj R„ &c. then the power P acting on the first wheel 
equilibrates a weight W or power P„ on the pinion, expressed by 

PR 

this then is the power applied to the second wheel, and which, there- 
fore, communicates to its pinion a power expressed by 



» Pi^i _^P R Ri . 



rj rr^ 



this is the power applied to the third wheel, and continuing this com. 
putationit is plain that the power with which the wth pinion or axle 
acts is 
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«n-3ii«U«» '*' ■ p __ PRR,tt, a.- ! . 

and, conseqweolly, P« ia the weightwhich the power P will balance on 
the nth axle. 

Instead of expressing this result in words, aa above, we may say, since 
the radii are aa the circumferences, nod these, again, as the number of 
teeth they carry, that the piiwet is to the weight as the product of the 
numbers expressing the leaves to each pinion lo llie product of the 
numbers expressing the teeth lo eacli wheel; the number for the first 
wheel, which is plane, evpressing the number of teeth it could cany, 
and, in like manner, Ihe number for the last axle being tiiat expressing 
ihe number of leaves it would carry. 

For further particulars respecting ioolh andpinioa viork, and, indeed, 
respecting machinery in general, the student is referred to Professor 
Gr^orj's Treatise of Mechanics, a worit abounding with valuable in- 
formation. Much interesting matter will also be found in Dr. Lardner's 
elegant volume on Mechanics, in llie Cabinet Cyclopsedia. 

SCHOLIUM. 

(82) The student will have observed that the foregoing theory of 
oollied wbeeb is founded on the supposition that the power communi- 
cated from (he tootli of one wheel to thai of another is in the direction 
of a tangent to the circle on which this latter is raised, as in Ihe plane 
wheel and axle, and that such may really be the direction of the power, 
particular figure must be given to Ihe teeth, at least to the working 
sides of them. Tliis figure is thalof the involute of tlie circle on which 
they arc raised. Thus, let ItlF, KE6 (fijc- 63) be the wheels to which 
ihe teeth ate to be accommodated, the acting lace GC'II of the tooih a 
must have the form of the curve traced by the extremity H of Ihe flex- 
ible line FqH, as it is unwrapped from the circumference; and, in like 
roaimer, the acting £ice of the tooth b must be formed by the unwrapping 
of a thread from the circumference of the circle KEft. The line FCE 
drawn to touch both circles will cut the sur&ces of the two teeth in C, 
the point where they touch each other, atapointinthe common tangent 
to both circles, and the force arising fi'om their mutual pressure will 
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always act in the directioii of the cireumftrence of the wheels at E 
and F. But, continues Dr. Gregory^ whose words we have borrowed in 
the preceding description^ although Roemer, Varignon, De la Hire, 
Camus, Euler, Emerson, Kaestner, and Robison, have turned their 
thoughts to this object, and some of them have struck out rules of readj 
application in practice, it is to be regretted that these rules have *beeh 
little followed by practical mechanics, most of whom have, in this case, 
been more inclined to follow a set of hacknied rules handed down 
from one workman to another, although completely destitute of scienti- 
fic principle. Even watchmakers, in whose constructions a little more 
than common skill and nicety in the execution might be expected, are 
but few of them acquainted with any rules founded upon the deductions 
of accurate theory; but commonly, we are informed, give to their teeth 
the shape assimied by a horse hair when held bent between the fingers, 
a method so vague that it is difficult to conceive how it came to be 
adopted. 

The Pulley, 

(83.) A pulley is a grooved wheel moving freely on an axis, and 
fixed in a case or block. It communicates applied force in conjunction 
with a cord which the groove receives. 

J^fyQ fixed puUey we have already employed in various parts of this 
woi:k ifor.the sole purpose to which it is applicable, viz. for the purpose 
of, changing the direction of a force acting by a cord, and although the 
fixed pulley is, for this purpose even, an important instrument, yet af 
it does not afford any mechanical advantage in the way of accumulating 
force it. offers no theory for discussion. It is different with the moveable 
pulley (fig. 69) to the block of which the weight is ^stened, which is 
sustained between the power P, acting at one end of the cord, and the 
pressure on a fixed hook Q at the other end; the tension of the cord 
being uniform, it is obvious that the intensity of P must be equal to 
the strain or pressure on Q. Let us examine the relation which these 
equal powers bear to the weight. Continue the directions of the ropes 
PC, QD till they meet, unless they should be parallel; then, since the 
system of forces P, Q, W is in equilibrium, the point E, where the 
directions of two meet, must be in the direction of the third, and the 
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resultant W of the equal forces P, Q will be 

WsSPcos. a. , , . (I); 

ft beiBg equal lo half ihe incliuation. of the cords from P and Q. In- 
stead of the tabular cosine we may introduce into this expression the 
cosine correspondiDg lo the radiua r at the pulley, provided we write 

iualead of cos. a; thia cosine is, obviously, the line Cn, being 

the sine of the angle COn the complement of n; hence, dividiug each 
side of the expression thus changed by P, we have 

that is, the power is to ihe weight as the radius of the pulley to the 
chord of that arc of it which is in contact with the rope. 

If the cords from P and Q are parallel, then the equilibriuin being 
the e&ct of thiee parallel forces, the middle force W must be equal to 
the two P and Q; in this case, therefore. 



W=2P 



■ (3); 



and it ia obvious that half the circumference of the pulley must be b 
conQct with the rope. 

It may be observed from the expression (1) that the moveable 
pulley affords a mechanical advantage only so long as the inclination 
of the cords from P and Q is less than 130°; for at this angle cob. 
n^ t, and at greater angles cos. a is less than {. The greatest advan- 
tage is gained when ihe cords are parallel. 

(94 ) The advantage gained by a single moveable pulley may be 
multiplied to any extent by employing a system of putties, as in fig. 70, 
thus, representing the tensions of the several ropes by the letters annexed 
lo them in the figure, we have from equation (1) above 

W=i2l, COS. B, 
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hence, multiplying these equatioDS together «nd expwftging the ftislon 
common to each side of the resulting equation, we have 

W :=2" P (cos. a. cos. «,. cos. A, . . . . cos,. •»).... (4). 

P being the power and n the number of pnllies. 
If the sevend cords am puallel, ai ia fig. 71, tlas equstion b o e ofl ie t 

Wssfivp . . . , (6)i 

aad| if Uie ai%le» ane all etpud to each othec^ 

W = 2«Pco8.*« .... (6). 

In what is here said the weights of the several pullies have been neg- 
lected, but in strictness these should be taken into account. If they 
itterease the weights on the ropes which pass round them by the wrera! 
quantities A, A,, A^ &c. then the above senes of equations will be 

W-f A i=2^,co(i.i», 
t, -f A|Sra*,oea.«, 

(35 ) Instead of attaehiag the sereral lopes to imKioveable poiiiii» 
as in fig. 71, they are all in anotlier arrangement of the sjrstem ftstened 
to the weighty aa in fig. 72, the ropes being pandleL The relation be- 
tween the power and weig^ in this system is ai onoeseenfiromlooliBg 
m the figsre; thus the first pulley or that which first necetves the power 
supports twice P, the second, therefore, supports-fimr times P, the thkd 
eight times P, and the nth supports 2" times P, and all of this esxeept 
P is the iweight; henee deducting P the weight supported is 

W = (2- — 1)P .... (7). 

In this system, as well as in that exhibited in fig. 71, each pulky is 
connected with two parallel branches of rope, of which each branch 
bears half the weight attached to the pulley ; but if three parallel branches 
of rope be connected with each pulley, as in the systems exhibited in 
figures 73 and 74, each branch will bear a third of the attached weight; 
hence, if n be the number of these systems of threes, we shall have 
instead of the equations (5) and (7), 
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,dW=(3-— 1)P; 



the first equation belonging to the anangement in fig. 73, and the 
second to that in fig. 74. 

(83.) We have hitherto supposed each pulley to be attached to a 
tepaiate strings but if only one string is employed, as In the systems 
wpreaenled ia fig. 75, then, as this string is uniformly tonse tluroughoul, 
the common tension being P, the weight, which is equal to the sum of 
the tensions nhen the hninches of the rope are parallel, must be etjual 
to 2 P times the Dumber of moveable pullies ; tliat \s. 



W indudbg the weight of the lower block. 



The hrlincU Plane. 

(87.) This machine is simply a plane surface inclined to the horiton. 

The theory of this machine is unfolded in Problem i. page 4B, where 
it is shewn that if i be the inclination of the plane, and t the angle 
which (he direction of the power noaiea with the plane, the relaliou 
between the power and weight is 



When the direction of the power is parallel to the plane, the oMKbioe 
affords the greatest mechanical advantage possible, for tbeu cos. i ^ I 



so ibat in this case die power is to the weight as the altitude of ibe 
plane to its length. 

But when the direction of the power is horizontal or parallel lo the 
base of the plane then ' = i, and the relation is 

P = W tan. i", 
which shews thut the power is to the weight as the height of the plane 
to the base. 
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The Screw. 



(88.) Before we can investigate the mechanical power of the screw 
we must ascertain exactly the form of the spiral surikce which it presents. 
The generation and equation of this surface has been explained in the 
Dtff, Calc, p. 200; but it will be proper to repeat, in part, that expkni- 
tion in this place. Let us conceive then a rectangle to be rolled round 
a vertical and cylindrical colunm which it just embraces, the line which 
was the diagonal of this rectangle will form itself into a winding curve, 
called a helixy and it will make just one turn round the column, its 
horizontal projection being a circle ; if immediately above this another 
equal rectangle be applied to the cylinder, the vertical edges, when 
brought together, being in a line with those of the first, the diagonal of 
this will form a continuation of the helix, and, in this way, will be ex- 
hibited on the sur&ce of the cylinder, the trace of the winding surfitce 
which forms the screw. 

If now, beginning with the bottom, we were to strip off these rect- 
angles one after the other, turning the cylinder round at the same time, 
so that all of them might be ranged in the same vertical plane, we should, 
obviously, have the figure presented at^. 76, the uniform straight line 
AB being the development of the helix; we may, therefore, say that this 
curve is formed by winding round an upright cylinder an inclined straight 
line AB, always preserving its inclination constant ; if we consider this 
inclined line to be the edge of an inclined plane, then the sur&ce, thus 
wound round the cylinder, will be the surface of the screw. This sur- 
face, therefore, differs from the inclined plane in no respect but in its 
winding, course, and it will, obviously, require just as much power to 
sustain a weight on the winding surface as on the straight surface, so 
that if W be any weight on the surface, and a power acting horizontally 
support it, we must have 

W ~" AC "" Ac ' 

but Ac is the circumference of the cylinder which carries the screw, 
therefore calling the radius of it r, and the height 6c, which measures 
the intervLl between each turn of the screw and the next, h, we have 




-■ I". 
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but if the power P, instead of being applied directly to W, is applied to 
the arm of a lever, at R distance from the fulcrum, and if the direction 
of W be at r distance on the other side, then the value of P will be 

P — , and in this case the condition of equilibrium will be 
r 

pl-W A..-.P=:W s-^5-. . . . (2). 
r Sfl-r 2 7r R ^ ' 

Now Ais equation expresses the power of the screw ; for the weight to 
be balanced or raised, the resistance to be overcome, the pressure to be 
sastained, &c. is always a force in the direction of the axis of the cylin- 
der, and acting upon the inclined plane winding round it; it is balanced 
by a power P, acting perpendicular to the same, axis, at the extremity of 
a lever (see fig. 77) whose fulcrum is in the axis, and, therefore, at the 
distance of the radius of the cylinder from the winding surfece or thread 
of flie screw. The weight is thrown on the thread by its being connected 
with a nut or internal screw N, which is a spiral-grooved case fitted to 
receive the external screw. 

In fig. 77, the whole pressure on the screw is thrown upon the thread 
within the nut N, and the power applied at the extremity of the lever 
R must bear to this pressure or weight the relation (2) above, in order 
to balance it, or, which is the same thing, a power something greater 
than this must be applied to move the lever. The relation (2) when 
expressed in words is this, viz. The power is to the weight or resistance 
ad the interval between two adjacent turns of the thread to the circum- 
ference of the circle described by the power; and this relation we see is 
altogether independent of the radius of the cylinder, and, therefore, also 
of the degree of protuberance of the thread; it varies only with the 
distance h between the turns or contiguous spires of the thread, and 
with the inclination of the thread to the axis of the cylinder; hence so 
long as this distance and this inclination is preserved, it matters not what 
form be given to the surface of the thread, nor how protuberant it be 
made. 

We see from the expression (2) that there are two ways in which 
the power of the screw may be increased; first by diminishing the dis- 

M 
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hence, multiplying these eqtiations together «nd expwftging the ftblMi 
common to each side of the resulting equation, we have 

W = 2" P(coB. a. cos. «,. cos. A, . . . . cos,. m») . . . . (4). 

P being the power and n the number of pallies. 
If the 9e9tn^ cords ave ptnllel, ai ia fig. 71, tlas eqii«ti<Mi boeo < wi 

WssfivP . • , , (6)^ 

aad| if Uie ai%le» ane all etpud to each others 

W = 2«Pco8.»« .... (6). 

In what is here said the weights of the several pullies have been neg- 
lected, but in strictness these should be taken into account. If they 
itterease the wdghts on the ropes which pass round them by the Mverai 
quantities A, A,, A^ &c. then the above seiies of equations wiH be 

W-f A 4=2^,COB.i», 

t^ -f A|=a*,oea.«, 

(35 ) Instead of attaehiag the several lopes to imKioveable poinii, 
as in fig. 71, they are all in another arrangement of the sjrstem fiatened 
to the weighty aa in fig. 72, the ropes being pandleL The relation be- 
tween the power and wei^t in this system is ai onoe seen firom looking 
aft the fignre; thus the first pulley or that which first necetvesthe power 
supports twice P, the second, therefore, snpportsibiir times P, diethkd 
eight times P, and the nth supports 2" times P, and all of this oceept 
P is the freight; henee deducting P the weight supported is 

W = (2*— 1)P .... (7). 

In this system, as well as in that exhibited in fig. 71, each pulley is 
connected with two parallel branches of rope, of which each branch 
bears half the weight attached to the pulley ; but if three parallel branches 
of rope be connected with each pulley, as in the systems exhibited in 
figures 73 and 74, each branch will bear a third of the attached weight; 
hence, if n be the number of these systems of threes, we shall have 
instead of the equations (5) and (7), 
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■dmits of being divided and of being carried, one piece at a lime. 
Wherefore it is necessary to take into account the time also in whicli 
the power can carry the weight llirough a given space, or the velocity 
with which the neJght ia carried; an don this account it is that ihe effect 
B measured by the product of the weight multiplied by the velocity. 
Now upon this principle we have already shewn that the machine 
■ does not increase the effect of the force. Jf a man with a force equi- 
valeut to 10, raise, by means of a machine, a weightof lOO, he moves 
with a velocity ten times as great as that of the weight, and does as muc)i 
asif operating vrithout any machine, he carried those lOOal tenjournies, 
kiadiog himself with 10 at a time. In a word, wliat is gained in the 
quantity of the weight moved is lost in tlie velocity; and the effect 

Between the two classes of machines, above described, there is then 
this characteristic difference, that the first add la the efiect of the power, 
the second do not add to it. 

There is another difference, not leas remarkable, respecting Ihe resis- 
tances of friction, and of ropes, and other resistances. In machines of 
the first class these resistances are all of tliem advantageous to the power' 
and themselves also sustain their portion of the weight; whence lliere 
remains so much the less of it for the power to support. On the con- 
trary, in machines of the second class, the resistances are all of them 
detrimental to the power, and form part of the weight to be overcome: 
whence, on tliis account, a force la required greater than that which 
would be required in the immediate application of the power. 

VenturoU'i Mechimki, part ii, p. 164. 



L 
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ON THE STRENGTH AND STRESS OF BEAMS. 

(91.) It is obvious' diat in all the practical operations of mechanics^ 
and more especially in the raising of structures^ it is of grfeat impop- 
tance to know the weight or stress each component part is fitted to 
bear without endangering the stability of the whole ; and, consequently^ 
numerous experiments to ascertain the strength of maleriab^ particu- 
larly of beams and bars, have at . various times been undertaken by 
scientific men. Into a detail of these experiments we do not, however^ 
propose to enter^ but merely to present to the student, in a ediort com- 
pass, some of the more interesting and valuable particulars fiimisiied 
by theory, and confirmed by the experiments adverted to. 

If a uniform rod or bar of any substance be suspended by one ex- 
tremity, and loaded at the other till it is on the point of being toni 
asunder, we ought to expect, independently of actual exporiment^ that 
the weight would be proportional to the transverse section; for, if this 
bar were conceived to be divided longitudinally into any number of 
equal strips, no reason could be assigned why one of these should sup- 
port a greater portion of the weight than either of the others, so that 
each would support an equal part of the weight supported by the 
whole, just as an assemblage of parallel ropes divide the weight of an 
appended body equally among them. All experiments on lateral 
strains prove this deduction to be correct, and to be quite independent 
of the figure of the section, requiring only uniformity and equality in 
the texture of the bodies compared, so that we may lay it down, as a 
general law, that in bars of the same material the lateral resistances are 
as the areas of their transverse sections. 

(92.) When the bar or beam is supported in a horizontal position, 
then the law of resistance, which it opposes to fracture by an incum- 
bent weight, is more difficult to establish, because here we do not see 
so clearly how the resisting forces exert themselves, nor in what degree. 
It was laid down by Galileo that if a beam were supported at its ex- 
tremities, as in fig. 81, and loaded by a weight at the middle, that 
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all th« fibres of the beam would exert equal resistances to prevent frac- 
luTC, and that when these were overcome liie aectiou would tend lo 
turn about that boundaiy of it in eciUact with tlie weight, viz. about 
AB_ As all the libies exert equa! resistiuices, and in the directioo of 
their lengths these resblances will be so many equal and parallel forces 
which may, therefore, be considered as concentrated in tJje centre of 
gravity of the section, so that denoting the resistance of a single Kbre 
by k, and considering die section to be a rectangle of hrendtli b, and 
d^)th A, kbli will express the sum of the resistitig forces, and as this 
acU ai tLe centre of gravity its roonoent to turn the section about AB 

kb/i' 
will be kbit X i n^ ■ 

(9a.) The hypothesis of Leilmitt agreed with lliat of tJalileo, ai 
regards the axis about which tlie section would turn, but it differed 
from it as regards the equal lesistaitces of llie fibres throughout the 
whole ftacture; for, according lo Leibnitz, the forces exerted by the 
fibres were directly proportional to their distances from (he axis of the 
section, 80 ihnt the middle fibre exerted buthulftlie force of the extreme 
fibre, therefore, calling the force of this ft, the sura of the forces would 

kbli 
he , and the centre of auch a system of parallel forces being at jA, 



Now It may be remarked that as tar as regards the comparative 
strengtb of rectangular beams of the same material, or of beams generally 
which have only rectangular sections when cut tmosversely, it rnatters not 
which of these hypotheses be adopted, for both equally warrant the 
inference tliat the law of resUlance it ai the breiidth, im/ltiplieii by the 
tquure of the height or depth ; and this law, which has been confirmed 
by numerous experiments, immediately leads to an inference of con- 
siderable practical importance, viz. that a beam is much more efficient 
whai placed with its narrower side uppermost, that is, so that its 
breadth may be less than its depth ; for if we call the breadth b, and 
the depth or height h, tlien the relative strengths, when b and h are al' 
temately uppermost, are expressed by Hi' and hb", and, consequently, 

in the former position the beam is— times as strong as in the latter. 



128 ELEMENTS OF STATICS. 

that is, as many times as strong as the depth contains the breadth. This 
important &ct is always attended to in buildings, the joists, rafters, &c. 
being always placed with the narrower side uppermost. 

It has been supposed above that the segments of a fractured beam-tend 
to turn about the line where the fracture terminates ; but, from experiments 
reo^tly undertaken by Mr, Barlow, it appears that A6 (fig. 82) is not 
the line about which the section tends to turn as Galileo and Leibnitz 
had supposed, but that the tendency is to turn about a line entirely 
within the section, so that the fibres on that side of the line where tl^ 
fhK^re begins are extended, and those on the other side compressed ; 
this axis Mr. Barlow calls the neutral eucis, dividing the section into the 
area of tension and the area of compressiony and he calls the centre of 
tension or of compression that point in the area of tension or of com- 
pression where all the forces in that area should be collected to have the 
same effect, or the same moment, with respect to the neutral axis.. 

The existence of a neutral axis somewhere within the area of fracture 
was maintained by Mariotte, James Bernoulli, and Professor Robison ; 
but Mr. Barlow appears to have been the first who set about the deter- 
mination of this axis by actual experiment. (See the historical sketch 
of former theories, prefixed to Mr. Barlow's Essay on the Strength 
and Stress of Timber.) 

The general conclusion from these experiments was this, viz. "The 
centre of tension and the centre of compression, each coincided with the 
centre of gravity of its respective area: and the neutral line, which 
divides the two, is so situated that the area of tension into the distance 
of its centre of gravity from the neutral axis, is to the area of compression 
into the distance of its centre of gravity from the same line, in a constant 
ratio for each distinct species of wood, but approximating in all towards 
the ratio of three to one. 

(94.^ This theorem being established, says Mr. Barlow, it is evident 
that we may thence, without any specific numbers for exhibiting the 
actual resistence of the fibres, compute the proportional strengths of 
differently formed beams; and of the same formed beams in different 
positions; of which we will give one example by way of illustration. 
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PROBLEM I. 



Let a squaie beam be fixed with one eud in a wall, first in a direct 
position^ viz. with its sides perpendicular and horizontal; and, 
secondly, with its diagonal vertical to find the ratio of its strengtii in 
these two positions. 

Conceiye ABCD (fig. 83) to denote the beam in its first positioB, 
£F the neutral axis, EABF the area of tension, and t the centre of 
tension or centre of gravity of that area, £DCF the area of compression, 
c its centre of gravity, and G the centre of gravity of the whole area a( 
firacture, and the same letters will denote the similar quantities, in fig. 84, 
which represents the section of the beam in its second position. 

Then, by the preceding theorem, we have, (fig. 83,) 

area AEBF x n< X 3 = area EDCF x ne, 
and in fig. 84, 

area EBF x n^ X 3 =: area EFCD A x nc ; 

both which, from the property of the centre of gravity at (p. 64), are 
reducible to 

(fig. 88,) areq AEBF x 8 nt=iarea ABCD xnO 

(fig. 84,) area EBF x^ntzsz area ABCD X « G. 

For the sake of simplifying the computation, let the side of Ae square 
a=l, nH 9ZX, or ntss^Xy then nG = i-- *; the area AEBF *rx, and 
the area ABCD a: 1, whence our first equation gives 

X* = i — X, 

or 

«• + * = *; 

whence 

xss— i±is/3 = -366, 

which denotes both the depth of tension Hw, and area of the same 

•366 , . . 

AEFB; consequently, -366 X == -066978, the numerical expres- 

sion for the resistance to tension, on which depends the strength of the 
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beam. It remains now to compute the same for the second pMi^^ 
of the beam, as in fig. 84. jt. 

Here if we denote nB by x, nf s= J 4:, and the area EBF =ss 3^^ ^&so 
area ABCD = 1, as before; whence our second equation becomes 

or 

«»-f|x=:fv'2 = 1-0606. 

From i^ch we readily obtain x =« • 578 nearly, x* = • 33408, and 

a*-f ia:=i«»=-06436, 

which is the numerical value of the tension in this position of th^ bcjaJOQ^. 
The strength of the beam, therefore, in the latter position is to thaj^ ju 
the former in the ratio of *06436 : *06697 ; or as the numbers 643 .: .6^9. 
nearly, which accords with experimental results, and, in a similar vifay, 
may the strengths of differently formed beams be compared. We sl^l 
now consider the straining effects on beams differently supported, and 
loaded by weights at different parts. ^ 

•j:; ' 

PROBLEM II. 

■ ' ■' ■ '. ■■? 

A beam of timber AB (fig. 85) is fixed with one end in a wal^ tiA 
loaded with a weight W at the other end; to determine the efficacy of 
this weight to break the beam. 

At the place where the beam has the greatest tendency to break, the 
broken piece will tend to turn round the neutral axis; if the distance 
of this axis firom W be /, then ZW will express the energy of W to 
produce this effect; but /W will be greatest when / is greatest, thadt is 
when this denotes the whole length of the projecting beam; hence the 
beam will tend to break close to the wall, and /W will express the 
strain there. The strain varies therefore as the length of the beam^ W 
being the same. 

PROBLEM III. 

Abeam rests loosely on two props A, B (fig. 86,) and is loaded at a 
given point C by a given weight W ; to determine the stress at C. " 

Of course the tendency to break will be at C, and we may, thereib^, 
assimilate this to the preceding case by conceiving the beam to 'be 
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fi|fed in a nail up to C, and to be strained by a fores eqiiitl to ibe 
pressure upon the prop at the other end. 

Now by (36) the pressure on the prop A is expressed by 



tliis thep being the force tliat strains tiie projecting b;am AC, its 
energy is 

AC ■ CB 
AB 

If the load be in the middle of the beam, the product AC . CB be- 
comes the greatest possible, being the square of half the length; heoce 
a beam will be less able lo support a weigh! at its middle than if it be 
placed at any other part. The strain obviously varies as the product 
of the dislajices of the weight from the props. 

It may be further remarked, that »hen the weight acts at the middle, 

the stress, heing= — ■— W = ^ AB . W, is one fourth the stress 

which the same weight W would produce acting at the eiilremily-of a 
prqecUng beam equal lo AC, or it is equal lo the whole stress on a 
pn)je<Siiig beam equal lo AB, the weight at its extremity being ^ i W, 
OE a projecting beam equal lo half AB and loaded with J \V at its enil, 
will suflerhalfihestressat Ihe wall. 



To delermine llie stress on a projecting beam, and on a beam resting, 
oil props when the weights are distributed uniformly over them. 

Lei AC be the projecting heatn and m its weight, including the 
irnilbrm load; this weight will act at half the distance AQ fnimilte 
wall, and therefore the stress is .nisi:: mIi sumiI 

i AC . IT, 
which is just half what it would be if th were placed at the eitreroity. 

When the beam rests on props (fi.g 37), the pressiu^ on each prop 
is half its weight VV, this, therefore, l'j the force acting at P which teqdft 
t9if5ieluji^(h5^bean^ at g.jifith^an ene!uy,expre8sed_bj 
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iW. AC; 

but there is another force exerted, viz. that due to the weight w <^ the 

portion CA, and which, by last case, opposes the former with an energy 

expressed by 

i w . AC ; 

hence the expression for the stress on C must be . ^ 

^(W— w)AC: .^.. 

to eliminate w we have, on account of the uniformity of the b^am, . 

AB: AC:: W:u; = -^W, '"' '*' •■ 

AB : t.-t;- ...:•. 

so that the expression for the stress will be ' '- 'J*^ ^l- 

. ^ . AB^AC--AC« , „, AC.BC -V^^*^"^^ 

■■■> 
lience in this case also, as in problem iii., the stress variies ji^ihe 

product AC . EC. .^v. 

The strain at the middle point of the beam is } W . AB, ju»t.l^ 

what it would be if the whole load were placed there, (Prob ii<«)'^i^. 

. . ■. v. 



SCHOLIUM. 






(95.) By means of these problems it will be easy to fold the paost 

economical forms for beams, either projecting or supported at the ends, 

10 that they may in no part possess superfluous strength, Usiat is, tl^t 

the strength in every part may be exactly in proportion to the stress 

there. Thus if a projecting beam of uniform breadth is to supporl^a 

weight at its extremity, it will be equally strong throughout if the ve^- 

cal sides are in the form of a parabola (fig. 88); for, by (Prob. ii.), the 

stress varies as AC = j*, and the strength of the beam, being (93) as 

the breadth into the square of the depth, and the breadth being constant, 

varies simply as CD^=:y^; hence, in order that the strength and stress 

may be throughout in a constant ratio, AC must vary as CD*, that is, 

CD* 

— — =r constant == a or ^^ = ax, the equation of a parabola. But the 

AC 

shape need not necessarily be parabolic in order to ensure uniformity 

of strength, as it will ^depend in a measure upon tlie nature of the 



w 
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vertical sections; tliiis, if these sections are required to be all aquaru, 
then flie breadth and depth being- every where the same, tlie strength 
■will vary at! tlie cube of tlie depth, and henceAC should vary as CD', 
Aat is y'-=Br, the equation of the enliical parabola, which must 
therefore be tlie form of ihe tapcrio-g beam. 

Again, if the depth of the beam is lo be conatanl, then AC should 
xary as the breadth, and therefbre the upper and nnder faces of the 
beam will be triangles. If a beam jupporled on two props is to be 
uniformly strong, and at the same time uniformly broad, it will be 
necessary to form Ihe Tciiica] sides elliptical, for (he breadth being con- 
atanl the strength will vaty as the square of tlie depth, and, by (Prob. iv) 
the stress al any point C varies as AC . CD; hence the aquare of the 
deplli nt C must be in a constant ratio lo AC . CS, wlikh requires 
that D (fig. 89,) be always in anellipsewhoaeaiisis ABifJim/. Ceom. 
p. 68.) 

(96.) It may be moreover remarlied, that, by means of the foregoing 
etpreasions for the strain or tendeticy to produce fracture, combined 
with the results of exiieriment, we may determine Ihe actual weight 
Which any given beam will support in givpn circumfinoces. Thus, 
suppose it is found by esperimeot that a beam of breadth b, depth /i, 
and length /, just breaks with a weight id at its middle, and that it is 
required lo determine what weight W will just break another beam of 
like materials whose breadth is 0, depth II, and length I., in eacli 
case the tendency to mat ftiicture is just balanced by the tendetiey to 
pnit/rtrf it; the expressions, therefore, for these two tendencies mmt be 
equni, and therefore the ratio of the tendencies to resist fractore in the 
two beams must equal the ratio of the tendencies lo produce fracture. 
Now the tendency to resist fratltire is what we understand by the 
strength of the beam, and the tendency to produce fracture is thestiMs; 
hence, equalizing the two ratios spoken of, we have (Prob. in.) 
B . H' _ j L ■ \V _ _ B . II' ;. rf 

the weight required. It is ob»ion« that from the same equation we 
may deduce the length L when W is given and also tliat the equal On 
remains the same wi,elher W, lu act in the middle oral the end of each 



134 ELEMENTS OF STATICS. 

The expression here given may serve to compare the strength of any 
beam in a model with that of the corresponding beam in the structuie. 
Thus, suppose the beam which we have considered to have been sub- 
mitted to experiment to belong to the model, and the other to be the 
corresponding beam in the structure whose like dimensions are n times 
those of tiie former, then the foregoing expression for W will be W = 
n' to, which will be the greatest possible load the beam in the structure 
can bear, including of course its own weight Now if the weights alone 
of the two beams are respectively p and P, then, since these must be 
as the cubes of their like dimensions, we must have P = n*/?, codsq- 
quently the beam in the structure, so far from bearing a load, will but 
just support its own weight if we make it so large that n^p 3= h" u^^ that 

w 

is, if w = — : we see, therefore, how erroneous it would be to estimate 

P 
the strength of a large beam in a structure by that of a similar small 

beam in a model, regarding only the comparative dimensions of each; 

for, by increasing the magnitude of the large beam, without in the least 

ciianging the relative proportions of the two, we should nevertheless 

render it at length (00 large to support even its own weight, although 

the model, agreeably to which it has been formed, might be able to 

support a load many times its own weight. There is, therdbfe, 

necessarily a limit to the magnitude of all structures, even indeed to 

tlie magnitude of the animal structure, and to trees, beyond which limit 

they would be unable to support their own weight; we accordingly 

find men of er.ormous magnitude, as O'Brien **the celebrated Irish 

Giant'', to be so weak that they are scarcely able to ws^k about. 

In connection v^th these remarks may be mentioned the curious 

question, proposed by Mr. Emerson, among the mechanical problems 

annexed to his Algebra; the question is this: Supposing, with Borellif 

that a strong man can bear but 26ib at arm's end, and that the weight 

of his whole arm is equivalent to 4tb at arm's end; from the length 

of his arm being given, to find the dimensions of that man's arm that 

can bear no more than its own weight. 

This problem is immediately solved by means of the relation « =-^, 

P 
deduced above, w representing here the weight 26 -f 4 or 30H>, the 

"weight of the common man's arm and load, and p representing the 
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vreight 411 of his arm alone, so that «= 7 i; this, therefore, ix (lie 
number of times any dimetisioii of the large man's arm must contain 
the corresponding dimension of the common man's arm; let us then 
suppose the common man's aim to be a yard long, the length of the 
other man's arm, to just suppoil itaetfj must be 7J yards, and, as ihe 
body is, in well proportioned persotis, about twice as long as the arm 
me therefore conclude that a man upwards of 15 yards high would nni 
ho able lo stretch out his arm- 



To determbe the relative strengths of beams loaded in the middle 
when their ends are loosely supported, aud when they are firlnly faed 
= 1 two vertical walls. 

When a beam is loosely supported and acted upon by a weight at 
the midiile, this weight is equally divided between the two props, but 
at these points there is no ttrain; wlien, on the contrary, (he ends of 
the beam are firmly fixed in immoveable walls, then it is the stroin on 
Ae middle yfbich is equally divided between the two eMremities; that 
is to say, the fibres in the section at each wall are strained half as niuch 
aa those at ilie middle section. The whole of the weigh,, iherefofe, is 
not expended here, as in the former case, in straining the middle of 
the beam, but a portion is employed in straining each eodhalf as much. 
Now, whatever weight strains the middle, J Of this will (by Prob. iti.) 
strain each seetioo at Ihe wall half as much ; hence. If we represent that part 
of tile weight which strains themiddteonIy,by 4, the part *hich strains 
the ends will be 3, ard therefore the whole straining weight will be 6, 
so that the weight Q will produce no more stress on the middle of the 
beam thus fixed, than the weight 4 whentheendsrestloosely on props; 
hence the relative strengths of fixed and loose beams are as 6 to 4 or 
as 3 lo 2, which relation Mr. Barlnvi has verified hy e;iperiraent. 

It may be observed, that the weight 8 uniformly distributed overthe 
beam would produce the same strab in the middle as the weight i ap- 
plied there (Prob. iv), and the weight 4 uniformly distributed wilt strain 
llie ends aS much as the we'ght 2 Applied lo the middle; hence, if the 
load be uniformly distributed over the fixed beam, it will be no more 
Strained irith the weight 12 thus disposed, than with Ihe weight <3 acting 
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at the middle, 90 that here, as in the other cases, thfi effideocy of .^ the 
beam is doubled by spreading the weight uQiformly over it. 



SCHOLIUM. 

. (97.) The result of the preceding investigation, although confirmed 

by Mr. Barlow's experiments, difier materially from the conclusions 

deduced by other philosophers, as Girard^ Fanersoriy and JRo6ison, who 

find the comparative strengths of supported and fixed beams to be a^ 

1 jto 2, and not as 2 to 3. Emerson's reasoning on this ppint i^ sus 

f9Uows; . ... 

, , Suppose DA = AC (fig. 90,) and BEssBC, and let P b* t^ 

weight wUich would break the beam when resting on A and B. Sw- 

jptose the beam cut through at C, and let | P be laid upon D^ iffhl^t 

Jl P remains at C; then the pressure at A will be = P, theiefgjpe ^ 

)l?eam will also break at A having the same stress there as it had. at C> 

For the same reason, if i P be applied to E, CE will break, at JJ. 

.Conse^iuently if. 2 P be applied to C, the beam being whole> .a[i||d the 

ends,P, £ £xedy the beam ^11 break at A, C> and B; and> ther^finr^, 

^beac^ tyrice the. weight, or 2 P at C, before it breaks. 

. ^ , Now t^e foregoing reasooiing appears to assume^ that before the beam 

can break at C, the strain on A and on B must be sufficient to break 

(he, beam at those points also; yet it is shown that the beam will break 

simultaneously at diese three points, if, besides the weight P acting at 

Cjr.t^ points D, Cy E, be each loaded with \ P; hence, to enable the 

middle point C to yield to the pressure of P, it is only necessary that 

^^ fibsea at A and at B be half as much strained as they are by the 

influence of i P acting at D, C, and E; because but half the strain of 

the fibres at A are, in virtue of this influence, in the direction of AC, the 

other half being in the direction of AD; and, in like manner, but half 

tl^e strain at 6 is in the direction of EC, so that if, in addition to P 

acting at C, as much more weight is added as will produce these half 

strains, the parts AC, BC will be deflected sufiiciently for the beam to 

break at C; we have, therefore, to add to P only half as much as 

ivould produce the whole strains at A and B, that is^ instead of P we 

should add i P, making the whole breaking load J P, which is the 
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(Bfnt refill as before obtained, MiA tbe corrMt^eH df which ^Ir. 
Barlow's experiroftnb confinli. 

Mr. Birlow remarks on this sulgcct, "in every Wperiment thai I made 
after the complete fracture in the middle, liie two liagments had been so 
littJe suained at the points of fixing, that tliey soon after lecorered their 
correct rectilinear tbim;" and, in order to shew the foundation of the 
efror which all rheorisls lave made, in aasuming that the fixed beam 
would break simuttarieously in llie middle and at the walls, he further 
adds, "If the beam instead of being fixed at eiidi end wae merely 
rested on two props, and extended beyond them on each side equal to 
half their distance, and if weights w, w' (tig. 91,) were suspended 
from these latter points each equal to one fourth ihe weight W, then 
thi:; would be double of that which ivould be necessary to produce die 
fiaclure in tiie common case; for, dividing Ihe weight W into four 
equal parts, we may conceive two of these parts employed in producing 
the itrain or fracture at E, and one of each of the other parts as acting 
in opposition to u and w', and by tiiese means tending lo produce 
fractures at F and F'." 

"This is the case which has been erroneously confounded with the 
former, but the distinction between them is sufficiently ohvious; 
because, here the tension of the fibres, in the places where the strains 
are excited, are allequal; whereas in ilie former the middle one was 
double of each of the other two."* 

fentureli, in his valuable book on Mechanics, says, in the words of 
Dr. Cresnell's ttanslacion, "The beam would sustain a load consider- 
ably greater, if, instead of being simply placed upon two props, H were 
imtnoveably fixed in stone-work at both its extremities. For, in thui 
case, il cannot break unless it gives vray in three places at the same 



To determine the dimensions of the strongest rectangular beam thai 
;xtn he cut oat of a given oyliudcical tree. 
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Let :r (be dM^fadiiUB of the 1mm of the <^}indttf^isk^§^iJoiS^y^^^ 
bitsftdth and depth of the required beam^ tiieti, as 4i^ sttvngdi ^mriei:i»' 
J^ytbis.quantity must be a maximum; hence cij .^ ;* .i 



djf 



!■■■'*' ■ ■ ■ . .-.--<■/ 



.-. t, + 2x^a=0. 

Aho, to fte diagoiuA of the rectangle is equal tofe^iameter of rtfe 
circle, we have - /^ ' 

hence, by substitution, 

y = .-. y* = 2»« = 4r« — 4« 

y 

.-. 3*2-s4r» 
2r 

the dimensions required. 

For further information on the subject of this chapter, and more 
especially for an account of the various experiments that have hitherto 
been made to determine the strength of materials, the student is reared 
to Professor Gregory's valuable Treatise of Mechanics; to the secOkid 
volume of Sir David Brewster's edition of Ferguson's Lectures; to Mr. 
Barlow's work on the Strength and Stress of Timber, as also to hk 
treatise on Mechanics in the Encyclopaedia Metropolitana; to Part 
II. of Cresweirs translation of Venturoli; and lastly, to Professor 
Leslie's instructive volume on the Elements of Natural Philosophy. 

Perhaps we ought to remark before closing this chapter, that in all 
the foregoing investigations on the stress of beams, we have not taken 
into account the deflection from the horizontal line which the force 
produces before it actually breaks the beam. By reason of this de- 
flection the energy of the breaking force is not, strictly speaking, ex- 
pressed by the intensity of the force multiplied by its distance measured 



THE STRE1^G!TH AND STRESS OF BEAMS. 



^9 



alopg^the be^m fix>m i|iie;3eotiQniOf fracture, but by the inttosity inito the 
^7C»^29@iv<;^u/ar 4i9(aiM» of the f^ its direction; ^spbrpen«^ 

dicular distance is equal to the former distance multiplied by the cosine 
of the angle of deflexion, and therefore, by introducing this cosine as a 
£u:tor into all the foregoing ex{Hression8 into which tlie moments of the 
straining forces enter, they will become rigorously correct; but except 
in very long beams, or in ye^ elastic ones, the deflection is too small 
to render thb modification of much consequence : Mr. Barlow, how- 
ever, has not neglected its influence in his important inquiries on tbi^ 
subject. , 
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SECTION I. 

ON THE RECTILINEAR MOTION OP A FRfiE 1*01X1*: «*' 

(98.) Haying considered the general theory of equiiibratioig ibicei^ 
we come now to Dynamics, the second principal divisioa of the 
science of Mechanics, and which comprehends the theory of un- 
balanced forces. Dynamics, therefore, considers bodies in a state of 
motion, while Statics has to do only with bodies at rest; in this, first 
secboQ we tHaaM confine ourselves to the consideratioii of wietifawtr 
molkm icnly, but in the opening chapter we shall lay down % ftup 
general and fundamental principles which always hold, whatevex b&tlie 
path of the moving point, and which, in ^t, will be found to comprise 
the whole theory of its motion. 



-> CBAI^TBlt Z. 

-ON THE FUNDAMENTAL EQUATIONS OF MOTION. 

(99.) By the inertia of matter is meant its incapability of altering 
the state into which it is put by any external cause, whether that state 
be rest or motion. 

II IS manifest that if a body at rest receive an impulse in any directidn,* 

*-' The body is here considered as a single point, or else as receiving tts 
impulse towards its centre of gravity, so that no rotation, is impressed on it. 
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it will, if entirely at liberty to obey that impulse, move in that diceclioii, 
and with a uniform rate of motion ; for as \te suppose Ibe body to be 
entirely uninfluenced by any other cause, and since it ia incapable of 
exertion itself, it is plain that f(«' irhatevei reason we could suppose 
the motion to slacken at any point of its path, for t!ie same reason we 
might suppose the motion to quicken. The body will, therefore, con- 
tinually move at a uniforai tate in the direction impressed upon it, 
that ia, if nothing extraneous interferes with its motion. 

(100.) We have just spoken of the rate of a body's motion' we 
estimate this, when the motion is uniform, by the space the body patsei 
over in some determinate portion of lime, as in one second, which 
indeed is tlie portion generally assumed for the unit of time; so that 
when we observe a moving body to pass uniformly over ten feet every 
second of time, we express the rate of its motion by saying that it 
nioT«8 with ft atocily of ten feet, or, for greater brevity, that its velocity 
t* . ten feet, aod this ia what we are to understand by the eqiration 
u s ID feet, apace being taken as the 
velocity. 

Suppose now that ( repiesents, not rt 
expressing the number of seconds elaps' 
Ae uniibrm motion, and let i denote 
over hy the body, then we obviously ha 



representatiTe, of 
!, but an abstract aumber 



the corresponding space patted 
e the three equations 



BO that any two of the three quantities j, (, v, being known, we may 
immediately find the third. 

But if f is not reckoned fiom tfce commencement of motion, but 
only after a certain space s' has been described, then, s being the whole 
space gone over from liie commeticemeni, ^e three equations will \k 

These equations, or indeed any one of them, comprehend the whole 
theory of the motion of a body acted on by a single impulse, or in- 
fluenced by any cause which produces luiifbrm motion. Weshall give 
as iustacceof theirapplicatioD. _ .^ 
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Two bodies «» ^ (fig:. 92) animited by tb« yebwities r^v' M' otit 
simultaneously ftom.the points A» B, smL more in the taiae dite«tk>it 
AC; to determine the time of teir coming tc^ether« ' 

Suppose they come together at the point C^ then 

ACssvt, hCzst/t, 
that i% calling AC, <, and AB, f'y 



s' 



tr — » 

that isy the abstract number eicpressing the units of time i^riU bc^ that 
whidi arises ftom dividing the space between the points of a^t^fftvig;!^, 
tile difibrence of the spaces denoting the velocities. 

It may be remarked here, that whatever be the nature of t)ie in0)i^^ 
i^cih produces uniform motion^ and which we have above called ^ im- 
ptdse, we have a right to conclude that its effect will be proportioiiai tQ^is 
i ii te n s ity ; in other words, that such influences, acting on the sam^^body^ 
or on equal bodies, are proportional to the velocities they produc^. .. 

^or if a body receive a certain velocity in consequence of a Toertaj^ 
impulse, it ought obviously to acquire double that velocity if at wl 
point of its path that impulse be repeated in the same direction^ V«|f if 
*his second impulse take place at that point from which the body wt 
out, it must unite with the first impulse, so that the consequence of a 
double intensity of impulse will be a double velocity in the body, aj^^ 
in tike manner, a triple intensity will produce a triple velocity, ap^^ 
so on. 

(101.) Let us now consider the circumstances of variable motion, 
and let us first ascertain the expression for the velocity of a body so 
moving at any epoch t'. If we first assume that the velocity which the 
body has at a* continues uniform from ^ to ^, , then, calling t^ --^ #,< 
A if and the incxement of the space or 5i — i, ^s^we have for tb» 
velpcity sXtf 

inmeret small A #, dUd cdnsecfuenfly A s, wttich depends db it^ iHAjf 
be; but if no interval of time a ^ exists so small, diiring 'WtA^ HBli 
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Id! I 

i 



vfiloaity does not racy, then the above equatioo is true enly iihen i^i, 
and cotisequeully A 4, becomes 0; lience, by Ihe printiples of like 
diflerential calculus, ive hare in ihia case — 

-^ ■■■■'?> 
ivhicb 13 Iherefure a general expression fbr tbe velo'City of a movinl; 
body at any linae t' howerer ils motion may vary, and of course it 
applies also xhen ihe motion is imirorm, for then 

V ^ -^— ^ — = constant . . . . (S). 

£i.t III ^ ' 

(102.) It if obvious that if liie velocity of a moving body continually 
vary, it must be influenced by some continuous cause, however this 
cause may itself vary in efficiency; for from the instant the cause 
ceases to act, that instant the body ceases to vary in velocity in con- 
sequence of its inertia. We call the cause of variable motion, what- 
ever it really be,_/Liree.- an acceterollvejbrcc if the velocity continually 
increase, and a retardive furce if the velocity diminish. We shall, 
m our general reasoumgs, consider tiie force as acceleiatire, b^ause in 
order to adapt our conclusons to retardive forces, it will be necessary 
merely to preiix to the eicpression for F the negative sign. Lei us 
now investigate this expression; and tiist we must remark, thai as the 
eflfecl of a constant acceleralive force is obviously to generate constant 
increments of velocity in equal times, if we agree as heretofi^e to 
represent causes by their effects, we sliall obtain the expression for F 
by dividing Ihe inclement of tbe velocity by the units in the increment 
of the lime, measured fnm any epoeli t', that is, 

F = -^....,„, 

snch then is the expression ibr a coiistani accelerative force, a, f bftititt 
any intemiL of lime from (', and A w the corresponding augmelitaliffii 
ijf velocity. The velocity of the body in this case is with propriety 
called a unifiiriulj/ aecctmiitai veii'cUy. 

(103.) But suppose tliat F is not a constant force; then if Ironi any 
epqch t" there in an interval a i' so small that F reiniiitis unchanged 
tiiroughwt' fiti ^^ expression jii^t given will to Ibu case sepicseiii the 
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intensity of the force acting at the epoch f, and continuing unabated 
and unaugmented during the interval a f' If however, choose ^ f 
as small as we will, F still changes during the interval, then we shall 
express this fact by saying that the interval A /*, during which F 
remains constant, is 0; hence, for a continually varying force, the ex- 
pression is 

and this may be regoxded as a general expression for the acceleiative 
force whether it be constant or variable, for when it is constant 

_ A » rfw , , 

F = — - =•— = constant .... (3). 

We may give a different form to the general expression for F, for since 

ds „ d*s .,. 

' = 71 '-^^-dF- ■■•<•*> 

We have seen (equa. 1,) that the expression {or F at any epodi /* is 
equal to the increment of the velocity that would be generated in zny 
number of seconds after that epoch (if F were thence to cease to vary,) 
divided by that number; that is, F, estimated at any epoch ^, is eqiial 
to the increment of velocity that would be generated by that force con- 
stantly acting during one second. Kut the velocity pf a moving body 
at any epoch is measured by the space it would pass over in the suc- 
ceeding second, if its motion were thence to become uniform; hence 
the force acting upon a moving body at any epoch t", is measured by 
the space the body would pass over in the 2d second of time after 
fy provided it were to proceed during that second with the increment 
of the velocity generated during the 1st second. 

It thus appears that both velocity and force may be measured by 
space, and therefore that in every dynamical inquiry, where the mass 
is not considered, the only concrete quantity concerned is space, for, 
as before observed, t denotes an abstract number, viz. the number of 
units or seconds in the time t". 

(104.) It should be remarked here, that the forces of which we have 
just spoken are in no respect influences of a different kind from those 
considered in statics; they merely manifest themselves differently by 
producing different effects, and it U to tha effects only t'lat we look in 
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estimating these influences. Theitoiicn/eflectofaforceappliedloabody 
ia pressure or weight, and we accordingly represent the foire, in slatics, by 
premire or weight. TTierfynnmiffl/effectof the same force is accelerated 
Telociiy, and accordingly we represent the force hy velocity; or, since 
space measures velocity, we represent it by space. These dillferent 
modes of estimating the same force, therefore, naturally present them- 
selves upon observing their effects; but, for all the purposes of com- 
parison, it matteta not, as was observed in Statics (4), by what we re- 
present the efficiency of any force, taking care only always to keep up 
the proportion between the foraes and their representative qoantities. 
Thus there would be no impropriety, if there were no inconvenience, 
in representing an accelerative force by a weight, provided we always 
proportioned the weight to the efficiency of the forcej and this leads 
US to a remark of some importance, vii. tliat the pressure or weight 
produced bi/ the action of a force on any bodi/, it to the preiaurt or 
weight produced by the action nf an^ other force on the same badi/, at 
the acceleration produced by the Jormer forte, u to the acceleration 
produced by the latter : for it is plain that the ratio of the two forces 
must be ihe same abstract number however they are represented ; so 
that if we know the two pressures or the two weights which tlie forces 
are titled to produce, and also the acceleration which one is jitled to 
produce, we know also the acceleration which the other is lilted lu 

(105.) In all the foregoing investigations it should be remarked, thai 
we have put entirely out of consideration the nature of the path whidi 
the moving body describes, AH that we have said as to the velocity 
of a body regards its rate of motion along the path, whether straight or 
curved, in which it happens to move, and lias nothing to do with the 
manner in which that motion lias been produced; for howei'er it moves, 
and by whatever agency, the same velocity is always expressed by the 
same Imear space. So loo widi regard to the moving influence 
itself, or the force; this also has been estimated without aoy reference 
lo the path along wliich it impels the body; but it should be observed, 
that a force, when commencing its in fiuence on a body, may And that 
body already in motion, and, as is easy to conceive, may act on it so 
as to divert it from its original path, and cause it to describe some 
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Other; in such a case the body may be moviDg under the influence of 

two forces, or under the influence of an i^)apa^6«^^^n<fea force; but still 

there must exist, or at least we can conceive, some single force which 

if immediately applied to the body, at any instant of time, v^ouldgii^ it 

the same motion that it actually has at that instant in virtue of the 

combin^d influences alluded to. Now it must be remembered that it 

is this single and equivalent force which F represents in the foregbing 

equations, and which, when its intensity is the same, is always nb^ 

sured by the same linear space or length of path, be this path whateir^ 

it may. By the path of a body, urged by an accelerative force, ii 

meant the track of its centre of gravity. 

Another circumstance of importance deserves to be mentioned here, 

ds 
viz. that the general expression — - for the velocity at any point of the 

path is no other tlian the diflerential coefficient of the variable path 
s taken relatively to the independent variable t. It is from this cir- 
cumstance, as we shall hereafter see, that we are enabled to determine 
the path of a moving body from knowing its velocity at any point oi it 
in quantity and direction. In like manner the general expression for 
the force is the differential coefficient of the velocity taken relatively to 
the same independent variable, and this expression combined with that 
for the velocity, leads, as we shall presently see, (equa. D,) to the ex- 

dv 
pression F = v — , which is sufficient to determine the force whi^iti^ 

fluences the body, when we know what function the velocity 'v is of 
the space s, 

(106.) It will be expedient, for the convenience of reference, to collet 
together here the fundamental equations of motion now established^ in- 
troducing such slight modification of form as may tend to iaciliiate 
their practical applications in our future inquiries, and deducing from 
them such brief inferences as may be of more especial interest or ^- 
portance. It will be best to keep distinct those equations which rpfer 
to constant forces, or to motion uniformly accelerated, from those vi^ich 
refer to variable forces, or to motion not uniformly accelerated, .: v,f 
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to aannsrtnt nil> 

Ifil* Icil .Ti'nij.. When the acceUratiag Force is constant. 

I, Atforin^to equadoD (2) we have 

■'" '■■ dv = Vdt .: v = Tt-^c .... (A). 

If ( become when v does, that is, if ( is measured from Ihe com- 
mencement of motion, the constant c vanishes, and we infer from this 
expression for d, Ihat the velocities acquired in any times, resuming 
from ihe commeacciaeat of motion, are proportional to the times tj^m- 

Introducing itie value k ^ Fi in the equation (4), we havi 



= F(J( .-. s=iF(= = it'' ■ 



. (B), 



no constant ticing added, because s vanishes with t. From this equar 
tion we infer, that the spaces messared from the commencement if 
motion arc proportional to the squares of the times. We may further 
remark here, that if the acquired velocity v ^ F( were to continue 
uniibrm during the time Jl', the space passed orer in that time would 
be, (100), s^ jFC; hence the space described from the conamencemeut 
of motion is equal to that which would he described in half the tittle 
by the body moving uniformly with the acquired velocity. 

If we eliminate ( by means of tlie equations (A), (B), disregarding 
, we shall have 
o' = aF» .-, D = s/~ift .... (C)j 






shewing that i/ie spaces described Jrom the commci 
tiunali to the squares of the acquired velocities. 

The fofegoing equations are, obviotialy, aufficieut to determine any 
two of the quantities F, (, s, i', when Ihe other two are given, the time 
being supposed to be reckoned from the beginning of tlie motion. But 
when this is not the case, and the time is supposed to commence not 
tai the body has acquired a given velocity «,, then regard must he liad 
totheconsIantiu(A),' the value of this constant is plainly c = it, , because 
by hypotheses u, is what u becomes when (^0. Equation (A) will, 
ihetefore, here be 

. = F. + ., (A')i 
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equation (B) will be 

and by eliminating t fix>m ibesf^^^uY^M^ ^'^^ (P) ^® equation 
»» = 2F«-f »i» .-. »=3s\/8F*4.V .... (C). 

II. prAe» Me accelertLting Force it variable. 

From equations (4) and (2) we have 

ds - dv 

F aV _ , , ^^ 

.•. — =:— .*. Tdsssivdv 

.'./Frfrarjo* .... (D)5 

........ .•-.,., 

whi^ leqiiation }» sufficient to determine the velocity v when we know 
whiljt function t}ie foicfi f is of the space s^ or it is sufficient to deteiniiBji 
t^JlfH^Ptipn when we know the Amotion «. From the aim» equyition^ 

^ . . , ,-, 

SSBj-jdV .... (E) J 

which makes known the space described when we know what fusotioos 
V and F are of this apace. 
And, lastly, from the equation (4) 



'-y~ (F); 



which determines the numerical value of ^ 

Haying established these equations, we shall now proceed to exhibit 
their practical application, more especially to those motions whicl^ are 
presented to us in nature. 






^ 



(107.) The most remarkable and important instance of the action of 
a constant force 19 that which nature presents lo us in wliat we havt 
called gravity, being iliat force, in virtue of which all bodies near the 
earth fall to its surface, with a unifbnnlyaccelerated velocity, in a vertical 

Numerous and very accurate experiments have fully established the 
fee!, that the velocity of a felling body, when all resistance is removed, 
II uniformly accelerated, and that its direction is that of a vertical line, 
or a normal, to the earth's surface at the point where it fells. Such ex- 
periments, however, made at any particular place on the motions of 
bodies &lliDg fiom a small elevation, are not sufficient lo warrant the 
conclusion that gravity is really a cc^nstant force in the acceptation in 
which we use the expression. All that we can (airly infer from them 
is that, at the same place, and within the range of small elevations, no 
sensible variation <rf force is discoverable, and that, therefore, within 
the limits of our experiments, at least, gravity may be considered as a 
constant force. But to ascertain the real nature of gravity, by means of 
such experiments as these, it is obvious that they ought to be repeated 
in various parts of the earth, and at great elevations as well as small. 
This indeed has accordingly been done, and it has been always found 
that a heavy body carried to the summit of a high mountain \oss3 p^ 
of its weight, shewing, therefore, that gravity acts with less intensijy at 
die sutnioit than at the base of the mouotwn ;* and, on the contrary, it 



* At itn elevation of a mile above (tie eurface of the earth, the Inlenaity 
of BTBTity !• iliminisheil ^g^^^.g^y p"ti and a pendulum docU, beating 
fecoads at the level of the sea, would Ion 31 -SOK ieconds a day at (bi< 
altltuda, a quantity not to be overlooked. Aay traveller, hsvlng leliots 
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has always been found that the body increases its weight when carried 
into those latitudes which are nearer to the centre of the earth. These 
results of observation are doubdess sufficient to shew that gravity is 
not a constant force, and^ moreover, that its variation depends, in some 
way, upon the distance from the centre at which it acts. But it is 
doubtful, chiefly on account of the comparatively small elevations 
attainable by man, and partly on account of the imperfection of instru- 
ments, whether from such experiments the real law of the variation of 
gravity could have ever been safely inferred. Tlie discovery of this law, 
as well, indeed, as of that which retains the planets in their orbits, was 
in fact the result, not of experiment, but of conjecture; but then it was 
the conjecture of Newton. 

He was the first who conceived the splendid idea, and who afterwards 
fully verified and establish the important hct, that the attractive fotce, 
not only of the earth but of every body in the solar system, decreases m 
intennty in the same proportion as the square of the distance from the 
centre of the attracting body increases. This, therefore, is iike law of 
universal gravitation, and which, as Sir John Herscfael beautiftdly 
observes, governs equally 'Uhe &11 of a leaf and the precession of the 
equinoxes." 

llie investigation of this law is not fitted for this place ; it belongs, 
indeed, to Physical Astronomy, but we propose to touch upon it here- 
after, at present we confine our attention to those motions which take 
place near enough to the sur&ce of the earth to render the variation of 
gravity inappreciable. We shall shortly see that the expression for the 
force of gravity at the earth's surface is about 32 foet, and, from tiie 
observation in the note, it appears that at a mile above the surfeoce this 
value is diminished only by about the 2000th part, which is too small 
to affect sensibly the circumstances of the motion of a falling body com- 
puted on the hypothesis that the force suffers no variation at all. 



and the proper apparatus, might try the experiment in the barrack on 
Mont Cenis, or at the Hospice of St. Bernard. — HerseheVs Physical 
Astronomy, Ency, Met, 



On the vertical Million of hemii/ Sodiei. 

(lOB.) Lag represent the force of grayity, then, for the space de- 
scended by a beavy body ia t seconds, we hare by (B) the expression, 



iecotid is I ^ ^. Now 
te espenmeott, to be in 



and consequently, the space descended in on 
this space has been ascertained, by very acci: 
the latitude of Loadoa I6A feet, veiy nearly; 

ifl4rt. = iff .-. g-=33if'-; 

this, therefore, is the expression for ihe force of gravity at the earth's 
surlkce, and in vacuo. 

1 . To determine the space through which a heavy body will descend 
in four seconds at the latitude of London, and also the velocity it will 
acquire. 

Using g for F the expression (B) gives (or the space 

» = ifC = 16^X4' = J5nft.! 
also tlie equation (A) gives for tbc velocity 

v = gt = 32^ X 4 = liSJfl. 

2, To determine in what time a heavy body will descend 400 feet. 



4 



Fro 



■ (B) _ ^ 

g 31 

:g the time is 4{f seconds. 



* Prom the most rec«nt experiments in the latituda of LunJon, the 
value of g in found to be 103-14 lnclie:a, which la rnth^r griuter tban 3S^ 
feet, tbia luttei being indeed tho vaiu-e of grnvity at about the lalitaJe of 
a'. The namber 32j is, however, still istained in most of our elemea- 
tary boolu, and will nrre equally well for the purposes of practlul lllut- 
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3. If a bodj be projected downwards, with a velocity of 30 feet^ in 
a vertical direction^ how &r will it &U in four seconds? 

By equation (W) 

t = i ^ + »j <s= 10^ X 16 + 80 X 4=:37Tjfeet. 

4. A body is projected vertically upward with a Velocity of 120 feet, 
how high will it ascend in 3 seconds. 

Here since gravity retards the motion of the body, it must b« con- 
sidered as negative, and ^we have, irom equation (B^ 

t = — i ^/« -f »j < = — IdJ^ X » + 120 X 3 = 215f fiset. 

5. To what height above the surface of the earth will a body ascend 
which is projected vertically upv^ard with a velocity of 100 feet? 

It will, obviously, ascend to the same height that it must ^1 from, 
to acquire a velocity of 100 feet; hence, from equation (A), 

100 

and from equation (B), 

« = j^v^=]55ife6t. 

7. With what velocity must a body be projected to reach a height of 
579 feet? 

From equation (C) 

V == *y2gs =s >/64j X 679 = 103 feet. 

8. With what velocity must a body be projected downwards from the 
top of a tower, whose height is 150 feet, so that it may arriye at the 
bottom in two seconds? 

Calling the velocity Vj, equation (B') gives 

150 

-16T\,x2=42{feet. 



2 

9. Suppose a body is let fall from a height of 300 feet, and that tw6 
seconds afterwards another body is let fall from a height of 200 feet, in 
what time will the former overtake the latter? 



n^ 



OH KECTII.INEAll MOTION. 153 

Let us suppose that the second body will have been in motion z 
seconds when the first overtakes it, then the first will have been in 
motion x + 2 seconds; consequently, the space described by the scciKld 
will be -■ . ■ ■'■•^V^XV 

and, therefore, tlie space described by the tirst must be 

16^3-=+ 100, 
but this space is also 

consequently, 

hence they will meet (gj of a second. -> )I 

10. HowficT must a body fall to acquire a velocity of 90 feet2^4«V 

Am, 125-0 feet. 

11. What space was described in the last second by a body which 
had fallen 7 seconds? Am. 209i^feet. 

12. With what velocity must a body be projected into a well 350 
feet deep, that it may arrive at the bottom in 4 seconds? 

Am. SS^feel. 

On t/ie Motion of Bodies along inclined Planet. 

(109.) When a body is placed on an inclined plaue the force of 
gravity piioduces a certain pressure, represented by the weight of tha 
body; if we resolve this vertical pressure P in two directions, the one 
along the plane, and the other perpendicular to it, the former component 
wdl be P sin. i, taking i for the inclination of the plane to the horii 
and, to pi-eventthe body Iron) moving down, thiols the force or pressure 
which must be counterbalanced. As, therefore, P represents the force 
of gmvity in the vertical direction, and F sin. i the force in the direction 
of the plane, and moreover, as g represents the vertical acceleration, we 
shall have for the acceleration down the plane, (sea p, 145,) ,^ . 
P:Psin,.-;;g:ffiin.,-i ,..„k,h 
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hence the bpidy b urged down the plane by th^ constant force^ 

■ ■*;■;'> 

^^^ tlLerefore^ substituting in the formulas (^06) ^^^ value of ^' foe F, 
tiiey will then comprise the whole theory of motion down an incliiied 
jplane, whether the body have an initial veloi^ity up or down the plaj^e 
or not. 

If / represent the length of the plane, and h its height,^ti)enBtn. i^^ 

h 
hence the accelerating force is g -j-; and, therefore, the velocity ac^ulted 

in descending down the whole length I, that is^ in descendimg^ througjh 
the space s =: /, by the influence of this force must be (C\ 

^ — v'T^j 

which jexpression, being independent of /, shews that the velocity ac- 
quired in descending down all planes of the same height is equal to 
the velocity acquired in falling through that heig)it. ^ 

The velocities of two bodies, the one falling through the perpendicular 
height, and the other falling through tibe length of the plane, are 

reajie^tively 

V sss gt, v' ss: gf sin. • ; 

but, as these velocities are equal, we must have 

gt =:gf sin. i .*. ^=^sin. •'; ' i- • -■'-■■'^ 

so that the time of filing through the height Jl^ to the time of foiling 

through the length, as sin. t to 1. But if we wish to know what extent 

of leqgth is gone through by the one body, while the odier^oeaidifougli 

the whole height, then referring to the expressions for the spaces, we 

have ' '■' 

* = i^ = i^<'«sin.at,*'=:i^<'«din.9fj 

and these also are to each other as 1 to sin. t. If, therefore, from B 
(fig; 93) we draw the perpendicular BD, AD will be the length ^ne 
through by one body, while the other falls through the height Alfc 
because ' '-^^' 

AB : AD : : 1 : sin. ABD =sin. C = 8in. I. 
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If we draw the Vertica\ DB' and BB' perpendicular to DI), then the 
lime of felling through Dli' would equal the time of falling through 
DB, but DB' = AB, Ihetefbre the timeof failing through AB is equal 
to the lime of falling through eithec of the inclined lini;a AD, DB. 
Jlence this remarkable property of the circle, tiz.: If from the extre- 
mities A, B, (fig, 94,) of tlie yertical diameter AB, chords be drawn, a 
body would fall through either of tliem in the aame time that it woiild 
fall through the vertical diameWr. - ■ ; - 

(no.) We shall now add an example or two of motion on an indbed 

1. The length of an inclined plane is 60 feet, and its inclination 30°, 
what velocity would a body acquire in falling down it for S"*? 
Subatiluling, g sin. i for F, in the equation (A), we have 

t = glsln.i^3Si X S X i = 3£jrect. 

3. Uow long woold a body be in felling down an inclined plane 
whose length is 100 feel, and inclinalioo 60°? 

Substituting g siu, i for F, in the equation (B), we have 

_ j" 2< _ T awT u) 

- g^ia.i - 32l,Xi^/3 — ^ 10AX"T73 ~ ' 
3. If a body be projected up an inclined plane whose length is ten 
times its height, with a velocity of 30 feet, in what time will the velocity 
be destroyed ? 

The time is necessarily the same as would be required to produce a 
velocity of 30 feet in a body felling from rest down the same plane- 
hence makina; the subatinilion of g — for g, in the equation (A), we 



■1, A body is projected up an inclined plane whose heighl is ^tb of 
ila.leogtii, with a velocity of SO feet. TinJ iis place, and the velocily^ 
after 6"havc elapsed. 

Here the force g^rehn-A" the motion of ihebody,ttnd must, tliere- 
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fone^ be ooBBiderad as aegntive; faence^ from equntiofi (B*), w«^ have 

and from equatioD (A), 

h ■' ■■■ 

f = — ^ y <«= — 3«i X i X e =— 32iieot; 

.-. 50 — 32^ s 17} feet, tbe velocity required. 

5. How long would a body be in ialling down an inclined plane 
whose height is to its length as 7 to 15, to acquire a velocity of 20 feet? 

Ans, 1*3 seconds. 

6. Required the length of a plane whose inclination is 30^ that will 
cause a body let go at the top, to acquire a velocity of 500 feet wfie 
it reaches the bottom. An$, 7776 feet. 

It should be remarked, that in what is here said about motion along 
an inclined plane, friction is entirely disregarded; the body being sup- 
posed to slide freely down the plane without suffering the least impedi 
ment. 

(111.) The two problems following are added as a further illustration 
of the motions of bodies under different modifications of gravily, and, 
also, as an additional application of the principle stated at (p. 145). 



PROBLEM I. 



Two weights W, W„ connected by a thread passing over a small 
pulley C, as in fig. 95, are placed upon the two inclined planes C A, CB ; 
to determine the circumstances of their motion. 

I 

The vertical pressure of the whole mass, produced by the force of 
gravity, is W -f Wj ; the acceleration which would be produced by the 
same force is^. Again, the pressure of W in the direction WA, or 
which is the same thing the tension of the thread W, C, is W sin. i; 
also the pressure of W^ in the direction W^ B, is Wj sin. t, ; hence 
the system must move in virtue of the difference of these two pressures 
and to find with what acceleration F we have (p. 145,) 




l = t: 



ihis, therefore, is llie expression (br the acceleralive force which urges \V, 
dowa the plane CB, aud which, consequently, draws W up the plane 
AC; a.iid, therefore, substituting this expreaaicm instead of F in the 
cquatioii3(A)and (B), at art. (106), we liave, for tlie velocity acquired 
and space passed OTCr at the end of ( seconds, after the commence- 
ment of motion, the expressions 



2(W, + W; 



If the two planes were vertical, then the problem would be to determine 
the motion when the two weights hang vertically at the ends of a thread 
passing over a pulley; since, therefore, in this case, sin, i and sin. i, are 
each unity, we hare 



W, — W 

If only one of tlie planes 
mine the motion when t 
W up au inclined plane 



-W 



^s^. 



were vertical, the problem would be to deter- 
le weight W,, hauging freely, draws another 
In this case sin. i, = 1 



If one of the planes were vertical and the other horiiopml, the problen 
would be to determine the tnglion when W,, hanging vertically, draw; 
W along a horiiontal plane. Id tliis case sin. i= 
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PROBLEM II. 

A given weight W^ is to draw another given weight W up an inclined 
plane of given height h; required the length / of the plane in order that 
the time of ascent may be the least possible. 

The inclination of the plane being represented by i, as usual, we have 

sin. I ^-T, and the above expression for F may, therefore, bie wntten 

F = — ffi 

W, / -f- W/ * ' 

hence, by equation (B), the expression for s or the length / is 

' w, /-fw/ a 



this expresses the time when / as well as A is given. To determine, 
therefore, the value, of this expression when a minimum, we must put 
the first differential coefflcient derived from it, equal to 0, / being the 
independent variable ; or, we may omit the radical, as also the constast 
factors before differentiating, (Diff. Calc. p. 8,) and we shall then only 
have to make 

/2 W,/ — WA W, Wh 
W7731'WA = "*°-*- n = nf ^^n^". 

W, . 2WA ^ , 2WA 
* IT- H — ^ =0 •*• ^ = -n=-* 



On the Motions of Projectiles. 

(112.) Although we do not intend to consider the general theory 
of curvilinear motion in the present section, yet it will be advisable to 
discuss here that particular case of it which we observe in bodies whea 
projected obliquely into space, near the earth's surface. We know that 
every body so projected is influenced by two distinct causes, vi^/tJie 
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primitive impulsioo of which the effect ia to give the body some deter- 
minate and uniform velocitj in a straight line, and the force of gravity, 
of which the effect is coMinually to draw down the body in a vertical 
direction; these verticals tend to the earth's centre, but throughonl the 
path of a projectile they may withoitt sensible error be considpred as 
parallel. On this hypothesis, and abstracting for the present, as in the 
case of ^ling bodies, from the resistance of the xii, we may easily de- 
termine the curve which the body describes, There are, indeed, two 
methods of solving very readdy this problem; one method ia first to 
express by means of horiwDtal and vertical coordinates the equation of 
the stiaightllue which the impulsion woald compel the body to describe, 
if gravity did not act, and then (o dimiiush the ordinate y by the de- 
flection which gravity would cause for the time t". Thus, assuming 
the point of departure as the origin of the hotiionlal and vertical axes, 
we have, for the initial direetivn of the body, the equation 



but, in the time (" gravity dimiuislies tliis value of ^ by i gl', 

-■, ff = ai-i^ (1). 

If w, be the velocity of projection, v^ will express the linear space 
which in the absence of gravity the body would pass over in 1"; hence 
in t" it would pass over v^ t. Now the action of gravity bemg always 
vertical, it is obvious that this force cannot at all affect the horizoiilal 
advance of the moving body, so that, corresponding to any time V", the 
abtciaa will be the same whether gravity act or not; but, from wliat 
has just been said, this abscissa, io the absence of gravity, is v, I cos, 
e, 6 being the angle of elevation of the piece; hence 

Substituting this value for t, in the equation (1), we have, for the equa- 
tion of the path, 

which shews ilial the path of the projectile is a parabola, and iliat the 



rectangular azet are parallel to thove oilJt^^cpjn(e,{^fl«J^,Q§p^^^t^^ 
so t^t the vertex of the parabola 1$ thejbi>ghest point of it. 

If A denote the height due to the velocity t>„ that is to say, the height 
from which a body must fall vertically to acqui/M ifufkf^QC^v'^tVeii 
since (C) Vi e=^^2 gh the equation may be written 



' '- » .••■■■•;. , > 



,7^0 ^h^r metlHMl.pf obtaiaing th^ equi^tioR of tb^-path tOj which we 
l^ve alluded is. ibis. .Taking the s^meicp^giiiL^ M^re, tet tiEe direc- 
tion 4rf pitjtictioiiL l^ tak^n for the axis gf. ^, ^nd a verttoal line dfiwn 
. 4owoWds for t^ axis of x; then Vj being die ioitia] velocity, as b«fo«t, 
w^kave 

«=i^,y = »i<=^>/2lA . . . . (l)j 

A being the height due to the initial velocity. 
Eliminating f we get 

the equation of die parabolic pa^h, and "from which it appears that A is 
the distance of the origin, or point of projection, from th^ focus of the 
parabola^* and as this is equal to the distance of the same pojut ifropa 
the directrix, it follows from equation (1) that the velo^ity.at any poipt 
of the Curve i^ equal to the velocity acquired in ft^lii^ig y^rti^ally from 
the directrix to that point. Having tl^us ^etermin^d the nature of the 
path of a projectile^ we shall now subjoip a few general problems arising 
out of this determination. 






PROBLEM I. 

(113.) To determine the angle of elevation Q, for which therarfge 
AB may be the greatest possible. 

The general expression for the range or horizontal distance is the value 

* Any point in the path may, obviously, be considered v^i the point of 
projection. 
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of r, given by cqcalion (4) for j, = 0, lliat is, it is ■■ '^'^'^'^ 
■ iitf iol lanl "M 
i = 4Acos.'etao.e = 2ABb. 2 . . . .. <,1J;, ,,.,;, j;ij 

andas this eiptsBsioo is to be a maximum, we must have "" ^* 



which gives from (I) 

r = 24 .... (3), . UlT 

for the greatest range. it-^ 

As sia. ae ^ sin . 2 (90° — 0), it followa from the general expteesion 
(1) for the raDge, that the range is the same for 90° — as for &, inM 
IS, the ranges are the same whether the initial direction Ibrais an angle 
below the line of 45° or an equal angle above it, (fig. 96.) 



Knowing the rauge of a shot with a given charge of powder and a 
given elevation of the piece, to detemine the range at any other elevation. 

Suppose we know the majiimum range It, or that due to the eleva- 
tion of 45°, then from equation (2), above, the height due W ihe velo- 
city of projection, is A^JA; hence this is the value of />, foralLelevaf 
tiona with the same charge. Calling, therefore, Ihe range due to %trf 
other elevation S, r the expression for its value, will be , .^ 

r = R8iii.2e. I'J''' 

! iff 

Thus any range is knovcn by means of the maximum range. Or if 
we know any range r corresponding to the elevation 0, then to determine 
the range r' corresptniding to another elevation &, we have the two equa- 

r = a Bin, B 0, r' = R 9ln. 2 0", 
to eliminate K; hence 



\ 



m 
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1*R0BLEM III. 



Given the angle of elevation and the initial velocity, to determine the 
time of flight, and the greatest height of the projectile. 

Returning to equation (1), art. (1 1 2), we have, whea y = 0, 



J 2 a* I 2tan. g.jr 

but, by Problem x., x = 4A cos.' tan. B ; hence by substitati^n 



^«328ln.0 J-^ .... (1); • 

which expresses the time of flight 

To determine the gre a tes t height above the horixontal plane we must 
find the maximum value of y, f]x>m equation (4) art. (112), for which 
purpose we have the equatioh 

^ = taii.9 „. ' . -r=.0 . . . ..(8) ' \ 

dW 8 A cos." 6 ' , .^ ^ ^ >r. .:<■ 



.'. «si2Aco8.*&tan.^±iV8m;9d . . . . (3); 

■ : • ■ • ■ . : ■ ;.• ■ } : 'W ; : . 

wfcich^by eq^iation (1) Prob. i., is half the whole. rangQipi^l^i^ this 
value for x in the equation of the curve* we h^y^ for jf^,-. . _ i, ,. 

y=2A8ln.»0— .A8in.«ff=A8iii.»a . .' . ." *(4)f' ' 

which expresses the greatest height. 

If 0=s45°, sin. = 4 V2 .'. y = i*> so that (Pfob. i.), th^ greatest 
height is 'one fbtxrth of the rang6. 

The expressio»r(8) denotes the angle which the eurve makes ^ith 
a horizontal line at any point (x, y). < ^ 



PROBLElit IV. 

Given the initial direction to^determine the velocity, so that the pro- 
jectile may pass through a given point. 

Let (*', y*) be the given point, then by the equation of the curve 
(p. 159,) 



OS 


aiCTILIN 


EAU UOTtOy. 


y= 


lan.e. r- — 






■ "i 


a(tati. St'- 


-y> 



When the velocity of projection is given, to determine the dirt 
o thai the projectile may paas through a ^rEn point 
By substituting in equation 4, art. (112), sec.'fl, or ratlier 1 +t 



thii quadratic solved for tan. 6 gives - aj. 

ih±^ ih' —TAy ^V' .... (n; 

so that there are two ditferrait directions whenever the problem 
"ible, eiceptwhen 4A' = 4Ay — x'\ or(3A — y)'s=j* + ^'", ir 
case there is but one direction, but when 



the problem becomes impossible under the proposed conditions. 

The lime elapsed from the instant of projection till the projettil-' 
reaches the proposed point is, by equa.tion (1), art. l.Il^)> 



I 



=«lfc 
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PROBLEM VI. 

To determine the range on an oblique line passing through the poiot 
of projection, and also the time of flight. 

Let t be the inclination of the oblique line to tb« hdriiooy ilien its 
equation is 

y = t&n. !.«'.... (1); 

combining this with the equation of the projectile we shall obtain the 
abscissa of the point, where it meets this'liiie> by the equation 



tan. •'. x' = tan. 0, z — 



i'« 



4Acos.*e 

^x •/»/* /» X .V 4 A COS. d sin. (d — •) ,^. 

.-. r'ss4Acos.*0(tan. 9 — tan. •)== P . . . (%)\ 

cos* • 

* 

and, consequently, the oblique range will be 
_ y 4Acofl. gsln. (g — i) 

cos. I C08.*l 

and the time may be found from equation (2), last problem, by sub- 
stituting for » and y' the values (1) and (2) in this. This substitution 
gives 

(tan, e — t an, i) 8 Ar os. g sin, (g — t), 
^ ^ goos,t ' 

cos. t g 

PROBLEM VII. 

1 o determine the greatest range on an oblique plane, and the greatest 
height above it. 

The angle of elevation, which belongs to the greatest range, will be 
that which renders the expression (3), last problem, a maximum, or, 
since t is constant, we must have 

2 cos. sin. (9 — t) =s max. 
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= Bm.(e + (0_,)S_8in.j0_(e-,)l 
= ain.(B0 — 0-«ii,.,- 

Putting, therefore, this value of 9 in tite eipienion (3) for the ran^e 
we hnve for the maximum range K i, ,tB..^B^ 

_ 4 A c»a. i fBO° + ai n. f (90° — .) 



i 



^ua 



This value of x being substituted in tlie above expression for M'P, 

sin. (9 — i) 
which, since tan.-fl — lan. V = 7;-^ — -. , is the snrne ai 



gives for MT, when s 



_ 3<gln.(fl— 1) 9in.Ce— 1) aln. (fl — Q , 
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(114.) Collecting together the principal results of the preceding pro- 
positions, we have the following formulas : 



I. When the Plane i$ korigontaf. 
Range = 2Asin.2 9 

Tiine = 2 8in.2 0>J-?A 

g 

Greatest range = 2 A 
Greatest height == h sin.* 9. 



II. When the Plane is oblique. 

„ ^ . COS. sin. (9 '■^ f ) 
Range=4A ^-: 

COS.'f 



Timesr 

Greatest range = 

Greatest height = 


2 sin. (0-) 

COS. 1 

2A 


'>]. 

-••) 


2A 
g 


■ 1 + sin. t 
A8in.«(0- 

COS.* 1 


1 



These equations contain the whole theory of projectiles in vacuo ; 
they may all be deduced, independently of analysis, by the aid of com- 
mon geometry, and a few well known properties of the parabola. See 
the second volume of Pr. HuitonU Course of Mathematics. 



chaptbh ixi. 



(US.) We shall now proceed to shew the application of rhe general 
fuimulas,. at art. (106), to cases of rectilineal motion, [iroduced by 
forces vatjing in intensity according to some known law. This varia- 
tion is generally aocoiding to some function of Ihe distance of the 
moving body from the fixed point, wbicb is regarded as the centre of 
force, although, in some cases which nature presents, the variation is 
also dependent upon other circumstances; as, for instance, when the 
motion takes place, not id free space, but in a resisting mediuin, 
nhere, it is obvious, the body will be hhidered from obeying the full 
influence of the attracting force by a resisting force, varying in some 
manner with tlie velocity. These particulars will be considered in 
Prol). ni. 



(116.) To determine the vertical motion of a heavy body towards 
the earth; the force of gravity varying inversely as the square of the 
distance from tlie centre. 

CaL the radius of the earth r, the distance of the body from the cen- 
il of motion a, and the distance at any time (", 
)t j; then by the hypolhesis the inieosily of Ihc 
*ill be given by llie proportion 



Having got an expression for Ihe force, the next objec 
hai frr Ihe velocity, llefening to equation (D), we havi 
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the constant C will depend upon the initial velocity of the body, that 
is, upon the velocity which it has at the. distance a, ^ivheie giavity be- 
gins to act; if this velocity is 0, then 



2r»g 



2r*s 



a 

and thus the velocity the body has at any time t^y tliat is, after having 

&llen from the distapce a to the distance x is completely determined, 

'* * 

• -a» Mm ' ' turn ' 



ax 



and when the body arrives at the surface of the earthy that ii, when 
jr = r, it will have acquired a velocity ei^pressed by 

which, if a is infinite, since is then 1, becomes 

a 

SO that the velocity can never be so great as this, however iar the body 
may &11, and, hence if it were possible to project a body vertically up- 
wards with this velocity, it would go on to infinity -^nd never stop. Of 
course this is oh the supposition that, t);iere is no resisting medium nor 
other disturbing force. Taking the radius of the earth at 3965 miles, 
the last expression for v will be v = 6' 9506 railes^ . so that if a body 
were to be projected upwards, with a velocity of about seven miles a 
second, and were to experience no resistance, it would never return 
to the earth. 

It remains now to determine the time t**; and for this purpose we 
have the equation 

ft ax 

• In the ezpres8ioD -j- for the velocity at (p. 148), t is the sjuice pasged 

at 



" o'i-'ikg-Ati-^iA'ii-Moiii 


■i. m T 


from wUicli we gel 

■•■„ ■"=,v«%^.-./' 


TU* ■ 


1 »«tJ-i r^igU s/as-^ 


''''.|»^ -itttdttMt ^ 


this integral raay be immediately (buod bj mea 
pression at the lop trf page 49 in the Integral 
proceed thus: to the numerator of the expression 
i adx, and (hen subtract tbe same quantity fiom 

ately integrable by Ihe rale for powers; thus w 
«>: pression s 


'Calculus, or we may 
to be integrated add 

it, and ne shall thus 
one will be immeili- 

e shall have the two 


V oi_-i' ^/ax^x'' 


the integral of the first of these is obviously V 


(J — i'; that of the 




— I, {hit. Cak. p. 


10) or, which is the same thing, i a cos.-' (— 


). CoDsequenlly 


'=.-^1^"-+'"--' 


^n; 


which expresses the number of seconds elapsed 


11 moving from the 


throuph ; but hPre a — i la the apHfe, nnil ~ ^ 


= -~, therefore, 


inU>i..^e. « = -g.„.dJl = F = -^, 


nd, generalij, wben- 


eter F lends to dlminiih the apnce i. the increiiicr 


t ,a « heing nlwBje 


negdtiie, the eiiireision ^, far the velocity, as also the expraiiion -^' 1 
for lb* (oMo muat, obriouily, he lUcewLw negallTe. ^^^J 
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distance a to the distance jr, from the centre of atttactioiir. This ei- 
pression needs no correctioD, because a -— jr, and t become at tlie 
same time. When jr ss r, that is, when the body arrivw at the suifikrc 
of the earth, the number of seconds elapsed will be 

'=r^i {^/i;3:^+iaco8.-i(*-^){; 

which is evidently infinite, when a is, although the velocity, as we have 
before seen, is finite. 

If the attracting body be considered as merely a point, then x may 
at length become 0, and the whole time of £iUing to the centre from 
the distance a will be expressed by 

t = ,^ - X 1 a cos, — ' -^ 1 =: 7-— a*. 

If the body fall from any other distance a* the expression for t would 
be similai', so that 

that is, the squares of the times of falling from rest to the centre of 
force are as the cubes of the distances from which theyfalU 



PROBLEM II. 

(117.) To determine the motion of a body attracted towards a fixed 
centre, the force varying directly as the distance. 

This is the law pf force which would attract a material point at liberty 
to move along a perforation from the surface to the centre of the 6arth. 
For tiie universal law of nature being this, that every particle of mattc^ 
attracts with a force varying in intensity inversely as the square of the 
distance at which it acts, it follows that the attractive forces of homo- 
geneous spheres must vary directly as their masses, or as the cubes of 
their radii, and inversely as the squares of the distances of their centres 
from tlie attracted point. Now it is shewn, by writers on Physical Astro- 
pomy, that the attraction of a sphere is the same as if its entire mass were 
concentrated in its centre; it is shewn, moreover, that a particle placed 
jiny where within a spherical shell will remain at rest, being equally 
attracted in all directions. If, therefore, a particle be placed below the 
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surrice of tbe earlh, and at ihe distance f from the centre, it will he 
moved only by ihe force which resides in the inner sphere of radius 
J-, as it is kept at rest by tlie influence of (lie shell, whose thickriees is 
r — j; hence, from what has just been SLud, 

-■.-■.■g:F = -^r; 

which showi that the force varies directly as tbe distance c. Having 
thus got the talae of F we have, as in last problem, 

i..=y_i.i,=-i..+c. 

If die body be merely dropped into the hole, v will be when j- := r, 



1 



...„=4^ 



(f^-t") . 



■which is the velocity of the body at any distance x from the centre, 
when the body reaches Ihe centre, tliat is, when x-^0, the velocity is 

v = ^ (3). 

This velocity must be spentbefore thebody will stop, and as the motion 
after passing the centre will be retarded according to tbe same law, a& 
it vras before accelerated, the body will continue to move till it reaches 
the opposite point of ihe earth's surikce, where it would stop ; but being 
again attracted by the same force as at first, it will return and pass 
through the centre to the point of departure, and will thus move back- 
wards and forwards contiiiually. 

To determine the time from the departure of the body till its arrival 
at the distance x from the centre, we have, as usual, 



41 


('•—■) 


'1 
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•■• ""^7 "^ -f:^^7r'^7^^^T^ 



?■ .-' . ■' • ■ r .. , i. \. f .'. 



which requires no correction, since t =s 0, wbenx =s r. For^fettilM^ 
reaching the centre we haTBy by mdcBigxaaO,^! * ^'^or> 'i •id')^' 



By making jri= — r we have, for the time of pastisg through the whole 
diameter 

<s=ir/^— . . . . (4)} 

which is twice the time of &Uing to the centre as it oug^t ^ ^biiJ - 

If the body do not begin to more from the snrfibc^ 6t dtt'ftaftSiy'bat 
from some point wi&in it at the distance r^, instead of r, fit>m ihk ctotre 

then — r\ will be the force at the comiaeBcement of motion insteiid, of 
r 

gy and, therefore, substituting this for g, and r^ for r, the expression for 
t will be 

and, consequently, when jra^r^, we hare for the time of reaching the 
centre 

^ ^ g 

the same as the expression (3). Hence^ at ^haterer point witfiin the 
surface of the earth the body be placed, it will reach the centre m the 
same time. 

In order to find this time, take the radius r, of the earth, eqfoal to 
3965 miles, and we shall have ^=21' 7'^, which will be the time 
occupied in passing to the centre however near to it the body be placed. 

It is obvious that if g represented the energy of any other force, in- 
stead of gravity, at the distance t from the centre, the reasoning and 
conclusions would be the very same, so that when a body is attracted 
from a state of quiescence by any centre of force, varying in intensity 
directly as the distance, the whole time of passing to the centre will be 
the same from whatever point the motion commences, whether from a 
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point infinitely distant, or from apoiot infinitely neir. Hence llie body 
would pass over an infinite space in 3 finite portion of time, but then, 
by hypothesis, the force at the commencement of motion must be in- 
finitely great. 

We shall now consider the raotion of a body near the surfece of the 
earth, taking into account the resistance of the air, which ire have 
hitherto neglected. 



(118.) To determine the vertical motion of a heavy body near the 
earth's surface, considering the resistance of the air to vary as the square 
«f the veloci^. 

If we represent the resisting force at any time f", ailer the commence- 
ment of motion by J", and the velocity generated by «, then, by hypo- 
thesis /"=: mv', m being constant for all velocities, and which can be 
determined only &om experiment. Hence the force F, accelemting the 
body, is 

so that here we have F as a function of the velocity, and not of the 
space as heretofore; therefore, since (D) F ^-— , we liave 



'Jlie second member of this equation may be integrated by the melhod 
of rational frictions; oi we immediately see that the e;<pre^sion is (be 



consequentiy, 
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=^==iog.4±4^....(i)V 

the constant being 0, because the time and the velocity begitt tDgethtir. 
tVis determities €m tine ofte mefiob ttecesentrf to g«deMfragSven 
iK^ioeity. TV) find the veto«:ity when the time iii given it will be oec^g^ 
sary to disengage the equation from logarithms, puttifi]^, ^eKrfon^ e fot 
the hyperbolic base, we have, since log. c = 1, 



^^Wmg log. c = log. -jp — T— 



(2); 



frofn which v may be found when ^ is known. 

Since e exceeds unity, the first member of this equation incraaaes 
with t, and is infinite wheh t is, consequently, as t approaches to infini^ 
the denominator 

g* -^mi Vy 

must approach to 0, but when it is actually 

« 

v^s/-^ .... (3); 

so that the longer the body is in motion, that is, the greater the space 
thrdttgh which the body moves in a m^di^tti, vaiying in resisttunce as 
Ae square of tiie velocity, and, towal«hs an attractive force^ varytog* 
inversely as the square of the distance, the nearer will the velocity ap^ 
proach to constancy. 

Having found the velocity we may readily determine the space s, 
through which the body has passed to acquire it. For, by (D), 



vdv = Fds = (g — nti^) ds. 



... ../ 



g — mtr 2 m 

To determine C put «=:0, then v=0, 






g.g-^-C .-, C = —-li>g.g 



-lag.il- 



-)■ 



If the space be alieady knoTm ihe acquired velocity may be found 
by this equation. 

If the body is projected witlv a yelocity v , in the resisting medium 
in opposition to tlie farce, then the molion becomes retarded, both 
gravity and the force mu' conspiring to stop the body; hence the rt- 
tardlve force is 



" dt ^ " g + mu' 

.■._, = --i={t«n.-^!'J..] + C. 

V^ s 

We may determine C from the circumstance that at the 
ment of motion, that is, when f ^ 0, ti^v,, so that 

= — i=ltBn.-<N)^.«,t + C 

therefore, subtracting the former equation, from this, we hare 

( = -^j (tan. -'^1 p f.,) -{tan.-i>l ^. ») } ; 

from which equation « may be determined for any proposed time (". 
It renaains now to deduce the expression for tlie coireaponding space; 
for this purpose we must employ the formula (E), wliich give* 

■=/ ¥ ■"•■■— =/7^' 

that is. 



Aa s ^ 0, irhet) v ^ fi, 



j.Cf + B.O + C 
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.'. *=-s5;j- \^^' <«^ + m»|«) — log. ig + mm») 



When the retardiTe force has deitroyed the motioQ^ that is, when « =0 
we shall have 

which expresses the height to which the body will reach when projected 
with the velocity v. It will not acquire so great aveloctty in retnming 
to the earth, because the accelerating force is only g — mv*. 



SECTION H. 
ON THE THEORY OF CURVILINEAR MOTION. 



(119.) We now come to discuss (lie gwi^ral Uieory of the 
a/ree point, or material particle, independently of any 
the nature of the path il is compelled to take. 

We say point instead of body, because we do not propose to take 
into consideration, in the present section, any circumstances of the 
motion which may be dependent upon the mass of the moving body. 
Whenever, therefore, in the course of this section, we speak of the 
motion of a body, it must be noticed that we consider Ibe acting forces 
to apply themselves equally to ^1 the particles of the body, and that 
these particles exert no powec themselves sufficient lo modify the 
motion, lliis, indeed, is the hypothesis upon which the iovesfigatioDS 
in the preceding section are founded; where we have considered the 
motions of bodies chiefly in reference to the force of gravity. 

But, in fact, as already hinted at (118) all bodies in nature exert a 
mutual influence on each olher, and the intensity of this influence 
varies with the mass from which it emanates. Two bodies then, M 
and m, at liberty to obey their mutual attractions, approach each other 
in virtue of the force resident in M, combined witli the ibrce resident in 
"i; and, therefore, the distance of tJieir centres at any lime will be 
the same as if the sum of the attractions due to M and m were com- 
bined in M, and, instead of the other body m, a mngle particle weie 
phiced at its centre ; so that we should tlms have to consider only the 
motion of a single particle or free point acted on by a singlt 
force, viz. the centre of M's attraction. We may, therefore, after 
having attributed a proper value lo the attractive force 
M'« cenWe, disregard the mass of Ae moving body ni ; and when, it»- 



y 
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• 

the course of the present section, we speak of the motion of a body 
about a fixed centre of force, we consider the influence of the moving 
body to have been tranafened to that centre as above, and, theieibfe) 
the body to move as a free point. 

Let us now proceed to investigate the general equations of motion. 



ON THE GENERAL EQUATIONS OF THE MOTION OF A 

FREE POINT. 

(120.) When a material particle moves in a curve line> H m obnout 
that its direction at any point of its path is in the tangent at tfiat poiat, 
along which, if it were there left to itself, it would proceed witii a uair 
form velocity : and its curvilinear course is kept up only by the con- 
tinual influence of some force or forces which at every instant deflect 
it from the rectilinear course it tends to pursue, in virtue of its inertia^ 

As far as efiects are concerned we may consider a body thus moving 
to be impelled along the curve by an accompanying force, varying in 
intensity conformably to the circumstances of the motion, and we know 
that the value of this force at any time f, during which the arc s has 

been described, will be expressed by -JT"' 

If this same force had a statical eflect, or which is the same thing, if 
it were directly opposed by an equal force F, we might then, instead 
of the first force, substitute three others acting on the point and in the 
directions of three rectangular axes; if a, jS, y, be the angles which these 
form, with the line along which the point tends to move, then the values 
of these three forces will be 

F cos. a, F COS. p, F cos. y ; 

so that the point will have the same tendency to move under the influ- 



!nce oflhese three forces as ua,1er the influence of the original forcu F; 

hese, therefore, are lilted to produce the same acceleration as F; 

" dp ' 

et lu see what acceleration each alone is fitted to produce. In order 

o lliis let us first remark tliat si 



■ ds 



.. = = —... (1), 



then, by the piinciple stated at p. 115, 



F:Fcc 



tPt 



rf=. 



■ df 



• Wi 



iPi 



the acceleration which F cos. a is fitted lo produi 

ai' 
• manner, the accelerations due to Fcos. ^ and Fcos. j 

(fa 
and ■TT"! ■■'i y< ^^^ a being the coordinates of llie point 3 



tlie 

instant t". Thus then the consideration of the curvilinear motion of a 
material point in space is reduced to the consideration of the rectilinear 
motions of its three projections along three rectangular axes, and which 
describe the rectilinear spaces i,i/, i, while the body itself describes 
the cune i. Calling the forces along these axes X, Y, and Z, we have 



- = X 



iPg 



aui these are the general egiialions 
Ilie velocities of the projectiotis 



. (SI; 



ij-thimotionofafrcrpamt. 



dl dC 
of ilie point itself is — , but ( Viff. Cak. p. 2 



, and — , and the velocity 



n which expression il follows that if Ihe lines which repi-eseut the 
)cities — , -~, -TT, be talten for the edges of a reclanguUr parallel- 
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ds 

opipedy the diagonal of it will repveient the velocity -p of the poiiii in 

space; and it equally follows from the equation (2), combined widi 

the two similar equations fiunished by the other projectioos, that if the 

d*x tPy dh 

lines which represent the aocelesatife fiircei — rr-, — ^, ^,be 

««• dt* di* 

taken for the edges, the diagonal will represent the accelerative ibrce 

d*t 
, which acts upon the point in space. 

It thus appears that the velocity which a body actually has may always 
be decomposed into three, directed according to three rectangular axes; 
and the accelerative force, by which a body is actually influenced, may 
always be decomposed into three, directed according to three rectangular 
axes; and conversely such a system of relocities, or of forces, may be 
always compounded into one. When the motion is in a plane carve, 
one of the components is of course 0. 

If we di£Sprentiate the equation (4), relatively to the independent 
variable t, we shall have 

. ds* ^ A , d* -^^ d*y , djf -^ d*z , dt 

''lur = * 5? i 

but, in virtue of equations (3), the second member of this equation is 

2(Xrfx + Ydfy + Zrfr); 
consequently, returning to the integral, we have 

(1) .... ■^ = t;« = 2y(Xd* + Y«/y + Zc/j) .... (2). 

We infer, therefore, that when the component forces X, Y, Z, are known 
functions of the coordinates x, y, r, for every point of the body's path, 
or trajectory, as it is called, and when, moreover, these functions are 
such as to render Xdx -f Ydy + Zdz an exact differential/ then the 



* In order to this these fnnctions must satisfy the conditions 
rfX dY rfX dZ (lY dZ ,« , ^ . 
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velocity of ihe moyiog body will be determinable from this equation. 
— ITie complete integrjl of (a) wiil involve an arbitrary conatani, which 
can only be determined from previously knowing the velocity at some J 

known point of the tiajeciary, which is the same aa if we knew Ihe { 
point at which the motion commenced^ I 

Suppose the general integral of (2) were 



if we knew thai the velocity, at the point (o, b, c, ), were f, we should 

.-. o'-r,'=/(i,j.,»)-/(=,*,o). 
From this equation it appears that -when we know the Junctions thai 
X, Y, Z, are of j,!/, !, and the velocity at any point (a, h, f), we may 
End the velocity at any other point {x, y, e,) merely from knowing fls 
coordinates, without requiring to know either the form of the curve 
between the two points (a, b, r), (.i, y, i), or the time of describing it; 
in bodies, therefore, which move in curves, returning into themselves, 
the velocity is altrays the same at the same point. 

(121.) It is ao important fact thai the differential in equation (2) is 
always exact whenever the body moves under the influence of a force 
emanating from a fixed centre, or, indeed, when any number of fixed 
centres act on the body, provided always that the intensity of each foKce 
IS a function of the distance of the paint, or body, oa which it acts- 
Let there be but one such centre, then placing the origin of the 
coordinates there, and calling r the distance of the moving body from 
it, at any point of its palli, we may espress the force acting on it hyfr, 
the form of the function y being known; and, by resolving this force 
according W the three axes, we have the components 

X=/r.~, y=/r.-^, Z = /r.y 



= 2//, 



I the general equation (2) w 
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.*. rdr ss X dx -^ jf dy -^ » dt, 
tlicrt'forc, by substitution, 

v^zxt2jyr .dr .... (I); 

so tluit tlie velocity is always determinable. 

The same may be shewn generally as follows : 

Having chosen the axes of reference, let the coordinates of one of 
the tixed centres be a, b, e^ and let R be the force exerted by this centre 
on a |>oint at the distance r from it. Now the cosines of the angles 
which r makes with the axes are, severally, 

X — a y — h % — c 

• > > . 

r r r » 

so that the three components of R are 

r r r 

In like manner, for the components of R, , B,, &c., the forces simulta- 
neously acting on the point from a second, a third centre, &c., we havu 

R^izif^i, R,yi=i., r/--. 



'l 



^i ^x '•i 

X — or, V — b^ s — 

R.— — •, R,- — -\ R.^— 

r, r, r. 



Km > **i» > "M — - > 

**i» Tn Tn 



SO that if we add together each of these three vertical columns of com- 
ponents, we shall have the expressions for X, Y, and Z, to be intro- 
duced into the general formula (2). But, before performing this 
addition, we should remark, that since 

.-. Vn dvn = (x — On) dx -{- {y ^ b^) dy -{- (t — Ch) d% ; 
consequently, if we divide this equation by r,„ and multiply by R„, and 




,-.fWr+R,rfr,...+B,di-.= 



hence, if R, be a. funclion of r, whatever be n, the first member of this 
equation will be always integrable, and we shall have 

v' = 2/R dr + 2/H, dr + a/R, dr.. 

(laa.) We shall notice in this place aiemaritable property connected 
with the motion of a body about a single ceatie of force, viz. that the 
irilineal apacea described by the radius vector orline joining the moving 
point and fixed centre are to each other as the times of describing them, 
and this whatever be the law according to which the intensity of the 

When a body acted upon by a single centre of force moves in a 
cnire line, we may consider such motion to arise from a primitive im- 
pulsion given to the body which would alone have caused it to 
describe a straight line, but being continually acted upon by a force 
out of this line it is deflected from this path at the very'commencement 
of motion, leaving it a tangent to the path it actually takes at the point 
of projection; as moreover nothing draws the body out of the plane in 
which the centre of force and line of projection are situated, the path 
of the body must be a plane curve. Hence, placing the origin of the 
rectangular aies at the centre of force S (iig, 98), and taking P for the 
place of the body at any time ('', we have 



the negative signs being u 



1 because F ler.ds to diminish the spaces 
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J and y\ consequeotly the equations of motioo tkre 

d*9 -^ rf*y ■ „ p 

To eliminate F multiply the first of these equations by y and the second 
by X, and subtract the products; there results 

»^' -"^^ = .... (1), 

an expression altogether independent of the T^lue of F, ao that what- 
ever results from it will hold even when F is repulsiTe. 

Now it is easy to perceive that the numerator of thu ezpressiOD is 
the differential oTydx — xdy, therefore, multiplying by di and integn- 

ting, we have 

- ydx — xdy ^ 

^ rf^ =^ — w 

.-. fydx —fxdy = C^ + C^ 
or 

2fydx'^xyssCt'^C^ . . • . («)• 

Let us inquire into the geometrical signification of the first member of 
this equation. The term ^ydx obviously expresses twice the area 
SPPM, and the term xy is twice the triangle FSM, consequently 
the equation (3) is the same as 

2 sector SP'P ^Cl + C, . 

Suppose f* to commence when the body is at P', then, since whei^ 
f = 0, the sector = /. Ci = 0, consequently 

2 sector SPP'=Cif .-. i?S^l?^ = jC, 

that is, as announced above, ike sectors described are proportional to 
the times of describing them, and therefore equal areas are described 
about S in equal times: this remarkable and important property is 
called the general principle of equal areas, 

(123.) In order to complete the theory of curvilinear motion, it may 
be as well to repeat here the general expression given at (103) for the 
force fitted to produce the motion which a body actually has at any 
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iinlanl if immed lately urged by that force in the directiOD of its motion, 
that is, in tlie direction of a tangent lo the curve at the point where it 
19 af that instant. Calling such a force S, ils value is 

8 = -^- slso J «« =/S (&. 

The force S may be called tlie tangential force; we nee from the 
second equation that upon this force the velocity of the body in its 
path wholly depends, and it is wholly expended in producing this 
velocity; if, therefore, all the forces which influence the body at any 
particular point were decomposed, each into two, one in the direction 
of the tangent and the other in the direction of the normal, the sum of 
the former components, that is, the tangential force, would determine 
the velocity and direction of the body's motion at that point. It 
follows, therefore, that if among the forces which act upon a body there 
be any which always act in the direction of a normal lo its path, the 
components of these must necessarily destroy each other in llie expres- 
sion (a), (p. 180,) for the velocity along the curve; because, as just 
obsenred, this velocity is wholly due to the tangential force. 

(124.) Before closing this preliminary chapter, we shall briefly shew 
how the equations of motion, investigated in the preceding section, are 
to be deduced from the more general theory laid down in tlie present 
chapter. 

As a first application, let it be required to determine the malion of 
a point moving from the effect of an impulsion only, then, as there is 
here no acceleration, the equations of the motion ai'e 



multiplying each by di and integraiiQg, we have, for tlie velocities it 
the directions of the axes, the expreasioni 



dt ' dl ' <it ■ ■ - ■ w. 

and therefore (equation 4, p. 179,) tlie velocity along the path is 



d 
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Mrbich is constant; that is, 

Ci being the space already passed ovier when f commences. 

From equations (1) we can prove that the path of the body must 
necessarily be a straight line; for, multiplying each by dk and integn- 
tingy they give 

by means of which eliminating ty and there results the following geneitl 
relations among the coordinates, viz. 

a . a! c — acf b ■ , b'e — be* 

'=T" + --r-'»=T' + — ; — 

As a second application, let it be required to determine the motion 
of a projectile in space. Here the equations of the motion are 



d*r 






di* ' dfi 

therefore, multiplying by dt and integrating, we have for the com- 
ponents of the velocity, 

da ^ dy „, 

multiplying by dt and integrating again, we have 

x=xCt,y=zCt^^gt*', 

or, putting C = a C, 

y — av — igt\ 
as before found. 



CHAPTER II. 



(125.) In this chapter we shall shew tlie application of the foregoiag 
general theory to the circumstances of constrained motion, the moving 
body being prevented from obeying the influence of the applied forces _ 
through the inlerrention of a rigid line. 

When a material point is thus compelled to move on a curre, the 
curve offers at every point passed orer a certain resistance to the motion 
in the direction of the uarmal, and it is in consequence of this re 
that die wonted path of (he body is continually diverted and its 
confined to the curve. Tliis resistance, therefore, may hi 
as a normal force continually acting on (he moving body, and which, 
combined with the other forces on the body, produces the motion whicli 
actually has place. Umitting (he normal force and taking (he compo- 
nents X, y of the others on which alone the velocity along the curva 
depends (p. 185), yie have, by equation (2, p. 130), 



= 2f{\dx + Yds) . 



■ (1), 



by means of which the velocity at any proposed point (j, y) of die 
curve may be found, X and Y being functions of the coordinates. As 
shewn at (p. 131), the expression after integration will take the finm 

••-■,'=/(■.»)-/(..»), 

(b, b,) being the point where the velocity is known to be c, . 

As this result is independen( of tlie normal pressure, that is, u it 
remains Ihe same whatever diis pressure may he, we infer that it must 
retnain the same whatever the curve between (o, li) and (,r, y) may be* 
so that as long as the applied forces remains 'he same, and the velocity 
of the body at the point (a, li) remains (he same, (he velocity at^ny 
other point (i, y) will be the same by whatever path it arrives at it. 

Precisely the same conclusions would follow if we had supposed the 
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motioa to be on a curve of double curvature instead of on a plane 
curve^ as is very obvious from the equation at p. 181. 

If the body move on the curve in virtue of an original irapulae 
merely, then, since there are no acting forces, X ss and Y ssO, afad 
consequently v» = v^*, which shows that the primitive relooity will be 
preserved and continued unchanged whatever be the curve along wbidi 
it moves. 

Let us suppose the body to move down a curve in consequeooe of 
the action of gravity, then we have, by taking the axis of X vertical. 

To determine v^ let h be the height above the origin from which the 
body begins to descend, that is, the ordinate of the point at which the 
velocity is 0, then 

0=zvi^ — 2gh .-. v*=z2gh .-. v*=s2g(h — x) .... (2). 

In the general case of this problem we have seen that the velocity 
depends on the coordinates x and ^ of the point arrived at, but is in« 
dependent of the path to it; in this particular case we see that the 
velocity depends only on the ordinate i/ of the point arrived at, being 
independent both of the abscissa of the point and of the path, and thus 
any point in a straight line parallel to the horizon will be arrived at 
with the tame velocity if the body descend Ji-om a fixed point above it 
along any line or curve whatever, the velocity being that which would 
be acquired by felling freely through the vertical height. 

It immediately follows from this, that when the body has arrived at 
the lowest point of the curve, its. acquired velocity will be sufficient to 
carry it up the ascending branch (if the curve have one,) to the same 
height as it descended from, whether the two branches be similar or 
not, although the times of descent and ascent will be different if the 
branches be different in form. 

To determine the time requires that we know the curve of descent, 

in which case we have, by the general expression (D), art. (106), v = 

ds ds 

— .'. dt sz — , that is, in the case of orravity, 

dt v' ' o J> 

dt = -i .-. tz=z C- ^* .... (3). 

s/'lg (A — i) J sJ'lg (A — x) 
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18< 



(126.) We ahall shortly give an esample or two of this kind of con- 
strained motion; but we shall fint investigate a general eipressloo fot 
the resistance, or normal force, at any point of (he constraining curve, 
when this curve is given. 

LetAPM (fig. 99,) be any given curve on which a material point P is 
compelled to move when acted upon by forces whose components are 
X and Y. Let PN represent the normal force or the resistance which 
the body receives when al P and call it R ; the components of this force 
are R coi.NPC and — R coa. NPC ; consequently, takiog into account 
all the forces which act upon the body, ths equations of its motion are 






Multiplying the first ot these by-f-, aiid, tlie second by —,and»lA^ 
traclingtiie second fiom the fiisl, we have T n*iw. 

dTdT^ ^di~^T.'^^' 

conseqnendy, since fDif. Cak. p. 135,) die general expression for the 
e y at any point (r, y) is 



~ dyd^i—did'y 



it follows that 



Now the eipression X -j- — Y-— is die result obtained by resdYinf 

the forces X and Y in die direction of llie normal, and which, 

if the body were at rest, would, wlien taken negatively, denote the 

resistance of the curve; but being ia motion, the curve suffers 

additional resistance expressed by — . We most here 
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ever, that we have considered^ in the above reasoning, the resistance R 
to be offered by the concave side of the curve ; but if, on the contraty, 
the body press against the convex side, then R will not be the sum 
but the difference of the resistances, that is, the resistance expressed by 

— must be subtracted from the resistance which the curve would 

r 

oppose if the body were at rest.* 

When Ae body is retained on the curve by the force of gravity only; 
then Y =B and X a= — g; therefore, in this case, ' 

As the pressure 7 — , at any proposed point, depends aolely upon the 

r 

velocity at that point, it would remain the same if this velocity were 
produced by a primitive impulse only, and the motion to be uninfluenced 
by any acting forces, as indeed is plain from the expression K ^ ;t 

— , for the resistance, when X=:0 and ¥=0. It is readily seen^ tere- 

r 

fore, that the pressure of which we speak arises entirely from the inertia 
of the moving body, or its tendency to move when at any point of the 
curve in the direction of a tangent and with its acquired velocity; this 
tendency necessarily causes it to exert a pressure against the deflecting 
curve, and which, as we have just seen, requires the curve to oppose the 

resistance ± — in addition to the resistance necessary to oppose the 

r 

normal effect of the acting forces. 

A distinct name is given to the normal force or pressure ^ -^ 

whose action on the body thus tends to repel it from the centre of 
curvature at that point of its path where its velocity is v; it is called the 
centrifugal force. 



* The student will not fail to remark that the upper sign applies when 
we consider the body to be moving on the convexity of the curve, in which 
case the pressure due to the acting forces is obviously diminished by this ; 
and the lower sign applies when the body moves on the concavity, in 
which the pressure is necessarily increased by the same quantity. 



CONSTRAIN EJ 



that at the mstant ihe velocily ia u a 



force expressed by - 



be placed at the centre, then, if at the same mstant all the other forces 
were destroyed, the body would contiime to move in the same circle 
and wilh the same velocity v ; for ihe repelling force lending to inacease 
the distance of the body &om the centre, is just balanced by the at- 
tractive force tending to conline the body to the curve, and noieorer 
as ti, if the body were left to itself, would continue unchanged throughout 
thecurTe(p. IBS), the force which couoteiacts the pressure arising from 
V at one point of llie circular path will be competent to do so at every 
point; as, therefore, all pressure on the curre is destroyed, the motion 
of the body cannot be affected if the rigid curve were removed and the 
body left unconstrained. 

Tliis feet is at once deducible frorn the expression (a) for H, and 
indeed in a more general form ; for in order that R may be 0, which is 
the Bame as saying in order that tlie motion may continue unchanged 
though tlie resisting curve be removed, we see that the normal effect 



of the applied forces n 



tt be equal and opjiosite to the force — 
T 

;t at the ci 



that if a force always eipressed by this were always 1 

of curvature, corresponding to the radius y, the rigid curve, be it what 

it may, might be removed witliout changing the trajectory. By this 

nri'angement it is plain lliat the varia.bie force — must itself move so as 

described by the body ; theevolute 



to describe the evolute of the 

of a circle is a point, vii. the i 

As the central force, or as 

necessary lo retain a body in 

lime of one revolution, we n 
velocity. 



it is usually calli>d (be centripetal force, 
citcle is F=s: — , and since, if i"be the 

y 

1st have, in consequence of the uniform 



^vhich expresses alike the intensity of either the centriiie 
trifugal force. 
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In like manner, for any other circle of radius y^ , and time /('', the 
centripetal or centrifugal force is 

• 1? • I? • • * • « I • 
. . r . r, .. — . j^f 

hence, Ist. When the circles are equal, the centripetal or centrifiigal> 
forces are inversely as the squares of the times; and 2d. Whoi the 
times of revolution are equal, the forces are as the squares of the ladii 
of the respective circles. 

Let us apply these results to an interesting problem, viz. to the de 
termination of the centrifugal force at different places on the earth's 
surface, from knowing the time of one rotation on its axis. 

llie earth, by means of its diurnal motion, carries round with it, with 
a uniform velocity, every point on its sur&ce in 86164 seconds. . At 
the equator the radius y is 20921185 feet, therefore the centrifugal force 
at the equator is 

„ 47r2y 4gr«200U86 ,,,««,«,. 

F = ^ =__-__ = .1112269 feet. 

As this force opposes the force of gravity, it follows, tliat if it did not 

exist, that is, if the earth did not revolve on its axis, the force of gravity 

instead of being what it really is, viz. gs= 32*08818 at the equator, 

would be G =sg -)- '1112259, and thus the weight of any body would 

•1112259 

be a part more than it really is. 

32-08818 *^ ^ 

The ratio of G to F being 

32 • 1994059 : -1112259 or 289 : 1 nearly, 

.-. F=:-— ~ .... (1). 
289 ^ ' 

Now every parallel to the equator being carried round in the same time 
t" as the equator, we have, by representing the centrifugal force in the 
parallel whose latitude is / and radius y, by F, , 

y : r, :: F : F» 



■•■'. = "7 = ^? "»■'•■«■ 

because it is evidfint tlial 7,1=7 cos. /. 

The force G of gravity is not diminished by the whole of the cen- 
trifuga! force F, , escept at the equaior, because ihia force acta in any 
paiallel PAP'(fig. 100,)not in the direction P;j opposite to gravi^, but 
in the direction Pr, if, therefore, we decompose the force Pr in the 
perpendicular directions P;', Pq, both, as well as Pr, being in the 
plane of P's meridian, we shall have, for the force Pj> opposing gravity, 

Fp = Frc<M.pPr = F^ coa. POQ = F, cos. (; 
hence the expression for the diminution of gravity is (equa. 2,) 



which therefore varies as the square of the cosine of the latitude. Thp 
other force Pi/, being tangential, tends to draw the particles of the re- 
volving body from the poles towards the equator, and to cause it to 
assume the figure of an oblate spheroid; the expression for this ferce is 

P, = F,.,..l = ^.ln./»../ = ^....i«, 

which therefore varies as the sine of twice the latitude. 

From the foregoing principles, let it now be required to determine 
the time in which the earth must perform its diurnal revolution in order 
that the centrifiigal force al the equator may he exactly equal to the 
force of gravity, or in order that a body may have no weight there. 

Let Fj represent the lime of rotation, corresponding 10 which ihe 
centrifugal force is G, then, as the centrifugal forces in tlie same circle 
are inversely as the squares of the times, we have, (equa. 1,) 



Hence if the diurnal rotation of the eatth were performed in a i' 
port of Ihe time reaHy occupied, or if it were to turu round 1 7 times ai 
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rapidly, bodies at the equator would lose all their weight, and would, 
therefore, if placed at a small distance above the sur&ce, remain sus- 
pended without any visible support; if the earth were to revolve still 
more rapidly than this, no body could remain on its surface : every thing 
would be repelled from it by the centiifiigal force. This inference it 
must be remembered is, as well as that implied in equation (2), on the 
supposition that the earth retains its spherical figure during its rotation, 
which however is not strictly correct on account of the oblique influence 
of the centrifugal force tending to elevate the equator and to depress 
the poles, thus giving to the earth a spheroidal form. It is demonstrated 
that a fluid spheroid of the same density as that of the earth, cannot 
remain in equilibrium if it revolve in a shorter time than 2^- 26' 2G'.* 
(126.) The general equations (2) and (3), at page 188, contain all 
that is necessary for the determination of the motion of a body down 
any given curve by the action of gravity; or indeed of any force g acting 
in parallel lines. The theory of the pendulum, a highly important 
subject, is established by their aid, and to this theory we shall apply 
them in tlie following chapter. We may remark, however, before en- 
tering upon this, that the expression (1) for the velocity at page 187, 
is general for all hypothesis of the acting forces, and when this velocity 
is determined and the curve given, the time will be given by the equation 

(is 
t =f — ; in the particular case, however, where the body is acted upon 

V 

by a single centre of force, varying according to. some function of its 
distance, then, for the determination of the velocity, it will be proper 
to use the expression (1) at page 182, taking the integral with a ne- 
gative sign if the force be attractive, tending to diminish the coordinates, 
and taking it with a positive sign if repulsive; the axes of reference too 
must here originate at the centre of force. 

* See Professor Airy^s Tracts f page 150, second edition; or the 
TMorie Anali/tiqtie du Systeme du Monde, of Pontecoulant : torn, it., 
page 400. 



OHAVTBIL IXI. 



1 



ON THE SIMrLF, PENDULUM. 

(127.) A siiople pendulum is considered to be a material point, 
attached to a tliread or rod without weiglil,Mid oscillating about a fixed 
a\is connected with tbe other extremity of the rod. Such a pendulum, 
it ia evident, can have no physical existence, yet it is cooTenient to 
discusa the theory of such an imaginary pendulum, because, as will be 
shewn in a subsequent chapter, whatever be the oscillating body, fliere 
may always be found a point at which, if a single particle were placed 
and connected by a rod, without weight, to tbe point of suspension, tbe 
oscillations of this simple pendulum would be performed in the same 
time as those of the compound body; and all the circumstances of its 
angular motion would be tlie same, and thus any pendulum may be 
reduced to an equivalent simple pendulum. 

The moving point wbicli we here consider, is confined to the curve 
in which it moves by the thread, the accelerating force being gravity; 
hence, the tension suffered by the string at any point of the path, must 
be equivalent to (he pressure which would be sustained by tbe curve 
at that point if it were rigid, and the moving point were unconnected 
with the llu^ad. The constraining forces being equivalent, the theory 
developed hi the preceding chapter becomes immediately applicable to 
the motions of simple pendulums; these motions, although usually in 
circular arcs, may nevertlieless be in any curves whatever, for the thread 
as it oacillatea to and fro may be forced to wrap itself about carves 
springing [roia the point of suspension, and thus the material point 
will be forced to describe curves which arc the involutes of these; and 
in this nay we may have circular pcadutamt, cycluidal pendalums, &c. 
DC these however the circular pendulum is tbe most simple and im- 
portant. 

(12S.) It will contribute to the convenience of the student to bruig 
together in this place those formulas distributed in tlie preceding 
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chapter, which are required in the problems we are about to give; these 
formulas are as follow: 

velocity = t; == \/2^ (A — a) .... (A), 

. .... (B), 

V2^(A — J?; 

centrifugal force =/ = il=^l:Zf? .... (C), 



r« dy . 2^ (A — x) ,^, 



tension 

7 

dy 
or, since -— expresses the cosine of the angle which the normal makes 
as 

with the axis of ^r, if we call this angle a we may write the last expression 

thus: 

2g(h — x) 
tension ^ ^ cos. ft H .... (E}, 

which form will be sometimes most convenient to use, (see prob iv. 
following.) 

PROBLEM I. 

(129.) To determine the time of oscillation in a circular pendulum, 

(fig. 101). 

Taking the origin of the vertical and horizontal axes at the lowest 
point of the curve, and calling the radius of the circle or the length of 



* If we consider the arc 8 in this expression to be the arc of descent, 
this, being measured from the origin or lowest point, must diminish as 
the time increases, and therefore ds in this formula is negative ; but if we 
refer to the arc of ascent, the time and arc increase together, and ds is 
positive, we shall therefore always consider the formula as applied to the 
ascending arc, since the time will be the same whether the body descend 
from the height x to the lowest point, or ascend from the lowest point to 
the height x ; or whether it descend from h to x, or ascend from x to h. 
On this hypothesis, therefore, the integral (B) commences at x = x and 
ends at x = A ; for the descending arc, on the contrary, the integral com> 
mences at x := A and ends at x = x. 



tlie rod '-, we have, ibr the equation of the patli, 



coDsequeully, by equatioa (D) above, tbe expression for the time is 

i/ '/2g(,A—r) "J^gJ Via — i)(2ri — t') 
The differential expression under the inti-gral sign may be put undi-r 



which shews, tliat- if the second factor be developed by tJie binomial 
tlieorem, the differential in question will be reduced to a series of otJiers 
all of tlie form 

which we know to be aji integmble form. 

These detaOs we have entered into at length in the Integral Cukulus, 
page 96, and the result is, thai the proposed integral, taken between 
the necessary limits, that is &om ,i :=0, the lowest point of the curve, 
tox:=.k, the point of departuiv, is 



/■; -^ 



consequently for 2 C, or llie time of i complete oscillation, we have 

<m>'<r/+*"i ■■■■<')• 



i 
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by means of which the time may be approximated to, to any degree of 
accuracy. The expression A is the versed sine of the arc of descent, or 

of half the whole path, and — is the versed sine of a similar arc to 

r 

radius 1, and therefore of the inclination of the rod to the vertical in its 

initial position; the smaller this inclination is the more convergent will 

the foregoing series be. Suppose, for instance, the initial indinatioa 

were 5% then the versed sine of this being -0038053, the second term 

of the series would be only 

1 . '0038053 
(-)» ^=-0004157, 

and if the pendulum vibrated but one degree on each side of the 
vertical, then, since the versed sine of 1* is '0001523, the second term 
of the series would be but 

• 

, 1 ,, -0001523 ^^^^,« 
(-g-) 2 = 000019, 

and, by supposing the arc of vibration less and less, the expression for 
the time of an oscillation would continually approximate to 

2^r= TT v^— .... (2), 

which will differ insensibly from the true time when the arcs of vibration 
are very small, that is, not exceeding about 4°; and therefore, for all 
arcs between this and 0, the times of vibration of the same pendulum 
will not perceptibly differ, that is, in very small arcs the oscillations mat/ 
be regarded as isochronal, or as all performed in the same time. 

Since the time occupied by a body felling freely through the height 

J^ r is expressed by >] — , it follows, from the foregoing expression, that 

in pendulums of such limited ranges or amplitudes as we have supposed, 
the time of vibration is to the time of falling freely throvgh half the 
length of the rod as 3-14159 to 1. 

It is an important matter to know exactly the length of a pendulum 
which will vibrate seconds, and combined with experiment the general 
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this length with perfett 



expressioD (1) will enable us to detei 
accuracy for any given arc of vibration. 

Thus, let r, i' be the lengths of two pendulums vibrating in 
A A' 
the same nnmber of degrees, then, since — = — the aenesw. 

bracVels will be the aame for each pendulum; hence, the t 
oscillation of these pendulums will be to each other as 



Uie times nf oscillation are therefore as the iquare roots of the lengths. 
Let the pendulum r make n oscillations in the same time f that the 
pendulum r' performs n' oacillationa, then the respective times of a 

f f 11 

single oscillation will be — and — , ■which are to each oUier as — lo— 7; 

hence, by the proportion just deduced. 



that is, the lengtfa of pendulums vibrating in similar arcs are to each 
other inveneli/ as the squares of the number of oscilliilions made by them 

Now a seconds' pendulum must vibrate ( times in (', if, tlierefore, 
we take a pendulum of any length i~, and count the number n of vibm- 
tions it makes in any time f, we shall tind the exact length r' of the 
seconds' pendulum vibrating in a similar arc by this proportion, vii. 

P:n'::r: ^' = ^ (3>. 

If the length of tile seconds' pendulum be thus determined for very 
amail arcs, we may ihence, by help of the expression (2), determine 
the force of gravity at the place where the experiment is made for, as 



Now in the latitude of London K has been found to be ^39 . 



200 ELEMENTS OF DTKAMIC9. 

inches, consequently ^ =ir< x 39 . 14 in.cs 32-19 feet. Hie ftxte of 

gravity in the latitude of London. 

Knowing the length of the seconds^ pendulum^ it will be an easy 
matter, from the foregoing theorems, to find the time of vibration of a 
pendulum of any other length, or the length of a pendulum vibrating 
in any other time. Thus, the length of the seconds* pendulum being f^ 
and that of any other r, we have by the first of those theorems, this ei- 
pression for the number t of seconds this last will vibrate in, viz. 

r 

Suppose, for example, we wanted to know the time of an oscillation of 
a pendulum 20 feet long, we should then have 



^ 8*0 



^2.5 nearly, 



30 . 14 

so that the time would be about 2 seconds and a half. 

Again, if we wanted to know the length of a pendulum that should 
oscillate once in ten seconds, then we have 

r = 30 . 14 X 10^ = 301 . 4 inches. 

We may also readily determine the number of seconds lost or gained 
in a day by lengthening or shortening a seconds* pendulum by any 
proposed quantity; for, from the equation (3), we have 

r = — ~> 

where ?' is the length of the seconds' pendulum, and t = 86400, the 
number of seconds in 24 hours, n being the number of times the altered 
pendulum r oscillates in 24 hours. Suppose rz=zr* -^-p^ and n^t — 
9, p will then be the error in length of the altered pendulum, and q the 
consequent deficiency in the number of vibrations, or the loss in seconds, 
and we shall have 

r'<« q 

q 
If the loss amount to but a few seconds, the powers of — may obviously 



ihe first equation shewing the increase of length corresponding to a 
given loss, and the secood shewing the loas consequent upon a given 
increase of length; and the expressions hold when the pendulum il 
diminished by f ; q then expressing the gain. 

Hitherto we have considered the pendulums compared to oscillate 
at the same place; but it is a very important inquiry to determine the 
length's of pendulums oscillating seconds at different places on the 
earth's surface, as such a determination readily leads to the discovery 
of tlie true tignre of the earth. If me represent by G and g the inten- 
sities of gravity at any two places, and by r and r' the lengths of the 
corresponding seconds' pendulums, then, by equation (4), tve shall 



so that the intensity ofgravily at ant/ ylacei viiria as the length of the 
second^ pendulum at Ihuce pltKes. But it is manliest that the intensity 
of gravity must depend upon the figure and constitution of the earth, 
and accordingly it is proved, by the writers on Physical Asironomy, 
tliat, considering the earth to be a homogeneous spheroid of equilibrium ; 
the intensity of gravity must vary as the normal, so that, &om the fore- 
going equations, the normal to the earth's sur^e at any place varies as 
the length of the seconds' pendulum at that place; and thus when the 
lengths of the pendulum for any two known latitudes are accurately 
ascertained by experiment, sufficient data will be furnished for deter- 
mining the ratio of the earth's polar and equatorial diameters, or for 
finding Ihe ellipticity or splierical comprtstiun as it is called, and by 
which is meant the ratio of the difference of these two diameters to the 
greater. But vie shall make [he delemiination of this ratio from the 
proposed data a distinct problem. 
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PROBLEM II. 

(130.) To determine the compression or ellipticity of the earth hj 

means of seconds' pendulums. 

Let ay b represent the equatorial and polar semi-diameters, e the ex- 

a — b 

centricity, and c = , the compression; then 

a 

e* = 5 = X ■ = c{2 — <•}. 

a' a o ^ ' 

Now c is itself but a small fraction, and the square of it is too small to 
be worth regarding in this inquiry, so that we may consider the com- 
pression to be expressed by 

Let \, V be the latitudes at which the lengths of the seconds' pendulums 
are /, /', then, since (Dif' Calc. pa. 132,) the expressions for the 
normals at these latitudes are 

b* 1 .4* 1 



a '(1— e^sin.'-'X)* * a * (1 -<f»8in.ax> > 

we have 

lit:: (1— ea8in.«X)-i : (1 — e^sin.'V)""*, 

that is, by expanding the two last terms by the binomial theorem, and 
omitting the square and higher powers of e* sin.' X on account of their 
excessive smallness, 

lit::} -|-|c«sin.»X : 1 + j^ e*-' sin.* V 
•:: 1 -fcsin.-^X : 1 -f csin.U' 



— sm.^X — sm.'X 

which expression would be the value of the compression, if, as we have 
supposed, the earth were of uniform density. Such, however, is not 
the case, yet the conclusion j ist obtained will enable us to deduce the 



Ime compression, whatever be the law of the earth's deasily, by theaid 
of the following very remaikable proposition discovered by CAuVaui, 
viz. "Whatever be the law of the earth's density, if the ellijiticity of 
the surface be added to the ratio which the excess of the polar above 
the equatorial gravity bears to the equatorial gravity, their sum will be 

- — , m being the ratio of the centrifiigal force at the equator to the 

equatorial gravity."* Now the ratio which the excess of the polar 
above the equatorial gravity bears ti> the equatorial gravity, is no other 
than the ellipticily c, as determined upon the hypothesis of homogeneity ; 
for, calling the polar gravity G and the equatorial gravity g, and recol- 
lecting that Ihese are as the normahi, we have 

" g " ' 

consequently, whatever be the law of the earth's density if we call the 

ellipticity or compression C, we haveC + c^ — = — . paae 

2 3 280 "^ ^ 

1 2 9,) and therefore 



C— .— = 



/ 



n experiments at Madras 

X = 13''.4'.B', 1 = 39- OiSi. 
n experimcnbt at Melville Island 

X'=14''.4T'.12', r = 39 -2070, 



= ■0053214, and a< 



678 



= ■0086505, therefore 



■ See ProfeuoT Aiij"! Tractf, f. 174. 



204 ELEMENTS OP DYNAMICS/ 

From this value it appears that the equatorial diameter of the eaith 
exceeds the polar by about the 300th part of its whole length ; that is, 
these diameters are to each other as 300 to 299, and this ratio agrees 
almost exactly with the ratio as determined by means of the actual 
measurement of degrees. See Dr, Grtgory*i Trigonometry y page 231 ; 
and Airyt Tracts, page 186. 



PROBLEM III. 

(131.) To determine tlie time of oscillation of a cycloidal penduhim 
(fig. 102). 

When the axes originate at the extremity of the base of the cycloid 
we have found for the length of any arc « (Int. Calc. p. 120,)* 

* = 4r — 2\/2r(2r — d?) .... (1); 

but if we measure s from the vertex, then, since the length of the semi- 
cycloid is 4 r, we shall have, by subtracting the foregoing expression 
firom thi^ and then removing the origin to the vertex, that is, substituting 
j: + 2r for x, we have, in the inverted cycloid (fig. 103), 

* = 2\/2r«p .*. </* = N — djc 

,v 

/ds ,r n dx 

r 2 

=: s/ — versin.— * —-x 4-0; 

g A 



• An obvious error has crept into the formula here referred to; 
instead of 



8 

it should have been 



= \/2r C-^ = 2 n/S^ + C 



«s=>/2r I J ^ — =:2^2r(2r — y) + C, 
and C is determined from the condition that # =:0 when y = 0. 
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hence, fixjm or s= a: to x = A, 

I r 2 

< = N — [tt — versin.— * -r *} > 
g ^ 

which expresses the number of seconds in descending from the altitude 
h to the altitude ,v; therefore the time of descent to the lowest point A 
at which j: = is 

T 
t-=ZTC U .... (2). 

g 

This expression being independent of A, is very remarkable, inasmuch 
as it proves that the time of descent to the lowest point is always the 
same from whatever point in the curve the body begins to descend. The 
oscillations in a cycloid are, therefore, always isochronal. 

Tlie cycloidal pendulum must oscillate between the two equal cycloi- 
dal cheeks SB, SC, about which the thread SP wraps itself; the length 
of the pendulum being equal to that of the curve SB, or which is the 
same, of the semi-cycloid BA, and this, from equation (1), is by putting 
^ = 2r, s = 4r, so that calling the length of the pendulum / the expres- 
sion for a complete vibration is, from equation (2), 

g 

which is the same as the expression given in last problem for the time 
of vibration of a pendulum of the same length, in a very small circular 
arc. 



PROBLEM IV. 

(1 32.) When a body vibrates in a circular arc, to determine the ten- 
sion of the string at any point, (fig. 101.) 

Here the cosine of the angle a, or PXA, which the normal makes 

r — X 

with the axis of x, is obviously . Hence, by the formula for the 

r 

tension, we have 

, . r — x 2fi-(A — x) r-f2A — 3« 
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at the lowest point, or where x=:0 

tension := g ; 

which, if the body fldi from A ^ r, becomes 3g; tf&tt ia, the body, when 
it comes to A, is acted upon by three times as much force as it would 
be if at rest there, and, therefore, the body stretches the string with three 
times its weight. The tension is, obviously, greatest at this point. 
In order to determine the point at which the tension is O, we have 

® r 3 

the abscissa of the point at which the pendulum, let fail from the height 
hf produces no strain on the point of suspension. 

To determine the point at which the strain is the same as when the 
body hangs at rest, we must equate the expression for the tension with, 
^, we thus find x zs. }A. 

* 

PROBLEM V. 

(133.) To determine centrifugal force and the tension of the string in 

the cycloidal pendulum. 

We have alieady seen (Prob. ii.) that in the cycloid the expression 

dx 
for sin. a, or — , is 
di 



-—■= ^ -r- .'. cos. •OB'Ttss V 1 — 8m.'a = N — 

ds ^ ^r at 2r 



dx X 

By means of these expressions we may find the radius of curvature at 
any point {x, y,) from the formula, Diff. Calc. p. 130. It is 

_ ds^ ^. dh/ __,^J_^ •■ 



rf^ ' dx^ X ' *N/x(2r — *) 

= 2 ^/ir (2r — x); 
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^ence the expression for the centrifugal force is 
aiid, for the tension, we hare 



At the lowest point, or where j: =0, both the centrifugal force and ten- 
sion are obviously greatest; the expressions for them being 



PROBLEM VI. 

(134.) To determine the time of gyration of a conical pendulum. 

When the pendulum, instead of vibrating in a vertical plane, is made 
tQ pass over, or generate, a conical surfoce, as in fig. 104, it is called a 
conical pendulum. 

The motion of such a pendulum is due to three forces, viz. the ten- 
sion t,of the string AC; the force of gravity g, in the direction AD, 
and the centrifugal force J^, in the direction AB; and these three forces 
keep the body. A, at the same constant distance r from S; hence, re- 
solving the tension t in the directions AS, A£, we have 

t cos. a =/= — (art. 126) 

T 

t sin. assg'f 
therefore, putting CS = a 

sin^_^ a _^ gr^ 

co8.« tr r v^ a 

but t** being the whole time of gyration, we have 



v^ 



4 TT* r^ 



r a g 
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which expression, being independent of r, sheWB tfaattlie periodic time 
varies as the square root of the altitude of the conical sor&ce described, 
whatever be the length of the pendulum, or the radius of the base of 
the cone. 

We have seen (Prob. i.) that the time in which a pendulum of length 

a vibrates in a small circular arc is expressed by ^ = #' ^ — : hence 

g 

the time of gyration of a conical pendulum is exactly double the time 

in which a simple pendulum, whose length is the height of ^the cone, 

would vibrate in a small circular arc. 



ON CENTRAL FORCES. 

(135.) The motions of bodies, acted on by central forces, is a branch 
of the general theoiy, of so much importance^ in the system of the 
world, that it will be proper to give it a distinct consideration, and to 
present the equations of motion, with no more generality than may be 
requisite, in order to comprise the theory of a body's motion, when 
urged by a single centre of force. 

It will be convenient here to put aside the use of rectangular coor- 
dinates, and to employ polar coordinates originating at the centre of 
force, so that P (fig. 105,) being the place of the body at any time t'\ and 
S the centre of force, the point P will be determined firom knowing 
SP = r, and the angle PSX = a>. 

The law of force, supposed to be some function of r, will be known 
when the general relation between r and <•>, independently of ^', is 
known, and, conversely, this general relation, or tlie equation of the 
orbit, will be known when the law of force is known; this we shall now 
proceed to shew. 
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Letussuppose the force R lobe altraoliveiilien we know (121) ihai 
da 
the velocity — , in tlie orbit, will hv 

^=-i,B*....(l). 

Now, whatBTBT be the iudependent variable, it is sbewu (Inl. C"/i' Ji- 
123) that 

(et then ( be the independent variable, and we have, from (1), 

'^~+~ = -2fRdr . . . .(2). 

We moreover know {Int. Calc. p. 137) that the polar expression for 
the area generated in t", viz. the area XSP is i.fr^iii, aiid we have seen 
(132) that this area b pro^itional to t, that is 



Asuis the angular space passed over, — expresses the anguiar i-rlo- 

cUg, and the equattoo (3) shews that this angular velocity varies in- 
Tersely as the squareof the diatauce of the body from the centre offeree 

If we substitute in (2) the value of — , in (3), we have 

-5- + ^ = -!/»* = ,'. ...(1). 

This equation, as it contains only tlie two variables r arid (, which we 
see are at once separable, will enable us, when R is given, to lind th? 
general relation between r and I, and thus the distance of the body from 
the centre at any given time. 

^^, by the same two equations, viz. (2) and (3), we may eliminale 
dr 
r Bod -7-, when/Rf/r is found, and we shall thus have a differential 

equation, involving only u and f, irom which the general relation between 
u and I may be determined : aod thus the positiao of the body at any 
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time completely found . The two general expressioQ9ior t, thus obtained 
will, when put equal to each otlier, obviously represent the path of the 
body. But this will be better done by eliminating at once dt* from the 
equations (2) and (3), by which we get for the differential equation of 
the orbit 

which will become somewhat simplified by putting u for — , as it 

r 

then takes the form 
du* 



dia* 
or which is the same thing, 



+"'=i-y*5-''''--w5 



du* 



/R 
— du has been per- 

formed, is the differential equation of the orbit, which, by integration, 
will become the algebraical equation of the curve. I^ however, the 
orbit is already known, and we require to determine the law of force, 
the operation will be easier, as no integration will be necessary; thus, 
by differentiating (6), we have 

dhi . R 



</o>* c* m' 



* We must caution the student against supposing that we here depart 
from the theory laid down in the Differential Calculus, by seeming to view 
dtaaa finite quantify instead of absolutely nothing. It must be remem- 
bered that in every formula, containing only first differential coefficients, 
the independent variable may be always considered as entirely arbitrary; 

du) 
that is, every coefficient, such as -^— -, may always, without at all altering 

its value, be changed into the more general form ^—-r, (see Diff. Calc. p. 

{dt) 

97.) In the above, therefore, we tacitly suppose this change to be effected, 

and eliminate, in fact, the finite quantity {dt)* 
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■■■« = '■= «'|-£^s + «i W. 

These equations, ot in fact ilie single eqiia.iion (6), contains the whole 
theory of central (brceSj at least as far as regards the nature of the orbil, 
the law of the force, and the velocity of the body at any point. When 
the lime enters intocnnsideratiLon the equations (2), (3), and (4) become 

(136.) Having established these equations, it would be easy now 
to deduce trom them a variety of other forms, but we shall not detain 
the student by so doing. One or two transfbrmationa, however, deserve 
to be noticed on account of their utility. 

looking to the terms within the brackets in equation (5), as con- 
nected with the angle P, (fig. 106,) -we observe that they denote (^Diff. 
Cuk.p. 118)' 



Now, if from the pole a perpendicular p be demitled upon the tangtot 
at V, its length will be p=zr sin. /.P; hence we may transform the 
equation (5) into 



an expression of remarkable simplicity. 

(13T.) Another useful and simple form is obtained by introducing 
the expression for the chord of the osculating circle drawn from P 
through the pole. This espression is thus deduced; from the centre of 
curvature C (fig. 10T,)diaw CM perpendicuiarto the ladiua vector, then 
FM wilt, obviously, be half the chord of curvature; upon the tangent 



' At the top of the pnge, here referred to, the tipresaioi 
r' abould be inttirchonKH!. 
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PT demit the perpendicnlar STx:? /? i thQQ theang^TPM being equal 
to the angle PCM the triangles STP, PMC, are similar, therefore, 

chord = 2PM = 2 5£^^=:2y-^ .... (1). 

Now if we join SC = a, and draw the perpendicular ST* = PT, then, of 
whatever curve S is the focus and CP =: y the radius of curvature^ we 
always have, {Geom. p. 35,) 

dr dr 

.'. = 2r- 2y .-. 2y = ar-r 5 

dp dp 

and, substituting this in (1), we have 

dr 
chord :^2p — -: 
^ dp 

and, consequently, the equation (10), art. (136), becomes by substitution 

chord 
Moreover, since from (10), 

t;2=:R;,^s=Rxichord; 
dp 

and since we likewise know, if the force R were to remain constant and 

to draw a body let fall from P along the chord of curvature, that when 

it should have fallen through ^ the chord we should have t;*=R X i 

chord, we infer that the velocity in the curve, at any point, is the very 

satne as the body would acquire in Jailing through one fourth the chord of 

curvature, supposing the force, at that point, to remain constant. 

(138.) The force F, which placed at S, would compel the body at P 

to revolve round the centre, at the same distance SP, with the angular 

velocity, it actually has when at P, is called the centrifugal force at P, 

or rather the centrifugal force is equal and opposite to this. The ex- 

duf 
pression for the angular velocity is, as we have already seen, — which 

dt 

is no other than the actual velocity in the small circle which a point in 
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the radius yeotoratthe unit of distance rrom S describes as SP rerolviM;* 

dai 
the i-eloci^, tiierefora, due to the force F, of which we speak, is r — ; 

but when the body moves in a circle the cetitrifiigat force is expressed 
by the square of the velocity divided by the radius, so that we have 

F = r-j^,-. F= ^ (equa. 3,art. 135). 

If the force R, really placed at S, were but just sufficient ta retain the 
body at P in a circle, either of these values of F would express its ii»- 
lensity; whatever additional influence, therefore, 11 actually exerts, or 
whatever intlueDce short of this R exerts, it must be wholly employed 
in dimiuishing, or increasing the radius vector SP; this portion of foice, 

iPr 
therefore, is truly represented by ± — — ; the upper sign applying 

when the radius vector increases, and tlie lower when it decreases; or 
omitting, as usual, the signs before the diiferenlial coefficients, we have, 
for the intensity of the central or centripetal force H, 



The force — is called the paracentric font, and tlie velocity 
dr 

— , due to it, Ihejjorflfcn/ric vehcity. This velocity we may readily 

express for any point in terms of tlie coordinates, independently of (. 
TTnis substituting the value of — 3/IWr, in equation (5), an.(13a) iu 
the equation (4), which precedes il, and we have 

,j ^ -J ■ -J— J = fjKtracentrie nfiuci/y)'. 

* For as the angle w is described In t"', tbe ;ioiiit to which ve alluJa 
describes the arc 1 x u ; hence the veloolQ', Iwing tbe difTurenlisI coeOi- 
clent of the space, with reepvct to tL» time, it —. 
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The paracentric force is (equa. 1) tiie ditfbreiice between the cei^ 
tripetral and centrifugal forces. 

We shall now proceed to illustrate this theory. 

On the Motions of the Flanetk. 

(139.) Before Newton's discovery of the law of universal attraction 
the paths in whi6h the planets revolve about the sun had been ascer- 
tained by observation ; and the following laws, discovered by Keplery 
and afiftrwaidi called Kepler's laws, were known to be true. They 
are the thwe following : 

I. The radius victor of wer^ planet describes sibout the mm as aptde, 
equM areas in equal times. 

II. The path of every planet is an ellipse, having the mh in oiie sjf 
its foci, 

III. The squares of the times of revolution are as the cubes of the 
me^n distances froin the sUn, or as the cubes of the nu^ar qx^ of the 
orbits, 

(140.) From these facts^ revealed by observation, let us now deduce 
the law of attractive force, on which they must necessarily depend. In 
order that nothing may be assumed in this inquiry, let us, before we 
bring into application the preceding theory, shew that this force, what- 
ever it be, must be directed towards the sun. In order to this take 
the centre of the sun for the origin of the rectangular axes, these being 
in the plane of the orbit, then the components of the force acting on 
the body at any time f*, in directions parallel to these axes, will be 

from which we get, as at art. (122), 

i^7f!^ = Xy_Y, ....(I). 

We have, moreover, seen that^dli' — fxdy is the double area described 
by the radius vector about the sun, during the time t* (122), and since 
by Kepler's first law, this area is always proportional to the time, we 
may generally represent it by ct, c being constant; hence, we have, by 
differentiation, 



aad, diflerentiating ^ai<i, we bave 

rf.(j,rfr-irfg> _ 

rf,a ■ • ■ ■ I y. 

consequently, (1) 

tliat is, the lines represented by X, Y, are proportional to llioae repre- 
senied by x, y, (fig. 108), and, therefore, PR is in the same line as PS, 
llial is, the cesultaot ut the forces on P is in the direction PS, so that 
the planet P raoves under the influence ofacentral force at S, the place 
of the sun. We itifer that this force must be attractive and not repul- 
sive, because, from the second law, the curve PP' is always concave to 
S, and, therefore, P is drawn from its wonted path Pp towards S. 

(141.) Having eslablished this, we have now only to compare the 
polar equation of the orbit with the equation (8), at page 2 1 8, in order 
to determine the value of B. the force of attraction on the planet. Id 
the ellipse referred to the focus, the expression for r, is {Anal. Geam. 
p. I3S,) 

-i+eco-.e' 

inwhichaisthesemi-majoraxisOB, (fig. 110,)e the ratio of the ewen- 
iricity OS to the semi-major axis, and 9 the variable angle PSB. B«)l, 
instead of SB, let us take any other fixed axis SX, making with SB the 
angle BSX = i>, then calling PSX, ui, e=w — n, and, therefore, 
"O — '') ■ t _ l+ecos .( .^-.) 

'■-1 + Boos.(«-.)" r o(l-^) ^'>- 

Differentiating this, with respect to l^e variable angle u, we have 



and, diderenliating again. 
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adding this to equation (1) above, we hare 

d^u . 1 

+ 11 = 



Hence, by equation (8), pi^ 211, 

c*u* t* 1 

The coefficient of -j, in this expression for the central force is con- 
stant for the same orbit; hence eveiy planet U retained in its orbit by 
an attractive force residing in the iun, and varying in intensity inversely 
as the square of the distance at which it acts. 

(142.) For the velocity at any point, we have 

to determine the constant C we must know, ^ priori, the velocity at some 
given distance; or we must know at what distance and with what velo- 
city the planet is originally projected into space. Callmgthis primitive 
velocity v^, and the corresponding distance r„ we have 

Sc* 1 1 

* a (I — e*) ^ r r, ^ 

hence the velocity is greatest when r is least, that is, at that extremity 
of the major diameter which is nearest to the sun : this point is called 
the nearer iqne, the curve being there perpendicular to the radius vector. 
At the opposite point, or farther apse, the velocity is least, since at this 
point r is greatest. 

It may be remarked that the coefficient — > which occurs in 

a(l — er) 

the foregoing expressions for R and v, is the value of the attracting force 

at the unit of distance from the centre, being what R becomes when 

r 5= 1 ; c always represents the space described by the radius vector in 

one second of time. 

(143.) The equation (9) at page 21 1, will fornish a simpler expression 

for the velocity than that just deduced ; for the perpendicular p from 
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llie focus on ihe tangent being {Anal. Ceoni. p. 93,) 



It will be easy to compare iTiis velocity with that which a body would 
have revolving in a circle at the sa.ilie distance r, and about the same 

centre of force; for, calling this velocity w'jwe know that H^^ 

,-. v'^^Rr; hence, refeiriiig to the value of R, in equation (3) above, 

rel.' in ellipse ; vel." in circle ; : ; — ;; Su — t ; a ; 

that is, as the distance of P liom the empty focus of (he ellipse to the 
serai-majar axis. 

Fivm the same expression for i^ vie learn that the velocity at the 
menu distance, r^a, tliat is, at the exlramity of the minor axis, is a 
mean piopOTtioual between the .velocities at the apsides or at the dis- 
tances r^ r, and r^2a — r'. 

(144.) Inthe expression for the force (3) the quantities a, e, c, which 
enter, are different for difierent planets; we cannot conclude, therefore, 
Irom this expression whether, like terrestrial gravity, this force is inde- 
pendent of the magnitude and constitution of the body attracted, that 
is, whether at the same distance r, or at the unit of distance, R has, in 
all cases, ihe same value; but Kepler's (bird law, which we have not 
hitherto used, enables us to establish this point. Let T" be the lime 
of a complete revolution of any planet F; then, c being the double 
area described in 1", cT will, by the first law, be the double area described 
during a whole revolution, thai is, it will express twice the area of the 
ellipse; but the area of this ellipse is (/n(. Cafc. p. 129) ir a' "/l —- 1'; 



;r with respect to wiy ottin planet P' 



J 
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a'(l-^"" T'» 
But, by Kepler's third law, 

T ; T' : ; a* : a'-* 



" a (1 — e^) a' il—e'^) ' 

and each of these expressions denotes the influence of the central force 
on each of the planets P, P', at the unit of distance; these influences, 
therefore, being the same, the force is of a similar nature to that of ter- 
restrial gravity, influencing all bodies alike at the same distance from 
the centre of force. 

(145.) It may be here remarked that the same law of force (equa. 3) 
would be established if we did not know, from observation, that the 
paths of the planets were ellipses, but only that they were conic sections; 
for the equation (3) would remain the same except as relates to the 
value of e which is either equal to, less than, or greater than 1 , accord- 
ing as the curve is a parabola, an ellipse, or a hyperbola. Hence if 
a hodtf move in a co7iic section ^ in virtue of a central force, that force 
must be in the focus, and must vary inversely as the square of the dis- 
tance at which it acts. 

(146.) Let us now proceed to the inverse problem, viz. to the deter- 
mination of the orbit which a body must necessarily describe about a 
central force, which varies inversely as the square of the distance at 
which it acts; this being the law of force which, as we have before re-, 
marked, was discovered by Newton to be that which governs the pla- 
netary motions. 

Let R = — , A being the intensity of the force at the unit of distance, 

or when r=sl, then substituting this expression for R in the general 
equation (5), page 21Q, we have for this particular law of force tlie fol- 
lowing expression for the velocity, viz. 

, c« 1 dr^ , ,. 2A , ^ ... 

'^'=-;:5{7^-^-+-n=-7+c.,..(i); 

the integral of which is the equation of the orbit. 
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Bui, by article 143, equation (2), when the orliil is a conic seclion, 

'=i i^- w^ + n = ^^y'-^.- ■ ■ m; 

the integral of this equation is, iberefora, the equation (1) p. 215, in- 
voking the arbittaiy constant a, and this, be it observed, is true what- 
ever be the values of the consl&nts a and e. But if these be detenninrd 



(3) ■ ■ ■ A=-r(T^r7y <^=— ;r '■"■ 

the two equations {]), (-2) will, obviously, become identical; hence 
with these conditions equation (I) will also be theintegtalof (l)above, 
aadjin which e and a ace fixed by the equations (3) and (4); (1), there- 
fore, 19 the equation of the orbit sough). 

We are warranted, therefore, in iuferrin(t the converse of the propo- 
siliou at the close of last article, viz. that if the central force vary in- 
vctkIi/, as the square of iJie distance, the budy muU detcrihe a evnk lec- 
lion, having that farce in iitfocus, 

(147.) Havingthus determined the nature ofthe orbit, lei us endeavour 
to ascertain its form which will require llie determination of the con- 
stants ( and C, both of which depend upon the circumstances of the 
initial motion of the body. 

C may be determined from knowing the iaiiial velocity and distance, 
that is, the impulsion witli which the body is bunched into space, and 
the distance of the point of projectioo from the centre ot force; coll these 
respectively f)^ and r,, then from equation (1) 

To determine c requires that we know not only ihe point and velocity 
of projection, but also its direction; or tlie anyle it maiteB with the 
radius vector at that point. Call this angle 9. then the initial velocity, 
in the direction perpendicular lo the radius teclor, is v, sin. 0, which 

is, therefore, equal to rj — ; but equation (:)), p. 309, Ti' — ^i'; con- 
sequently, 
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Hence llie oomteots which enter iulo the eqiMlioot (3) •nd (4) mm de- 
termined in terms of the initial quantities; substituting them in those 
equations, we get, from (4), 



and, from (3), 



ff,»/ — 2A 



J 



ah A* ' r, ^ 

By means of these two equations the orbit may be constructed ; its form 
may be completely determined by the second equation alone, since tke 
form depends entirely upon die value of e. It will be an dlipsc if 
c < 1> an hyperbola if e > 1, and a parabola if « :b 1 ; that is, the oihit 

will be 

2h 

an ellipse if p, < — 

an hyperbola if 0|' > — 

a parabola if v.'es — i 

so that the same central force which governs the planetaiy motions, and 
causes them to describe ellipses, would have .been equally competent 
to cause them to describe either hyperbolas or parabolas, but not aiqr 
other curves. For ought we know to the contrary, therefore, there noay 
be planets governed by the same attractive influence, and moving in 
hyperbolic or parabolic orbits, and which, therefore, continually proceed 
onward in space without ever returning. 

It is a singulai* fact, that, as the foregoing expression for a, the semi- 
major axis of the orbit, is independent of 0, the angle of projection, the 
major axis of the orbit, will be of the same length whatever be die angk 
of projection; the minor axis, however, will vary with this angle, seeing 
that its sine enters into the expression for the excentricity. 

As to the absolute lengths of these axes, they are at once determined 
when the initial conditions of the motion are given by means of the 
equations (3) and (4), since the constants which enter them are known 
in terms of these given conditions by equatioQa(l) and (2). 



The velocily of the body at any poinl of its orbit is given by the 
equation (2) art. (146), atiA, by substituting this eiipressjon for v m 
the general equation (5) art. (135), we retidily get a differential es- 
pression for the angle lu corresponding to tliat point, and, finally, the 
value ofrffu, given by this espression, substituted in theeqoation (3)of 
ihe same article, will furnish adifferential equation between f and r, and 
thence the time of arriving at the proposed point becomes known. 

In all these results the quantity h enters, which quantity denotes the 
value of the accelerative force at the unit of distance from the centre of 
attraction; or radier it expresses the number of these units in the linear 
space which measures the attractive force at the unit of distance. Now 
the olttactive fiircea of the sun and planeta, corresponding to any pro- 
posed distance, vary directly as their masses, therefore, whatever energy 
the unit of mass exerts at the unit of distance the mass M of tlie sun 
exerts M times as much, and the mass m of tile planet, in times as much; 
the whole fotce, therefore, which thesunrefpirded astixed, exeilsontht 
planet at the unit of distance, is (art. 119) M +m times as much as that 
exerted by the unit of mass at Ihe ujiit of (listaoce. Considering thifi 
latter to be die unit of force, and representing it by 1, accordingly M 
+ wi will truly represent the attractive power exerted on the planet at 
the unit of distance, and, therefore, at r such units distant the expression 

M -f m A 

for the attractive force will be — , which is the value of — in 



the preceding formulas when we consider the action of the sun on a 
single planet only. We may also express the intensity of Ihe solar-and 
planetary attractions io terms of terreslrial gravity; thos, calling the ra- 
dius ot the earth r,, and m, its mass, we have, since 
directly as the masses and inversely as thesquiire^of the disi 



the attractive force of Ihe sun at any distance r 
'e force of the planet is 



hence there united influence is 
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— ^^— 4- g> 

the factor wliich multiplies g being an abstract number. This number 
win, of course, remain the same if we deliver the mass and distance each 
from its peculiar unit, regarding M, m, r*, &c. to be numbers merely, 
in which case writing the expression thus 

r * 

we see that -^g is that which we have taken above for the unit of at- 
w, 

tractive force; it is plainly the expression for the attractioti of tite mass 

1 at the distance 1 . 

We here close the second section; for, to pursue ^lese interestiBg 

inquiries further, we should be compelled to pass by matters took 

especially entitled to a place in a treatise on Mechanics. We have, 

however, given thus much of the first principles of Physical Astronomy 

because we were unwilling altogether to omit touching upon a subject 

so highly calculated to excite the inquiries of the student and because, 

moreover, we had indulged a hope of being able to unfold these first 

principles with more simplicity than is usuaHy done. 




SECTION III, 



ON THE MOTION OF A SOLID BODY. 

(14S.) Hitherto vie have limited our iuvestigatians almost solely to 
the motions ofa single point: or, if we have at any time introduced the 
couaideration of a moving body, it has usually been oil the hypothesis, 
that the influence by which it mored was diffiised uniformly through 
its mass, acting alike upon every pailicle; so that if any portion of the 
body were to be remoTed, all liie influence, in virtue of which ihai 
particular portion moved, would be laken away too, and tlie remaining 
part of the moEs would go on precisely in the same way as it would 
have done if accompanied by the part subtracted, and precisely as it 
would do if reduced to a aingle pajticle. It is in this way that the 
forces of attraction are uniformly diffiised thi-otigh the masses of the 
attracted bodies, and to tliis description of fon^s our attention has been 
almost entirely directed hidierto. We have not, however, wholly over- 
looked those motions which result &om pressure constantly pushing 
focvrard a mass of matter, aol that we mean to mark any difference, as 
far as effects are concerned, between pressure dyoamicaUy cousiderei), 
and an attractive force; for, as already observed at (104), the motion 
produced by an attractive force may be considered as due to the body's 
own pressure, as is manifest; but if it were to be urged by a pressure 
less than tliis, we ought obviously to expect a diminished acceleration ; 
and if it were urged by a greater pressure, we should look for an in- 
cTea<ied acceleration; but, as just remarked, particular cases of this kind 
have already been considered, viz. in problems i. and ii. at page 156; 
thus, referring to the first of these problems, we find that the whole 
weight to which motion is given, is W + W,, which represents the 
whole pressure of the mass moved; but the motion is due to a lets 
pressure, viz. to W, sin. i, — W sin.'i, and accordingly we find a 
diminished acceleration. 

(149.) The preBsute which thus moves a body is called ft moving 
pressure, or rather a moving Jbrce; the acceletatioa due to such a force, 



J 
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or the force competent to produce any proposed aeoeleratiooi 'may be 
determined by the principle at page 145 : thus, calling the whole pres- 
sure or weight of any mass M, W, the acceleration dae to ttiis piciaBBWi 
gf and that produced by jany other pressnre or moving forces F> we 

have 

F 
^ : F : : W : W — = the moying force. 

which expression obviously represents the weight which the mass M 
would have if the accelerative force which impressed that weight 
were F. 

The weights of bodies obviously vary with their mass, or with the 
quantity of matter they contain, and, also, as the accelerative force which 
impresses weight ; that is to say, weight varies conjointly as the mass 
and the accelerative force ; we may, therefore, in these inquiries sub- 
stitute for any weight W the quantity to which it is always proportional, 
viz. the quantity Mg ; M being the mass or rather the number of times 
the body contains some fixed unit of mass, and g being the value of 
gravity, or the force which impresses weight on the mass. Representing 
the weight W by Mg, and putting for the moving force, we have, by 
the foregoing expression, 

dv d^ s 

supposing, as we here do, that each particle of the moving mass has a 
common velocity at every instant. 

As it immediately follows from this that 

we see that the acceleration is as the moving force or pressure directly, 
and as the mass inversely. 

For the velocity at any time t", we have, supposing constant, 



M M 

so that the velocity acquired in any time t", is the same, so long as the 



ratio, 77, of the moving force to the mass moved is the same. 
M 
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It is usual Lo coll the product Md of the moviitg maaa by its velocity 
the momenlum, so that as accelerative force is represented by ihe diffe- 
reMial coefficient of the velocity relatively to the independent variable 1, 
the moving force is represented by the differential coefficient of the 
momentum relatively to (. Instead of mass, however, we may, if we 
please, always substitute weight, since, as remarked above, these are 
always proportional. 

We shall terminate tliese introductory remarks by observing, that ol! 
the deductions at art. 105, respecting the acceleration, velocity, space, 
and time, apply equally here; and all the formulas employed there 

become suited lo the present inquiry when -—is substituted in them 

for F; provided, as before a 

a common velocity on all the particles of the n: 

acceleration of the whole may be that of each particle. 



CHAPTBB. I. 

ON THE COLLISION OF BODIES. 



^ 



(150.) In the present chapter we propose briefly to consider the 
circumstances of the motions of bodies moving in certain directions, 
(rom the effects of impulsion and impinging against each other. 

Let ua suppose that the quantity of matter which we assume for the 
unit is projected by any given impulsion; it will move with aconsiant 
velocity always proportional to the intensity of the force of impulsion 
(p. 143); this velocity, therefore, vyill always correctly represent the 
mlensity of the force. If we take two such units, and two such im- 
pulsions act on them simultaneously, and in the same direction, the le- 
lative positions of the moving masses will be always preserved, so that 
if the two units were actually blended into one mass, and the two im- 



226 ELEMENTS OF DYNAMICS. 

pulsions be thus made to coalesce and form a double impulsioii, the 
same velocity as before would be impressed on the mass; and it is plan 
that in like manner if M such units be blended into one mass, which 
receives an impulsion of M times the intensity we have supposed ap- 
plied to the unit, still the same velocity would be impressed; conse- 
quently, when any body whose mass is M moves from the effect of an 
impulsive force, the correct expression for the intensity of that Ibroe 
must be Mv, the mass into the velocity, that is the momentum, 
measures the impulsive force. 

Knowing then how to estimate the intensi^ of impulsive force, we 
may proceed to consider the circumstances of 

Direct Impact, 

(151.) We shall first consider the bodies which impinge to be entirely 
inelastic, or of such a nature that they are blended by the impact into 
one mass, and our object will be from knowing the forces of the im- 
pinging bodies to determine the motion of the united mass. 



PROBLEM I. 

Two inelastic bodies M, M, move in the same straight line with 
velocities r, v^ : to determine the velocity afler impact. 

The impulsive force on M is Mv; that on Mj is M|Vj, and these 
two combined form the impulsive force which moves the blended mass 
M + Mj ; but if V be the velocity of this mass, the impulsive force on 
it must be (M -|- M,) V, 

.-. (M + M,) V = Mt; + M, v^ 

the velocity required. If the body Mj were moving in a direction 
opposite to M so as to meet it, then Vi should be taken negatively, and 
in that case 

__ Uv — M, V, 
^ ■" M + M ^^^' 
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and the sign of V thus determined will point out the direction in which 
the luass mares after impact. 

If the body M, be at real, then, since u, = 0, 

'=m-¥h7 ■ ■ • • <"■ 

In all cuseathe momentum (M-)- M,) V iil^r impact is tlie sum of 
the momenta before impact, those being taken with opposite si^ts 
which act in opposiie directions ; so that the momentum lost by the 
one body by the collision, is precisely that which is gained liy (he other. 
In the last of the above cases (3), tbe momentum of the whole mass 
being (M + Mi) VasMr, and the momentum gained by M, which 
was at rest being M, V, this must be the momentum lost by M. 

Thisloas of force in M shews that the mas^ M, opposes a resistance 
lotion, and M, V enpresaes the value of that 
ir the impulsive force necessary to balance it; this result is 
quite independent of the weight of the resisting body, seeing that we 
here consider only its mass; it is, therefore, the consequence of its 
inertia, which is therefore proportional to the mass. 

(1S3.) Let us now consider the impact of two elastic bodies which, 
as in the former case, move so as to impinge at some point in the 
common line described by their centres of gravity. 

Bodies of this class yield to the force of impact, and suffer a com- 
pression, and therefore a change of figure; and the elasticity is that 
inherent force whicli the body exerts to recover its original form. If 
the force thus exerted at every point throughout the whole depth of the 
impression, while the body is recovering its form, is equal to the im- 
pressing force al that point, the origi ual form of the body must be per- 
fectly reslored, and the elasticily is then said lo be perfect,' In this 
case, whatever velocity one body lost during the action of the force of 
compression, il afterwards lost just as much more during the action of 
the force of restitution; and whutever velocity the other body gained 
during the compression, Jt gained as much more during the reatittition; 



U|iy the same length a! 



M 
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for the qompressing and restoring forces (which are no other than con- 
tinued pressures, although operating for an exceedingly short time,) are 
equal, and therefore equally oppose the motion of one of the bc^dien, 
and equally favor the motion of the other. 

It is easily seen that the same would be true if only one of the bodies 
were perfectly elastic, and the other perfectly hardy or incapable of re- 
ceiving an impression. 

When the force of restitution is not equal to that of compression, but 
only the eth part of it, the elasticity is said to be imperfect, and e mea- 
sures its relative intensity; it is competent to communicate only the eth 
jikft of the velocity due to perfect elasticity. 



PROBLEM II. 

r. ..- 

Two elastic bodies M, M,, moving with velocities t>, Vj, strike with 
dirjBct impact: to determine their velocities afterwards. 

So long as the compression continues, the bodies move as one mass, 
and therefore with the velocity 

V — .?lf_±_^?L!!L 
"~ M + M, ' 

30 tlwit M will lose the velocity v — Vand M, will lose the velocity 
V| — V, and these would express the velocities commimicated, l>ut'in 
opposite directions, by the force of restitution, if the elasticity vrere 
perfect; but let it be only the eth part of perfect, e being afifactioh, 
then the additional velocity lost by M will be c (v — V), and by M, 
e (vi — V); hence the velocities af^er the impact will be 

ofthebody M, V =« — (1 4- e) (w — V) . . . . (1) ; 
of the body Ml, V = t;, — (1 4- e) (t^i — V) .... (2); 

or, substituting for V its value above, 

V -t; (* + *> M_j.M^ W, 

tra r, . V M C», ») 

V = .,-(l+.)-^_^...(4). 



ON THE COLLIBIOK OP SOQlEd. 

if e:=0, that 19, if the bodies are inelastic, then, b9 is plain fVon the 
equations (1) (2), the velocities after impact are V'^ V, V"=! V, as we 
know they ought to be. If e = 1, that is, if the elasticity is perffct, 
then, fronn equations (3) and (4), 



. ".(—'.' 



M 


+ M. 


M 


", - ") 


-M 


TmT 



• (5) 



ir we multiply each mass by Ihe velocity of it after impact, w 
.when the bodies are perlfeclly elaalic, 

MV' + M,V" = M(i + M,«, .... 0); 

hence the sum of the momenta before impact is the same as t 
after impact. 

If we subtract the equation (S) from (l), Caking e^ 1, ne I 



., + 3«, 



■ (8)! 



hence the difference of the velocities is the same both before and af^r 

Mr hen the bodies are perfectly equal, as well as perfectly elastic, Ibcj 
exciiangetbeir velocities, each moving afterthe impact with the velocily 
the other had before the impact; this follows from putting M^M,, in 
the equations (5), (6); if, therefore, one body be at rest, the other, which 
strikes it, will impart to it its entire velocity, and rest in its place. 

From the equations ^7) and (8) we have 



multiplying these together, thei 
M(V'' — D' 



| = M,{V — V") 



MV-i + M, V"'=Mt<'-|-M,P," .... (0); 

n of Ihe products of each body into the square of its ve- 
Lme, both before and after impact. The mass into the 



230 ELEMENTS OP DYNAMICS. 

square of the velocity is called the vis viva, ot living Jarce; so lliat iU. 
the collision of perfectly elastic bodies there is no loss of vis viva. 

If one of the bodies is an immoveable mass we may consider it in 
the light of a mass M, at rest, and infinitely large; on which \suppo- 
sition equation (3) gives for the velocity of M after impact 

V' = — w .... (10); 

that is, as we might expect, M would rebound with the same velocity 
with which it struck the immoveable mass. It is true that, conformably 
to our hypothesis, the immoveable mass is supposed to be perfectly 
elastic as well as the impinging body; but the motion would be the 
same if it were perfectly hard, because the force of restitution would 
still be the same as that of compression, and the whole of this would be 
qxerted to repel the body. 



On Oblique Impact. 

(153.) When the centres of gravity of two impinging bodies do not 
move in the same straight line, yet if at the instant of collision, the shock 
which each receives be directed towards its centre of gravity the effects 
will be calculable by the preceding formulas. Thus suppose two sphe- 
rical bodies M, Mj, (fig. Ill,) move so that their centres describe Ae 
lines PA, QB, and that they strike each other at the point C; we mky 
decompose each of the velocities with which the bodies impinged into 
two, one in the direction of a common tangent to the bodies at C, and 
the other perpendicular to this tangent; the components perpendicular 
to the tangent will be those to which the impact is entirely due, the other 
components will merely exj^ress the lateral velocity, or that parallel to 
the tangent plane, which the respective bodies had before impact, and 
which, as nothing opposes it, they must still retain. Hence, bavin^if 
determined the velocities consequent upon the direct impact due to the 
effective components of which we have spoken, by means of the formulas 
in the preceding problems, we shall then have to compound these velo- 
cities, each with what the body originally had in the direction parallel 
to the tangent plane at their point of concourse. 

As an example, let us take the case where one of the spheres is at 



rest and iafiiule to magnitude, or, nhich is the same thing, let the body 
struck be an immoveable plane : let the velocity given to the impinging 
body be v, the angle its direction mal^a with the plane, that is, the 
angle of incidence ■, then the components of the velocity aie 



the latter of these being perpendicular to the plane produces the irapaci; 
therefore, if e measure the elasticity of the body the velocity, after the 
impact, vtill be (equa. 10) V'^eu ein. a, and the direction vrill bepep- 
peniliculac to the plane; hence the "velocity, after impact, will be the 
resultant of the velocities v cos. a, and e v sin. a, of which the directionB 
are perpendicuhir to each other; therefore, the velocity of leflectioo 
will be 

and the angle a' of reflection will be 



so thai if the elasticity be perfect, the velocity and the angle of reflet 
will be respectively equal to the velocity and ilie angle of incidence. 

For a more enlaj^ed view of the tlieocy of percussiun and impact tlie 
student may consult Dr. Gregory'i Mcchajiics, vol. i. and the 
Micanique of Poision, tom. ii.; and for a variety of examples reference 
may be made to Bridge's .Met/ionics, p. 150 et seq. We omit practi- 
cal examples here, which, however, are very easily framed, in order to 
make room for more important matter. 
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THE PRINCIPLE OF D*ALBMBERT. 

(154.) Inquines caneemiog moving know may he flq nrw t j g w t OW ' 
liderably facilitated by the aid of a vezy simple andiray gewegnnlpK^ 
poeitioti^ fint iatradnced into Dynamica by lyAiembent: it Mf be 
regaided aa a dynamical axiom, and may be anmrnoced as fbi^om^ 

If there be any system of bodies A, B, C, &c. vhioh in viitiie of Iht 
forces applied to them would, if entirely free, receive the several y^oMm 
Oy bf c, &c. but whicfa^ on account of their mutual connection, receive 
instead the velocities a, /3, y, &c. then it is evident that if the velocity «, 
impressed on A were resolved into two, of which one is the veloci^ «, 
actually received, and the other some velocity «'; and if, in like nianner,the 
velocity b impressed on B were revolved into two, viz. the actual velocity 
/3, and some other p^; and if a similar decomposition be efiReeledliwr 
each impressed velocity, the forces due to the componait velockies 
« , I3f, y'y &c. if severally applied to the bodies A, B, C, &c. of the con* 
nected system would keep the system in equilibrium. 

For by the decomposition, which has been effected, all the DK>tioB 
which actually has place must be due to the other components, and, 
tlierefore, those of which we speak must destroy themselves in conse- 
quence of mutual actions of A, B, C, &c. on each other. 

It follows, therefore, that there must always be an equilibrium between 
the impressed forces and the actual, or effective, forces, these latter being 
taken opposite to their real directions, that is to say, if to the body A 
we apply the force originally impressed, and also the force due to the 
actual motion of A, this latter being opposite to its real direction; and 
if we do the same with all the other bodies B, C, &c. the whole system 
will be kept in equilibrium. For although the effective force on either 
of the bodies is not equivalent to the impressed force, yet, as we have 
just seen, the impressed forces may be considered as resulting from the 
effective forces, combined with another set which destroy each other; 
hence as these equilibrate, the system must equilibrate by the combined 
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action of the impressed forces with the effective forces taken in opposile 
directions. 

, The forces here spoken of are, of course, raofing forces or simply 
momenta; that is, continued pressures, or pressures of but momeolary 
duration. 

As an iliustiation of the fbrrgoing general principle we may take the 
problem already solved, at page 156, viz. to determine the motions uf 
iivo weights W, W,, along inclined planes, placed back to back, the 
weights being connected by a thread. 

Let us first ascertain the impressed forces, or those in virtue of which 
the bodies would move if unconnecied, these are evidently for W, W 
sin. i, and for W,, W, sin. i. Let us now determine the effective or 
actual forces; ibr this purpose call the velocity of W, v; and that of 
W,, u,; then as we know ( 149) that Ihe motive force is alwayse qual to 
the HiBM multiplied by ihe acceleiation, the effective forces are on W 
W dv- „. \V, rfu, ,. , , 

— — — and on VV „ — -—■ . ft ow, by the foregoing principlf , 

g dt e dl 

if these forces taken with conlrary signs, that is, taken negatively, be 
simultaneously applied to the respective bodies with the former forces, 
the system will be in equilibrium ; that is, there will be an equilibrium 
if to the two bodies W, W, at rest, there be applied the respective 

""" W.ln..- + ^.^andW,Bin./,--^.^i 
g <lt g dt 

therefore, as these must pull the thread iti opposite directions, we mit^l 
have llie equation 



therefore, since v is necessarily equal to v„ we have 

* Regard mual, of uourje, be paid to the aigna of the BcUng forces; no ttaut 
if we consider n force upplied lo n bo(t> In one directian to be positive, we 
muit consider nny other force applied in an opposite dh-ectioo to be negii- 
t\ve; therefore, as we here suppose the effective force on VV lo pull it up 
me plane, we must take It negatively, "because we biive taken the impre^K'J 
force DO It, which would pull It dtrcn, positively. 



J 
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r^ ^ ^i.-i ~ == W, gin. 1. — W sin. i 
dB W, siB. t, — W sin. I 

• — ^ "^^ * * or • 

which is the value of the accelerative force. 

This solution it may be observed is not so simple as that given upon 

different principles at page 156; but it may serve to illustrate 

D'Alembert's principle. It may not, however, be amiss to remark here 

that the solution of this and of other similar problems may be readily 

obtained by equating two different expressions for the effective moving 

force. Thus in the present problem the effective moving force is obvi- 

W dv W, dv. 

ously W. sin. i. — W sin. i; it is also — • 1 • —-, and.dieFe- 

g dt g dt 

fore, we have the same equation as above. 

We shall give another illustration of D'Alembert's principle in this 
place. 

Two weights W^, W, are attached, the one to a wheel, and the other 
to its axle, to determine their motions. 

The impressed forces, or those in virtue of which the bodies would 
move, if free, are the weights themselves; the effective forces, or those 

W 

in virtue of which they actually move, are as in last problem — — • 

dv , , W, dv 

— on W, supposing this to ascend, and . on W,, hence the 

dt g dt 

system will be in equilibrium when to the bodies W and W, there are 

applied the respective forces 

„, W rfe; ^^ W, dv, 

W H — and W, i- • — -^ j 

g dt * g dt ^ 

and as these acting at the extremities of the radii r and R, of the axle 
and of the wheel, tend to turn the system in opposite directions about 
the axis, we must have the equation 

the relation between v and v^ is easily determined, for, as the wheel 



THE PRINCIPLE Of D ALEMBt^R'L'. 23.y 

must tuTD in the same tim^ as the axle, the vebuitiea of the neighti 
attached to them must be as their radii, 

Fl ,/(., R dv 



consequently ihe equation (1) is the same as 

(Iv _ RrWj — r' W 

' ' dl~ ~W, R' + Wr' *' ' 

which expresses the acceleralive force on the as 
therefore for the velocity aiid space we have 



RrW.-r'W 



For the accelerati" 
the equation (2), 



1 of the descending weight 

'Iv, _ R' W| — R r W 
dl W, R' + Wr' ^ 

R'W, — RiW 



g^- 



4 

rate the < 



These two examples may suffice for the present to illusnaie the 
applicatiou of D'Alembert's principle. We shall have frequenl 
sion 10 refer to it again in the course of the following chapters. 
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OBAWB& ttt. 

ON THE MOMENTS OF INERTIA. 

(155.) In treating of the rotation of a solid body, we shall always 
have to take account of that portion of the impressed forces which must 
neoessariljr be emplo3red in overcoming the inertia of the system, and 
which, therefore, are not effective in producing motion. In a body 
free to move in any direction, the inertia to be overcome by the iin- 
pressed force before motion can ensue, is obviously as the mass to be 
moved; but when the body is compelled to turn about an axis, the 
amount of inertia will obviously vary with its distance from that axis. 
This resistance to motion about any axis is called the moment (^inertia 
(^ the system with respect to that axis : and we shall see in the next 
chapter, that this moment is expressed by the sum of the products of 
all the particles of the body into the squares of their respective distances 
from the axis of rotation ; that is, m, wi', m', &c. denoting the com- 
ponent particles of the mass M, and r, r', r", &c. their respective dis- 
tances from the axis of rotation ; then, using the rotation already em- 
ployed at page 62, we shall prove that, with respect to that axis, 

moment of inertia := 2 (mr'). 

At present we shall apply ourselves merely to the determination of 
this expression in particular cases, as preparatory to the theory of 
rotation, to be delivered in the succeeding chapters. But to render 
the expression suitable for calculation, we must change it into the form 
J'r^dM, to which it is shewn to be equivalent by precisely the same 
reasoning as that employed at art. 41, to which the student may turn. 

If the whole mass M of the revolving body could be collected into 
a single point at some distance k from the axis, then the moment of 
inertia of the system, that is of this point, would be simply /r*M, and 
this will be the same as the moment which actually has place, provided 
we so determine k that 

k*M=:fr^dM ,'. ;t = >|i^^, 

so that if we can determine k, which is called the radius of gyrationy 
we shall at the same time know the moment of inertia. 
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It is frequently of consequeiiGe lo knon what togai M' ought \o he 
placed at any proposed disUvce Ic Iroai the ^xts, so that th« moment 
of inertia of the point thus loaded may equal that of the mass M. In 
order to this, me must evidently have 

fM'ssA'M .-. M' = ^'.M. 

1. To determine ilie radius of gyration of a slender rod of length / 
revolving about its extremity. 

Putting r for any distance measured on the line from the axis, we 
have by the formula 

that Ls for the whole line, or when r ssl. 

If the rod revolve about any point iri it of which the distances from the 
extremities are a and b, then, by taking the above integral between the 
limits r ^ — h, r = o, we have, for the line a + b, 

2. I'o determine the radius of gyration of a circle revolving about 
an axix through tlie centre, and perpendicular lo its plane. 

Putting R for the radius of the circle, its area will be w R,', also at 
the distance r from the axis the area is ir r', therefore, in this case, d 
M ^ a IT rdr, so that 

nR' ' R>' 

that is, when r^ R, 

and the result would obviously be the same for a right cylinder 
revolving round its axis. Tlie moment of inertia is ft' JM := ) tR*. 

3. To determine tlie radius of gytation of a circular annulus or fiat 
ring, the axis of rotation passing through (be common centre of the 
circles perpendicular to tlieir plane. 

Calling the radii of llie inner and outer circles R and H', we have, 
for the area of the annulus, the expression i H' — t R. 



i 
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If, instead of the radius R', we take any yariable nidius r, intenoe- 
diate between R and R', then the expression for die annulus will be 

'** R'*— R«""2(R'»-.R»)' 

and this, taken between the proposed limits of r^that is from r=: R to 

rs=R',is 

W* — R* I R^ J. R« 

**= 2(R'« — R*) ••• *='^ J ' • * " ^^^* 

when R = the annulus becomes a circle, and the expression for k 
agrees with that in last example ; when R' ^ R the expression is 

Ar = R .... (2), 

which applies when the annulus becomes merely a circumference. It is 
easy to see that the expressions (1) would remain the same for a cylin- 
dric shell or wheel whose thickness is R' — R revolving about its axis, 
and the expression (2) applies when the shell is of insensible thickness. 

4. To determine the radius of gyration of the circumference of a 
circle revolving about its diameter. 

The distance of any point (j:, y) from the axis of rotation is ^, the 

origin being at the centre, and the proposed diameter being taken for 

ds R ^ 
the axis of .r. Moreover, smce — = — , we have 

ax y 

dM = ds=s — dx .•. y^dMszRydx 

y 

R fvdx R X area of circle 
* circumference 



7rR» 



= iR». 



'IrrR 

The student cannot fail to have remarked the similarity between these 
problems, and those for finding the centre of gravity, and he must 
further observe that in determining the distance k of the centre of 
gyration from an axis, the same regard must be paid to the manner in 
which dM is taken that was necessary in determining the centre of 
gravity, as the form of this differential mil yai^ with the position.of the 




TUB HOMENTS OP ISERTIA. 239 



axisiVoin nhidi k is measured, ir the body is a plane area, and if 
morcoTer, the axis from which k is measured is in th^t plane, then, 
takii^ this axis for that of i, and putting dTd under the general form 
da ^fiLcdy, as at page 71, llie expression fort:'M will be, siuce what 
we have before called r is now y, 

*" M =ffi,^ dx dg=J'^- 

Or this expression for the momentof inertia of a plane area, wilh respect 
to an axis in it, may be deduced from considering the area to be gene- 
mted by llie ordinate i/ moving along the axis of t; for as 1/ genecates 
the wliole area, so must the momentum of y generate the whole mo- 
mentum; in the one case llie geneiilrix is^, and the quantity gene- 
rated ftiii'; in the olhercasethegeneratrix(see ex. 1,) is ^— and there- 
fore the quantity generated must be / - — . 

5. Applying this formula to the circle revolving about its dianieter 
oralis of J, we have, from the equation of tlie circle. 




.-. A^ M = -^ t-. ■_^_j:^ =-rr- (/«(. Chic., p. iS), 



this is for the semicircle; but if instead of integrating fiT)m_^^ — r to 
y ^ r, we had integrated from y^ — to _v^ 0, we should have had 
for the whole circle fc'M^Jxr'; as in the whole circle M is twice a» 
great as in the semicircle, *:* ia the same for both, vii. /[" ^ j r*, - 

To delermioe the moment of inertia of a solid of revolution, with 
respect to the fixed axis, it will b« tiiost convenient to view the solid 
as generated by the motion of a circle which continues always perpen- 
dicnlarto the hxed axiswhiletheceniredescribes this axis, as explained 
at page 1 50 of the Integral Calculus. In this point of view, we may ■ 
obviously consider the whole moment of inertia to be generated by the 
moment of inertia of the generating circle; calling the variable radius . 
of this y, the fixed axis being that of .r, the generating moment will, by 



U^m 
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ex. 2, be I r y ; hence the whole moment ganefaled must be 

6. Suppose the tolid were a sphere of radius a, then 

y* = 2ax — jc* .«. y*«^ = (a«x — *«)«ifc 
.-. Ar«M = |ir/(afl* — x«)«rf» = r«»(ta« — #ax-f ix«), 

and this integral between the limits x = 0, or =s 2Xy gives for the whole 
sphere 

il*M = ^ir<i», .-. *« = 4-«'*- 

Jo § 

In like manner we should find for a cone revolving about its atis 

r being the radius of the base. 
For a paraboloid the expression is 

(156.) It is useful to know how to find the moment of inertia, with 
respect to an axis, by means of the known moment with respect to 
some other axis parallel to it. We shall, therefore, now shew how this 
is to be done. 

Let AZ be the axis (fig. 112,) for which the moment of inertia is 
fr^dM, and let A'Z' be the axis parallel to it for which the moment of 
inertia fr^dM of the same mass M is to be determined. Assume AZ 
to be the axis of z, and AX, AY to be those of x and ^; ihen for eveiy 
particle m of the body, the corresponding value of Zm or of its pro- 
jection Am' is r^^x^ -^ y^. In like manner, the distance of the two 
axes being a, if we call the coordinates AA', A'B of this axis «, /3, we 
shall have a' = a^ -f /3'. Now the distance of the particle m firom 
A' Z\ that is of the point (x,y) from the point (<t, /3), is 

r^=(r-a)«-|-(y-i3)» 

= r* — 2ax — 2/3y-t^o», 
therefore 
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or, putting X tuid Y for the coordinates of the centre of gravi^ of the 
system, we have (art. 41,) 

Jr''dM=fr^itM + o= M — 2M (iX +/3 Y) . 
VVlien the original axis passes through the centre of gravity, then, 
since X =i and Y ^ 0, the formula becomei 

fr~'dM=fr'UlSl + a'M 

M*" = M(A' + n»); 
. of inertia, estimated from 



through the 
add the product of the mass by the square of 
axis, and the sum will be the new moment 



hence to the inomer 
centre of gravity, we 
its distance from the 
of inertia. 

The foregoing expression for tlie moment of inertia about any axis, 
sliews that of all axes taken parallel lo eacli other, that which passes 
through tlie centre of gravity of the body vfill be the one in reference 
lo which the moment of ioerlia is ike least; k is in Ibis case called the 
principal radial of gi/ration, 

t. l^ke a straight line or slender rod / revolving about aa axis at 
the distance a from the middle; then, by the first example of last 
article, the moment about the middle is i^ ^, therefore the moment 
about the proposed axis is 

2. I^ a circle revolve about any line in iw plane. 

The moroeni round a diameter parallel to the line is, by ex. 5, 
} irH, and consequently, calling the distance of this diameter from 
the iiroposed line a, we have 



= }/ 



It of the 



Tiie result ia necessarily the same when the proposed a: 
plane of the circle. 

3. Required the moment of inertia of a cone revolving about an axis 
through tile vertex, and perpend iculat lo die axis of the cone (fig. 113). 

Let VA be to AB as 1 lo n, then calling the distance VA' of any 
variable sect.on j, we have A' P = n* for the radius of that section. 
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and for its moment of inertia the eipressioii, as found m last ex- 
ample, is 

lience, for a solid generated by this circle, the moment is 

which applies to the cone of altitude jr. 



ON THE ROTATION OF A SOLID BODY ABOUT 

A FIXED AXIS. 

(157.) Suppose a body of a known form and mass to be freely move- 
able about a fixed axis, passing through A (Bg. 114), and perpendicular 
to the plane on which the figure is represented. 

Suppose an impulse or shock to be given to the body thus circum- 
stanced, and that it is in the direction BC, perpendicular- to the plane 
AB, drawn through the fixed axis ; if the impulsion were oblique to this 
plane we should only have to take account of that component of it which 
is perpendicular to the plane, because the other being directed towards 
tlie fixed axis, would be counteracted by its resistance, and its effect 
destroyed. 

If, when the impulse was given at B, we conceive the mass to have 
been perfectly fi:ee, and to have been concentrated in the point B, or, 
which is the same thing, if we conceive the impulse to have been directed 
towards the centre of gravity of an equal mass M, perfectly free, then, 
V being the velocity communicated, Mv would be the momentum com- 
municated ; this expression, therefore, properly represents the intensity 
of the impulse or the force impressed on the systems (1 50). The effect of 



tliJB impulse upon the parlicleii of the body, under coDsideration, is <o 
cause each to describe-a aimiliu' arc of a circle in the same time, the radius 
□f any one being Am =r; eath particle will, Iherefbre, move with the 
same angular velocity about the fixed axis, and this, therefore, may be 
called the anguliu- Telocity of the whole mass; let it be represented by 
<ii. Now the only force impreased on the system is Mv, acting at B, 
and the forces with which the component particles m, m', hi'. See. move, 
arise from their mutual coimeclion with each other; we may, therefore, 
apply to this inquiry, the principle of D'Alembert, and thus obtain aii 
equation between the impressed and the actual forces. As the particles 
all have the common angular velocity u, their actual velocities are rw, 
r'la, r"ii>, &c. and, consequently, their moving forces, or momenta, mru, 
m'i'm, m'r'ui, fee., and these are the forces which acting at the distances 
f, r", r", &c. from the axis of rotation, must equilibrate with the force 
Mv, acting at the distance R ^ AB, when this latter acts in the oppo- 
site direction; consequently, multiplying each force by its distance from 
the axis, we musi have the equation 



f mV'w+M 



■■■'m + *c. 



:MR<7 



' 2(f^) 



- (l)i 



which implies that i/ic angular velotity it equal tu the moment i<} tke 
applicdfurce, divided hi/ the nioineitt o/'iner(io, just as the linear velocity 
ij, which the same force is eompelent to produce on an equal mass, is 
expressed by that force, Mu, divided by the mass moved, by which mass 
the inertia of the body ts always represented : so that as M denotes the 
resistance to progressive motion, S (r^m) denotes the resistance to aiigu- 
lar motion. This expression, therefore, is fitly called the moment of 
inertia of the revolving body. 

(158.) Let us now suppose that instead of an impulse giving rotation 
to the body, every particle of it is actuated by an accelerative force; 
these forces may he all different, but, as before, we shall consider ihem 
as acting in planes perpendicular to thefixedaxis. Calling the several 
forces acting at m, m", m' Sic. F, F', F', &c. and p, p', ]/', the perpen- 
diculars from tlie axis on their directions; the applied motive forces 
will be wF, m'F', m^'', &c. and w bemg the angular velocity, or rv 
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the absolute velocity of m, r -- will be its acceleration, ao that the a^ 

at 

(/iw <f(w dtit 

tual motive forces are mr —, wV -r^n^'r^ — , &c.; hence, Iw 

Of at at 

D*Alembert*s principle, these forces, taken in the reverse diieptioD, 

balance the former, so that their moments give the equation 

(mr* + m' r** -f m" r'*) ^ =s mFp + «' r/j' + m" F V' -f Ac 

i/« _ 2 (Ypm) 

•• di^Tc?^ ^*^' 

that is, as before, the angular acceleration is equal to the moment of the 
applied moving forces, divided by the moment of inertia, just as the 
linear acceleration which the same forces SF * Si» is c<Hnpetent to pro- 
duce in an equal mass, £m is expressed by that force divided by the 
mass moved, that is, by 2F. 

Let us novir apply the result just obtained to the theory of the com- 
pound pendulum. 



Centre of Oscillation of a vibrating Body. 

(159 ) When a heavy body vibrates about a horizontal axis, by the 
force of gravity, the mass is considered as a compound pendulum, and 
it is an important problem to determine v^hat must be the length of a 
simple pendulum which shall perform its oscillations in the same time 
about the same axis of suspension ; or rather to determine what simple 
pendulum must be substituted for the compound mass, in order that 
the vibrations of both may be the same as regards velocity, acceleration, 
and time. The foregoing general formula enables us to solve this problem; 
for as the accelerative force acting upon every particle of the mass is 
the same, viz. F =g, the formula, as applied to this case, may be written 

dat^^g^imp) 

dt^ ¥'(r^~7n) ' * * '^^^' 

Now let G (fig. 115,) be the centre of gravity of the oscillating body 
M, and AB a vertical plane through the horizontal axis of suspension, 
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which ana we here suppose to be perpendicular to the plaiie of the 
paper; let GP he perpendicular to this plane when the hody is in any 
proposed position, that is, when the plane AM, through the centre of 
gravity and perpendicular to ihe plane of Ihe paper, makes any angle 
GAB ^8 with the plane AB; then welinow,hy the tlieory of the centre 
of gravity (41), that 

M X GP = w/J + m'p' + lu'p- +, Ac, 

Is from thecentre of ur.i- 



substituting, therefore, this value In 
above, we have 



S(r'«) MtA'+« 



■(2). 



wherefc represents the radius of gyration, in referenceto an axis parallel 
to tliat of suspension, and pulsing through the centre of gravity of tlie 
hody, and where a Is (he distance of these two axes. Suppose now 
that the mass were removed, and that in its stead there were suspended 
a single particle at the diataJice I fiom die axia, then S (r*<«) would 
become simply I'm, and in order tlial the angular acceleration of thin 
simple pendulum may be the same as that of llie mass, tor which it 
has been substituted, we must determine / from the equation, 



this, ilierefore, expresses tlie length of the simple pendulum, whose vi- 
bialious will agree with that of the compound pendulum; it is equal 
to the square of the radius of gyralioti measured from the axis, divided 
by the distance between the axis and centre of gravity. That point in, 
the body, which is at the distance t from the axis, Is called Me ccnlre 



J 
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(ifotcillation of the compound pendiilum. There are, it is erident, an 
infinite number of suck centres, or of points at the distance I from dM 
axis, but we here more especially mean that point whidi is in ^ line 
passing through the point of suspension and the centre of gravity of die 
mass. 

As a is the distance of the centre of gravity D, from the centre of os- 
cillation O, it follows, from the equation (3), that the distance between 
these two centres is 

0G = — . . . .(4); 

tlierefore, since so long as the plane of the body's vibration remains the 
same k must remain the same, it follows that with this condition tk 
distances between the centres of gravity and oscillation are' inversely a$ 
the distances between the centre of gravity and point of suspension. 

Moreover, if the centre of oscillation O were made the point of sus- 
pension, then to find the corresponding value of / we must put the value 
(4) for a in (3) which substitution, as it alters not the value of /, shews 
us that, provided we do not alter the plane of the body's vibration, the 
centre of oscillation and point of suspension are convertible; that is, if 
we convert the centre of oscillation into the point of suspension, the point 
of suspension will become the centre of oscillation. 

Also the distances of the axis of suspension from the centres of gravity, 
of gyration, and of oscillation, are in continued proportion, for 

a 

We may, likewise, infer from the value of /, what the distance a of the 
centre of jjravity from the axis must be, in order that for the same plane 
of vibration the time in which the body performs its oscillations may 
be the least possible ; for as the equivalent simple pendulum will vibrate 
the quicker the shorter it is, we shall merely have to determine a so that 

we may have 

k^ 
/ = a 4* — = a tninimum, 
a 

dl k^ 

.*. -r- = 1 5- = .♦. arrfXr; 

da or 

SO that the axi of suspension must pass through the principal centre of 
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gyration. Sareial other particulars niighlbe deduced from thefriregoing 
invtstigation, bnt we shall mention here but one more, which is that 
if the compound mass consist of aereral distinct bodies, the centre of 
oscillation of the whole will be found by taking the continued product 
of each mass into the respective distances of its centres of oscillation 
and of gravity, from the axis of auspenaion, adding the products together, 
and dividing the sum by the product of the vhole system into the distauce 
of the common centre of gravity from the axis. 

For calling the several masses M, M', Klc. and the length of the equi- 
valent pendulum Lj ne have, by die preceding tlieory. 



_ M(fl' 



-*") 



. S{/.M.a) = 2]M(o' + i')[. 



As the second member of this equation expresses tlie moment of 
inertia of the whole system, it follows that 

which establishes the proposition, since ibe denominator of this fraction 
IS eqoal to the whole compound mass into the distance of its centre of 
gravity from the axis. Thig sime formula will, obviously, serve for 
any vibrating mass when we find it convenient to consider it in sepa- 
rate pans. 

(160.) We shall now give a few cjtamplra of the determination of the 
centre of oscillation in different bodies. 

1 . To determine the centre of oscillation of a slender rod or stiaigfat 
line suspended at any point. 

Let 0, b, he the lengths, on contrary sides, of the point of suspension, 
then (155) for *' we have 



. H"" 



K6") 



a + b 

Again, the centre of gravity being in tlie middle of the line, i 
distance from the point of siispension ia )(q — b); hence (3), 
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' — j(a«.-6»)^ Bia — b 

If the rod is suspended at its extremity, then ( =: 0, and /=}a> or 
two thirds the length. If it is suspended at lis middle, then a=:b, and 
/ = ooy that is, the centre of oscillation is at an infinite distance, and, 
therefore, to perform one vibration would require an infinite length of 
time, and this is the same as saying that no vibration at all could take 
place; indeed, in whatever position about the centre of motion the rod 
be placed, it would obviously rest there, seeing that its centre of gra- 
vity would be supported. 

If 6 = ^Of then / := a, or two thirds the whole length, the same distance 
as when the rod is suspended at its extremity; so that in both these cases 
the oscillations will be performed in the same time, as, indeed, ought to 
be the case, because the centres of suspension and of oscillation are merely 
interchanged, (p. 245.) 

2. To determine the centre of oscillation of an angular pendulum 
(fig. 116,) composed of two equal slender rods AB, AC. 

Bisect the arms AB, AC, in g and y ; these points will be their centres 
of gravity ; bisect the line joining them in G, and this will be the centre 
of gravity of the system, and AG = Ag cos. g, or AG = ^a cos. 9- 

Again, the distance of A from the centre of oscillation of the part AB 
or of AC, is equal to J AB = Jo, therefore, by the formula (5), 

2 a a, a, ^ a) . . 

2 rt . i a cos. 9 * 

hence because L, the length of the equivalent simple pendulum, in- 
creases with 9, it follows that the time of vibration of an angular pen- 
dulum may be increased without limit, by merely increasing the angle 
between the arms ; when 9 = 9, that is, when the arms close, and form 
but one rod = a, the corresponding value of L is Jo, and when 9 = 90° 
or when the arms open into a straight line, L is infinite. 

When the time of vibration is given, we may easily determine the 
corresponding angle of the arms when their lengths are known, for, from 
the given time, L will be determined, and thence 

sec. = 



2a 
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Thus if the time is ont second, then L = 3dJ, and if a ^ IS inches 
sec. e=75°-Il'i.-.zBAC = i50=-23-. 

3. To determine the centre of oscillation of a sphere. 

Let T lie the radius of tlie sphere, then the mass ia \ tci^, and the 
square of die principal radius of gyration is (p. 239,) ft'^ir'; henoe 






2 r" 



■(1)1 



I u being the distance of the centre of the sphere from the point of eus- 
I pension. 

If the asis of suspension were a tangent lo the sphere, we should have 
/- = 0, therefore, in that case, /isr-fj/-. 

From tlie expression (1) we get for a, when I is given, 



so that a sphere may be suspended at two difierent distances from the 
centre, and yet vibrate in the same proposed time; '\i, however, i '' ^ 
I H, that is, if Ihe time of vibration is to be that which belongs lo the 
simple pendulum, l^ilr ij\, then there is hut one suitable distance 
fbr the centre from the axis of suspension, vii. the distance a-=.r tj\- 

4. Suppose the bob of a clock pendulum to consist of two spheric 
!iegments joined at their bases: to determine the distance of the centre 
of oscillation from tlie centre of the bob. 

Let T be themdius of the sphere, and j- the height of one of the seg- 
ments, then the momeoi of inertia of the Iwo segments is (ex. 6, p. 239), 

MA-' = a^i=(?r»-i« + yoi'). 

and tlie volume of the two segments is 



and this is tlie distance of the centre of gravity of tlie bob from the 
centra of oscillation. 

If instead of the radiu* r of the sphere, the radius r of the base of 



250 ELEMENTS OF DYNAMICS. 

i; laen, since r • ^ \^ r •—^ x) x ,\ r ^ ' 
and, by substitution, 



each segment b given; then, since r^ ^ (2 r — jr) jp .•. r ^ , 

2x 



a a (3»^ + «•) ' 

a added to either of these expressions will give the distance of the eeitfK 
of oscillation from the point of suspension. 

5. To determine, the centre of oscillation of a cone suspended at its 
vertex. 

Putting (as iu ex. 3, page 240,) x for the altitnde of the cone, and 

nv for the radius of its base, we have, for die moment of inettiB, tbe 

expression 

irn»«»(i«*+l), 

also the distance of the centre of gravity from the vertex is (46,) } x, 
consequently, 

^irn»x«(in«+l) _ trii«a:»(ifi«-f !) __., . , 

9 

6. In a similar manner is found for the centre of oscillation of a 
circle vibrating edgewise, and suspended at the distance a from its 
centre, 

7. And when the circle vibrates flatwise 



On the Centre of Peraisiion, 

(161.) When a solid body revolves about a fixed axis, the force with 
which it would strike a fixed obstacle would vary with the situation of 
the point of impact, as also would the shock received by the immoveable 
axis; but there is a point at which, if the impact take place, the obstacle 
will receive the whole force of the moving body, and the axis will 
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receive none, so thai, if al the instant of impact the axis were to be 
annihilated, the hody would stiil remain at resl. This point is called 
the centre of percussion. In order to ascertain tlie situation of this 
centre, let us refer to the expression (1) for m, oi being here considered 
to represent the angular velocity at the instant of impact; let also the 
moving force due to the impact, and which we before represented by 
Mw, be called f, and the distance of the direction of impact from the 
axis D, the formula referred to then gives 



/ = 



_ ».2(r=m) . 



tiiis expresses, therefore, the force of p 
Now if this force is equal to that of the whole moving mass, noportion 
of it will be expended in straining the axis, and D will in that case 
measure the distance of the centre of percussion from the axis. 

To determine what the whole force of the revolving body is, we must 
add together the forces due to the component panicles; that due to any 
one, m, is mnt; hence, calling the Tvliole force F, we have 



.-. D = 



2 <r«i> 



consequently the distance of (he centre of percussion from the axis is 
rqual to the distance of the centre of oscillation from the axis; if, there- 
fore, the impact lie perpendicularly directed to the plane passiog through 
tlie axis of suspension and centre of gravity, then the centres of percus- 
sion and oscillation will be in the straight line paiullel to the axis of 
suspension. 

If the plane through the centre of gravity, and perpendicular lo'llie 
tilled axis, divide the body symmetrically, it is plain that whatever force 
directed in this plane strike the body, theaxismay suffer a direct shock, 
but il will not be twisted; in such bodies, therefore, the centre of per- 
cussion coincides with the centre of oscillation, because at lliis point 
t^e impact will neither strain nor twist the axis. But in oiher eaae:i. 
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impact at the centre of oscillation, although it would occasion no direct 
strain on the axis, may yet tend to twist it, as is easy to conceive^ (see 
Dr. Gregory* s Mechanics, vol. 1 p. 300; and Francaur^s Mhumique, 
p. 352.) 

Between the centre of gyration of a body revolving about a fixed 
axis and the centre of percussion, we may remark this difference, viz. 
the centre of gyration is the point in which, if the whole revolving mass 
were concentrated, the same angular motion would be generated by 
any force as before, and therefore, an obstacle meeting the line which 
connects this point with the axis of motion, will be struck with the 
same force as it would be by the revolving mass, at whatever point of 
the line the impact take place. But the centre of percussion is that 
particular point which would strike an obstacle with the whole force 
of the revolving mass. 

On the Centre of Spontaneous Rotation. 

(162.) Intimately connected with the centre of percussion is that of 
spontaneous rotation. 

We have just seen that when a body revolves on an axis, there exists 
a point at which a fixed obstacle would receive the whole of its force, 
so that if this same force were to strike the body when at rest in the 
same point, it would produce in it a rotatory motion round the same 
axis, even though that axis had been removed ; the axis about which a 
quiescent body, when struck in a direction not passing through the 
centre of gravity, thus spontaneously revolves, is called the axis of 
spontaneous rotation. 

Instead then of considering the body which receives the impulsion 
to be retained by a fixed axis, let us suppose it to be perfectly free; 
or, to render the inquiry the more general, let us first consider a system 
of material particles w, w', m", &c. entirely free and unconnected, and 
moving with the parallel velocities v, v', v", &c., and let us inquire 
what will be the motion of the centre of gravity of the system. 

Through this centre conceive a plane parallel to the directions of the 
impulsions; as, at the commencement of the motion, the sum of the 
moments of m, m', w', &c. with respect to this plane, is 0, (p. 64,) and as 
the bodies preserve their respective distances from the plane throughout 
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the motion, it follows that the sum of the moments, with respect lo this 
plane, must be the same at every instant; hence, the sum being always 
0, the centre of gravity of the system must necessarily move always in 
this plane. Conceive another plane also parallel to the directions of 
tlie impnlsions, and passing, in like manner, through the centre of 
gravity of the system, but making an angle with the Ibnner plane, then, 
as before shewn, the centre of gravity will always move in this plane, 
it must, therefore, describe the line of interseclion of these planes, that 
IB, the centre of gravity qf the syttan dacribet a straight line parolltl 
to the direclioii! of the impretsed velocitiei. 

Conceive now a plane perpendicular to the directions of the velo- 
cities, and design by e, e', e*, &c. the distances of the points m, m', hi', 
be. from this plane, at the commencenient of motion : at the end of the 
time I', their distances will be e + »^ e' + v't, tf + v't, &c.; let us 
take the moments with respect to this plane, then a, x being the respective 
dijUuces of tije centre of gravity from the plane at the commencement 
of motion, and at the end of the time I', we shall iiave the following 
equations (4L) 

(m +m' + m' + &c,) « = «<,■ + mV + mW + ic. 
(m + m' + ™' + &c.)* = «{e+uO + «■('■' + '■■') + *c- 
Subtracting the first from the second we have 

(m + ffl'+«' + &c.)(* — a) = {»«' + ».V + w'B' + &c.)'. 
which shews tiiat tlse space * — n, described by the centre of gravity, 
is proportional to the time; hence the centre of gravity of the lystlmi 
muves utiifi'rmlif. It must be remembered, that in the foregoing equa- 
tions those values of c, t', £u^., of v, c', &c. are taken negatively which 
ax measured in opposite directions to those considered as positive. 

As is the velocity of the centre of gravity, it follows, that if 

the whole mass of the system were concentrated there, its momeiilum or 
quantity of motion would be 

(n.-|-m' + H.' + *c.)^l:=l^=mv + ».'«' + »,' «' + *«. 

by the equation just deduced ; hemie the second member of ihia equa- 



I 
I 
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tion represents the intensity of the impulsion that must be applied 
the whole mass of the system, when concentrated in the centre of gravi 
to make that centre move, as it actually does; we conclude, thereft 
that the centre of gravity moves with the same velocity as if aU the i 
pulsions were immediately impressed on it, or, which is the same thh 
the centre of gravity moves as if the whole mass of the system were a. 
centrated in tV, and all the forces were applied to it in directions parol 
to those they really take. 

If the impressed velocities were not parallel, the same thing woi: 

also have place. For if we decompose each of them into three oth 

parallel to rectangular axes, we may apply to each of the three grou 

of parallel velocities the foregoing reasoning, and thence infer that I 

centre of gravity would move in the direction of each axis, as if 1 

forces parallel to that axis were immediately applied to that cent 

and therefore its motion in space being compounded of these, it moi 

as if all the impulsions distributed through the system were dired 

applied to the centre of gravity or to the whole mass concentrated the 

I Let us now suppose the bodies in the system to be invariably co 

\]'\ nected together, as in the case of one solid mass. 

^1 Let P, P', &c. represent the impulsive forces which act on the sevei 

j bodies, decompose each force into two others ; the one due to the moti< 

, I ' which it actually produces, and the other due to the motion destroyi 

"I on account of the mutual connection of the bodies in the system ; 

I ' thai F, F', &c. may be the forces which produce their full effect, ai 

/*,/', &c. those which are destroyed by the mutual action of the parts 

the system; thus F and/* will be the components of P; F', and J^ tl 

components of P'; &c. In virtue of the forces F, F', &c , which a 

fully effective, the motion must be the same as if these forces only act< 

on the system, all connection between its parts being destroyed, so th 

from what has been proved above, the centre of gravity ought to mo 

!i j as if all the forces F, F', &c. were immediately applied to it, in dire 

I'l tions parallel to those which they actually take. As to the forces^J^ 

^ ; &c. they are mutually destroyed when they act upon the several pai 

J ' of the system, and, consequently, satisfy the six equations (6), ("J 

t- page 90; but when transported, parallel to themselves, to the centre 

!■ gravity, they ought, for much greater reason, to be mutually destroye 

f since then the equations (4) page 19, suffice to establish their equ 



■'''. 
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Idbritun. Hence ihe centre of gravity moves asift/ie several iinpuUwiu 
taere immedialety applied to it, 

(163.) Let us now examine the m-olioa of a body vihick receives an 
impulsion, lliat does not pass through (he centre of gravity; the mo- 
tion of IranslitioQ would, we know, ftora what is proi-ed above, be Ihe 
same as if the impulsion were applied in a parallel direction to ihe cen- 
tre; but, besides tliia, there would be impressed a motion of rotation, 
precisely the same as would have been impressed by the same force if a 
fined axis had passed through the ceiitre of gravity. This double mo- 
tion, arising from a single impulsion, may be at once shewn to take place 
as follows. Let P (lig. 1 17) represent the impulsive forte, and, perpen- 
dicular to its direction, draw GAlromthecentre of gravity; at an equal 
distance Cli, on the other side of G, let two forces ^P and jP, equal 
and opposite to each other he applied, these will have no effect on the 
system, so that we may consider the motion which the body actually 
takes, in consequence of the single force P, to be the result of the three 
forces actiog as in the figure at A and B. The motion of translation is 
due to the force P, considered as aciing at G, or, which is the same 
thing, this motion is due to the force J P acting at A, and to j P acting 
at B, in dii'ection BS ; die remaining forces, therefore, that is Ihe force 
jP at A, and the opposite force i P at B, in direction BR, are those 
to which the rotatory motion is due; the tendency of these forces ia to 
turn the body about G, being symmetiically situated with respect to it, 
andthevalueof theibrces to prodace this effect is at A,GA 4- JP, and 
at B, GB-t- |P, andas these forces turn the system in the same direc- 
tion their whole effect is 

GA X JP + CB X i P = GA X P; 

which is the effect due to tlie impresseii force P lo turn the body about 
a fixed axis through s. 

It follows, therefore, that whe/i a bodff i$ acted npoa bi/ any impiilaiee 
forcet, iifiohith the raaltanf duet not pan through thecentre of gravity, 
the body will have, in rvniequencef a. double motion ; 1, the centreviill 
move at if thtforcet were immediately applied to it: 2, the body toiU 
turn 03 if this centre were abiolutely fixed. 

Let P (fig. 118) be the momentum, or quantity of motion, impressed 
on the body, r ila distancB OG from the centre of gravity of the body 
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M; then, for the velocity of translation due to this force, we hA?e 

P 

t^ = rr. Again, for the angular velocity « due to the same force P, 

acting at the distance GO from the centre of motion, we have (157) 

Pr ^ 

*» = riT^ ; consequently, the absolute velocity of any point in the body 

is compounded of these two, viz. 

p 
progressive velocity , v^ss-—- 



ve velocity f p = — •% 

lu -^ P r vr \ 



• • • • 



(1)5 
angular velocity, «=—.—«-. 

r. being the perpendicular distance of the centre of gravity of the masf 
M, from the direction of the applied force P, and k being the prindpij 
radius of gyration. These results may be expressed in words^ as foUows, 
viz. the progressive velocity/ is equal to the moving force, divided by the 
mass of the body, and the angular velocity is equal to the moment of the 
force divided by the moment of inertia. 

If, however, the body is not free to revolve about its centre of gravity 
but is constrained to turn about some other point moving uniformly, 
the angular velocity will be different. It will be easy, however, t<> 
estimate it, for as the tendency to turn about the centre of gravi^ is ^ 
same on whichever side of it the impulsion be given, provided only it 
act at the same distance from it and in contrary directions, we may 
obviously consider the angular motion, which accompanies the pro- 
gressive motion of the point, to be the result of a force acting in a direction 
opposed to the progressive motion, and at the opposite side of the centre 
of gravity, but at the same distance from it as the centre of motion. The 
value of the impulse to which the motion of the body is due, will be 
known from knowing the progressive velocity of the centre of motion 
and the mass moved. We shall give an illustrative example of this 
hereafler (at Prob. iv.. Chap, vii.); at present we consider the body 
as entirely free, in which case we observe the following particulars. 

At the instant the impact is given, tlie point O departs in the direction 
Oh, its initial velocity being equal to the sum of its progressive and 
angular velocities as their directions coincide, and the same is, obviously, 
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Ihe care watli any other point in GO. With the points in GO', on the 
other side of G, it is different, for although they have the same angular 
velocities as flie corteapondiog points in GO, yet, turning in the con- 
iiBiy direction, their absolute velocity of anyone of them is equal to the 
difference betcveen ita progressive and angular velocities; that ia to say, 
every point 0' in the line GO* has, in virtue of the angular motion ol 
the system, avelocity backward, and, in viitue of the progressive motion 
of the system, a velocity forward ; this latter is the same for all the points 
in the body, and equal to that of the centre of gtavity, hut the hackwanl 
velocity of every point in GO' varies with its distance ftoni G, being 
at O, and increasing regularly a9 the distance increases; there must 
in consequence be some point in GO', either within or without the body 
of which the velocity backward is precisely equal to the velocity for- 
wards; this point then is for an instant at rest while all the other points 
of the body are in motion; so that the whole system, when the initial 
motion isgiven, tumsspontaneously round it; this point is hence called 
the centre of' sponlancuua rolaliun. Its situation is readily determined 
from the condition which characterises it, which is, that calling its dis- 
tance from G, r", and progi'essive velocity of the system v, 



r, from equation (1) above, 



hence, if C (fig. 119) be the poiot thus determined, its property, with 
respect to tlie point of impact O, is that 

OC=r + ^ Wi 

which proves (159) that the centre nf ipontancoiu rotation coincides wilk 
the centre nf luspemiun correipanding to the point of percussion, con- 
sidered as the centre i^ oscillation, and is entirely independent of (he 
intensity of the applied force, 

(164.) In order to determine at what distance GO, from the centre 
of gravity, the impubion must have been given to produce the actuid 



25§ BLEMSNTS OF DrKAftllCS. 

progressive and rotatory motions observed in any body, we have, firom 
the equation (1) above, r ^ ; or, if V be the rotatory velodtr 

V 

of any pomt at the distance R from the centre of gravity, then mtt 

V 
« = •—-, we have 

Xv 

'•=R-T ^'>- 

Applying this to the double motions of ^e planets, we may detennine 
at what distance, from the centre of each, the original impulsion must 
have been impressed by the hand of the Creator to cause their actual 
motions of progression in space and rotation on their axes. 

Taking the earth for example, we know that it performs its revolution 
on its axis in a sidereal day, by which rotatory motion every point on 
the equator passes over about 25020 miles. 

Also its orbit, or a path of about 596904000 miles, is passed over by 

V 

its progressive motion in 366 sidereal days, hence the ratio — is here 

V _ 596901000 !___ 

'v 25020 X 366 "" 65 • 3 ' 

and, considering the earth a sphere, we have (p. 239) k* = §R»; hence, 
by substituting these values in the formula (1), we have for the distance 
r from the centre of the sphere at which the impulse was given 

R 



163 • 2 ' 



that is, about the part of the radius distant from the centre. 

163 

It is very probable that not only the planets but that also the sun 

may thus derive its motion from a single primitive impulse, and if so, 

he, in common with the planets, must also have a progressive motion in 

space ; this cannot^ indeed, be rigorously proved. " But,'' to use the 

words of Dr. Robison, as quoted by Professor Gregory, "the very 

circumstance of his having a rotation in 27d. 7h. 47m. makes it very 

probable that he, with all his attending planets, is also moving forward 

in the celestial spaces, perhaps round some centre of still more general 
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e gravitatioD; for the perfect oppoaition and equality of 
two forces necessary for giving a rotation wilhoul a progiessive motion, 
has odds against it of iufiniiy lo unity.* This conoboratea the oonjeo- 
tnres of philosophers, and the observations of Hersohcl and other astrono- 
mers who think that the solar system is approaching to that quarter of 
the heavens in which the constellation Aquila is situated." 



OBArTBH XT. 



d 



( I G5.) We shall DOW proceed to illustrate the theory delivered in the 
two preceding chapters, by shevring its practical application in a few 
tniscellaneous problems. Several of these are those selected by 
Mr, Barlow in his Treatiae on Mechanics, in the Encyclopndia Me~ 
IropoUtana. 



LetAB (fig. 120) denote an axle turning on twofulcrumsatA and B; 
RS a wheel of given diameter to which is attached, by a cord wound 
round its circumfereoce, a given weight W ; conceive p, p', p' p'", to 

* It does not appoor lo UB, however, that any weight ahoiild be iittached 
to thin assertion, founded on the doctrine of chances, and which can strictly 
it|)|>ly only to the cexe of (wo Impulsive forces, direclsd at random townrdi 
opposite parts of a apbeticnl body. Whatever primitive moliona the Al- 
mighty may have designed lo impresa on the ran, the imjiulsea it must have 
received could not fsll to be those precisely competent lo produce the la- 
tended e&ct. 
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be given weights, fixed to the axes by inflexible lines or wires Cp, Cf/){ 
&c. and let it be required to detennine the circumstandes of the motion 
of the descending weight. 

We shall, in the first place, consider this problem under its mostsim' 
^le form, vi2. we shall suppose the wheel RS^ the axle AB, and the lines 
or wires Cp^ Qp% &c. as divested of inertia, t»r as offering no resistances 
to angular motion ; so that W and the four masses p, //, p", />'", will be 
the only weights in the system, the latter being all equal, placed at equal 
distances fit>m the axle C, and at right angles to each other. 

Let Cp, Cp'y &c. =s r; the radius of the wheel =s r' ; the sum j^ -f p' 
4- p" 4* P'^'=« P> and the given weight = W ; then the moment of in- 

P 

ertia of P will be r* — , and the moment of W, the moving force, will be 

r' W, consequently the acceleration of W, being equal to r' times the 

W P 

angular acceleration, will be r *W -s-r'* — + r« — , that is, 

g € 

and the velocity of W, after any time t", will be 

r'^W + r^P ^ ' 
and the corresponding space descended will be 

and thus the circumstances of Ws motion are all known. 

Let us now take into consideration the inertia of the wheel and axle ; 
call the weight of the former W, and that of the latterW", also let r' be 
the radius of the axle ; then (page 236,) 

W 
the moment of inertia of the wheel 1=3 1 r^ 



axle = i r"2 



g 



g 
the square of the radius of gyration being in both cases /c2=i Jr». 



yi 



I 



if^' 



i-t ► 



I I 
I 
I ! 



.vyt, PEOBLEllS. 



The motive force beiug sdll the s. 
celeratioD of W, 



V + ir' 



W' + ir-MV'-f 



Tlie accelerating force being Ihus known, tho space, Telocity, time, Stc. 
are determined by the usual formulae for constant forces. 

If we suppose the system of small weights p, p', p", &c. to be replaced 
hy a. solid body of revolution, as in £g, (121) the principles of the cat 
culation will be atill the aame^ for the moment of inertia of the solid F 

P 
i*ill as before be k^—, k betcg the principle mdius of gyration as mea- 

g 
suted from the geometrical axis. Ilius in fig. 121, let P denote asphere 
whose radius ia 3 feet, and weight JOOlbs.; the weight p^ 50 lbs. 
and the radius oftlie wheel 6 inches,or J afoot, and of which the weight, 
as well as that of Ihe axle, are supposed inconsiderable with respect to 
(he other parts of the system; and let it be required to delermioe the 
time in which the weight W will pass through any given space, as, for 
example, 50 feel. 

In the sphere Af ^|r'; hence the expression for the acceleration of 
Wis 



I8ia} 
hence the time of deseeti 



,5«.:, = 4'-'- 



Let ABC (fig. 131) represent a wlieel and axle, its weight w, having 
a given weight W applied to the circumference of the axle, and P ap- 
plied to Ihe circumference of lite wheel in order lo raise W ; it is required 
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to assign the space described by the eleyated weight W from rest, ii j 
any g^ven time. 

Let the radius of the axle be r, that of the wheel R, and the principal 
radius of gyration of the wheel Ac; then, for the moment of inertia of the \ 
whole system, we shall have the expression 

g g g 

Now the actual weight, which, applied at the point D, gives motioD 
to this, is not the whole weight P, since part of this is employed in 
balancing the weight W; to know what this part is, we have, by calling 
it P, the equation 

Iv 

so that only the weight 

Wr PR — W r 



P — 



R "" R 



is actually employed in moving the system, and as this weight acts at 
the point D we must multiply it by R to obtain its moment,, and 
dividing R times this by the mass moved, or by the whole inertia we 
have, for the acceleration of P, the expression 

^_ PR^^WRr . 

Now as the acceleration of P is to the acceleration of W as the radius 
R to the radius r, we have 

PRg — WRr PRr^Wr* 

which expresses the acceleration of the ascending weight. 
If R = r the acceleration of either weight will be 

_ P — W 

"■ X:2u; + R2(P-f W) ^' 

It should be remarked, that if the mass moved, W, have no weight 



[ 
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hut inertia only, or rather if its weight is otherwise supported, and it 
inertia only has to be oiercoToe by the machine, as for instance 'whei 
it is 10 be moved along a perfectly smooth Loriiontal plane, then, ii 
ihe foregoing cipressions, we must put P ^ 0. 



Lei ABC (fig. 121,) represent a wheel and axle of given we^ht move- 
able about a hoiTiontal axis which passes through S; and suppose a 
known weight W is applied to the circutnference of the axle, to be 
raised by a given force P applied to the circumference of the wheel; to 
assign the proportion of the radii of the wheel and axle, so that the time 
in which the weight W ascends through any given space shall be a. 



Since the ratio only of Ihe radii of the wheel and axle is required, lei 
the radius of the axle be r, and that of the wheel xr; the weight of the 
wheel lu and k as before, the principal radius of gyration of the wheel, 
and of which tlie value we know is (p. 237) /(>= J j" i^. Than, sub- 
stituting XT for 11 and J i" r* for ft', in equation (3) of Ihe preceding 
problem, we have, for the acceleration of W , the expression 
Pi— W 

and consequently 

HF..-W) 



and consequently the quantity 
; therefore, dividing this by the 



— , and putting for brevity p for ) u 

ig 
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2;>x(Px — W) — P(p»« + W) = 
... Pjja« — 2Wj»*=PW 

••• ^=y ± >/{p, +y} (1). 

If the weight of the wheel be too inconsiderable to deserve notice^ 
then /) = P9 and in this case 

W±>/W « + PW 

x = . . . (»;, 

and if, moreover, P =: W, we have 

ff = 1 ± ^2 . 

Suppose, for example, ABC to represent a cylindrical wheel, the 
radius of which is required, but of which the weight is 20lb.; and let 
the radius of the axle be 1 inch; the weight, W, lOOlb., and the weight 
P, 33lb.; to find the radius of the wheel. 

Here i u; + P=;? ^ 43lb., therefore, by equation (1), 

100 . , , 100> ,100, ^ ,^ 

Consequently, since the radius of the axle is 1 inch, the radius of the 
wheel must be 6*43 inches. 

For other such problems as this, the student may consult Dr. Gregory's 
chapter on the " Maximum Effects of Machines." 



PROBLEM IV. 



In the wheel and axle, when a given weight P acting at the distance 
R raises a weight W acting at the distance r from the geometrical axis, 
it is required to assign the pressure sustained by the axis, the weight of 
the wheel and axle, and the fi*iction of the cord not being considered. 

Suppose P and W to be at their respective extremities of the 
horizontal line passing through the centre of motion, and in that situa- 
tion let O and G be the respective distances of the centres of oscillation 
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;e the angular velocity 



and gravitj from the centre of motion; 

of any revolving syelera is tlie same as if its whole m 

Irated ill its centre of oscillation, we may consider P 4- Wto be placed 

at the distance from the centre of motion; and, since the force of any 

point in the revolving aystem is pTopurtional 10 its distance From the 

axis of motion, we have 



0:0: 



:^(P+»'). 



which is the force or pressure with which the centre of gravity descends; 
or in feet tlie force with which the whole mass descends. Part of 
the whole pressure P + W of the system is thus supported by the 

axle, and the other part, which we have just seen is — (P -f \V), is 

employed in producing the motion which actually has place; conse- 
quently, that part of the pressure sustained by tlie axle must be 



Iin 



ns, therefore, to find the values of G and O, which ai 
PR — Wr 



G = - 



o=- 



P + W 
hence, by substitution, we have for the pressure p, 

If U ^ r, as in the case of die single fixed pulley, then the pressar 
_ 1VW 
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PROBLEM V. 

Let A, 6 (fig. 122,)r«present a single moveable pulley by means of 
which the power P elevates the weight W; then, having given P and 
W, together with the weights of the equal cylindric pulleys A and B, 
it is required to assign the space which the descending weight P de- 
scribes in a given time, the weight of the moveable pulley being included 
in the weight W. 

Let us refer the whole inertia of the system to the point p, so that 
we may consider the force which moves P to be burdened with the 
mass of P, and with the additional mass representing the inertia of the 
other parts of the system, this mass being all accumulated at p, or, 
which is the same thing, incorporated in P. 

In the first place the inertia of the pulley A, whose wreight call Q, 
is the same as that of half its mass placed at /?, (see page 237.) 

In like manner the inertia of the pulley B is the same as tV.at of half 
its mass placed at g; or, since the rotatory velocity of B's circum- 
ference is only half the velocity of A's circumference, the mass of half 
B at 9 has the same inertia as the same mass placed at half the distance 

Op, or finally as timesthesamemassplacedat/>,(p.237.) Hence, 

(jp 

as far as the inertia of the pulleys is concerned, the equivalent mass to 

be placed at » is ^ . — 4- f. — . 

g g 

Again, as the velocity of W is half that of P, it moves as if it hung 

at half the distance 0/ from the centre of the pulley A, where, as in 

the case of the pulley B, it would offer the same inertia as ^ its mass 

placed at p' or p; hence the inertia of the weight is represented bv the 

P W 

mass — -f — placed at p, so that the whole mass moved by the force 

g "^g 
which moves P is 

P + jWH-jQ + t Q ^ 8P + 2W-f.5Q 
g ^g ' 

To determine now the force or weight which moves this mass, we 



' must And how mucli of the applied weight P is employed in merely 
balanciug W; this is easily done, because, as W is equally supported 
by the two branches of rope ■^q, Cif, one half of W is the portion of 
P employed in balaucing W ; hence the moving force is 



and consequendy for the acceleration of P ■ 
2P — W , BP +2 W H-5Q 




In a system of pulleys contained in two equal and separate bloclut 
a single string goes roimd them all; it is required to determine the 
acceleration of P faslened at the extremity of the siring, and drawmg 
up a weight attached to tlte lower block. 

Let there be altogether n pullies, Q being the weight of each, and lt;t 
the weight of the lower block, together with its attached load, be W, 
and let us, as in the preceding problem, ascertain what mass in additiun 
to its own must be incorporated in P 10 supply the place of the inertia 
of the system. 

The pulley which first leceivea the cord from the ascending weight 

turus with — Ih of the velocity of ihe pulley which delivers the cord to 
the power, and therefore, as in the last problem, the mass at P, which 

1 Q 

wiQ be a substitute for ila inertia, is . — . The circumference of 

2.n' g 
Ihe next pulley in the lower block revolving twice as &st as the former. 
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. 4 Q 

the mass due to its inertia will be — - . — , and so on: hence, for the 

2n* g 

pulleys, the mass to be substituted will be 



2nV 

Again, the velocity of W being — th of P's velocity^ the mass at 

n 

P, which represents its inertia, will, as in the preceding problem, lie If 

1 W 

-r . — ; hence the inertia of the weights is represented by the mass " 

P 1 W 

1 . — , and therefore the whole mass moved is 

g w* g 

g '^ w"' g "^ 2ng ^ 6 * • 

W 

The weight at P which balances W is — and consequently thatwhitb 

moves the system is 

\V _^ « P _ W 

and therefore, dividing this by the mass moved, as above expressed, wf 
have for the acceleration of P 

\2n(nP — \V) 



from which, as in tlie preceding problem, the expressions for tht 
velocity and space generated in any time t" are immediately deducible- 



\ 
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A wheel, whose interior and exterior radii are r,, r^ rolls down an 
inclined plane (fig. 123), of wbich the friction is just sufficient lo pre- 
vent sliding: to deteimine the circumstances of the motion. 

Let I be ihe inclination of tlie plane, and F the effective accelera- 
live force down it, then, putting vi for the mase of Ihe wheel, Fiu will 
represent the effective moving force. Bnt the impressed moving force 
is wg sin. I, minus the resistance of the friction, which, as It diminishes 
the amount of the moving force which the body would otherwiEse have, 
we may represent by an opposing moving force; let us then call it 
w'g sin. i. Now if P be the point in contact with the plane at D, 
where the motion is supposed to have commenced, then, since in any 
lime (", DP' = P'P, It follows tliaE the rotatoiy acceleration of P is 
also F; and, consequently, the acceleration of a particle at the unit of 

F 
distance from C, that is the angular acceleration, is — ; hence u-k' be- 

F 
ing the moment of inertia of the wheel round C, — «jfc' will be the 

actual moment of the system round C. But the only impressed mo- 
ment is that arising from the Enction, it is, therefore, r, v/g sin. i; 
hence, by the principle of D'Alemberl, we have, by equating the im- 
pressed and etfective forces. 
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which expresses the acceleration of the centre C down the plane, and 

in which /c*= -^ -, (ex. 3, page 237.) 

If the cylindrical wheel be indefinitely thin, or when r, = r,, 

Fsl^sin.t. 
For the time of describing a given space 8, we have 

^ ^ ^sln.ir,* * 
and for the velocity acquired 

which expresses also the rotatory velocity of every point on the outer 
circumference. 

To determine the absolute velocity of any proposed point P of the 
outer circumference in space, or in its cycloidal path, we must compound 
together these two velocities; so that, calling the absolute velocity V, 
we have 

V = 2 1; COS. inV m-^2v x tab. cos. J arc. P^ m ; 

and the degrees in Fptn are known, since the length 2 s of the arc PP« 
is known ; therefore the absolute motion of P is determined both as to 
velocity and direction. 

If p be diametrically opposite to the point of contact P', it appears 
from this expression for V, that the absolute velocity of any point P at 
any time varies as the tabular cosine of half the arc Pp ; at p this velo- 
city is greatest, being = 2v; and at P' it is least, being for an instant 
0, that is, P' is the centre of spontaneous rotation of the body. The 
last conclusion, viz. that the point of contact can have no motion along 
the plane, is an immediate consequence of the conditions of the pro- 
blem, for if it had any motion along the plane, the body would slide on 
that point, whereas the friction is supposed to be sufficiently great to 
prevent sliding down the plane. 

If, in consequence of any initial impulse, the rotatory velocity exceed 
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tliiit of translation, P' will no longer be the ceotre of spontaneous rota- 
tion, but mill have a velocity backvtard greater than thai forward, so 
that the body will move up the plane and will continue to do so till 
this excess of rotatory velocity is destroyed by the frictioo ; when the 
body, after being for an instant aaticnary, will reverse its progressive 
motion, and roll down the plane with a velocity equal to that of rotation , 
If the velocity of translation were n»ade to exceed that of rotation (he 
body would partly roll down the plane and partly slide. These deduc- 
tions are on the supposition that the friction of the plane is just suffi- 
cient to prevent sliding when the initial velocity of the body in pro- 
gression is equal to that in rotation. 

Rotatory motion of this kind may be produced by the uncoiling of a 
thread or ribbon previously woAind about the body; the tension of the 
thread supplying the place of friction. 



A sphere, whose mass is P, is placed on ihe slant side of a snioolli 
prism, whose mass is Q, and a fine ^rt^ad or nbbon is iixed to the 
prism at B (fig. 124,) and coiled round the sphere in the plane of its 
vertical great circle, the object of it "being to cause the sphere to roll 
and not slide down the plane. The base AC of the prism, as well as 
the horizontal plane on which it is placed, is perfectly smooth, bo that 
it moves along the plane OC, in consequence of the pressure of the 
rolling sphere. It is required to determine tlie tension of the string, 
at any time the pressure on the prism, and the path described by the 
point of cootaci P. 

In this case the rolling body has two motions, viz. one down the in- 
clined plane, and the other i[i a horizontal direction, as well as ihe 
rotatory motion about its centre. As in last problem, the rotatory ac- 
celeration of any point in the circumference, must be equal to the ac- 
celeration of the point of conloct P down the plane; but this rotaloi^ 
acceleration is wholly produced by llie tension T of the thread, it will, 
therefore, he espressed by dividing this force by the moment of ioertja 
of the sphere, Ihat is, the acceleration of the point of contact i»T-j-|P, 
(p. 340.) Let us now deduce another expression for this acceleration 
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of the point P from the actual space 6P passed over by it, and ibr tlii 
purpose put ON :s Xy 0A = Tj, O being the place of A at the com 
meucement, or when P is at B; let, moreov^, BC = a, ACs=i 
AB ^ c; then the space BP is 

BP = (x, + * — «)flec.Ar=(x, +6 — a-)-!* 

and therefore the second differential coefficient, with respeet to the tim 
must express the acceleration down the plane; that is, 

The first of these differential coefficients denotes the acceleration 
the point A or of the entire prism in a horizontal direction, and tl 
second denotes the acceleration of the point P, or of the sphere in 
horizontal direction. Now the motive forces to which these accelen 
tions are due, are equal and opposite, therefore, calling p the pressui 
on the prism, or — /), the resistance against the sphere, we have for tfa 
horizontal force on the sphere 

(/*x a b 

also, for the vertical force on P, we have 

d'v -^ b a 

^J^ P^+/.- + T-....(4). 



Consequently, since 



tlie equations (1) and (4) give 

5 Q, h ha 

Vr'-T = P^-;, T^. .. (6). 

26(? c c 

Also the equations (1), (2), (3), give 

, 5T 1.1 1 K «,, 

*7p- = (Q+-p)i'«~(QH- •p)TA (7), 
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and from these two equations we obtain for p and T the values 

_ 6cP(2P-f.7Q)g' 

^"■7a2(P + Q) + 62(2P+7Q) 

^^ 2a^P(P + Q)^ 



7 ft2 ( P + Q) -h 6* ( 2 P -t- 7 Q ) ' 

both of which are constant quantities. 

As to the paUi described by the pcnnt of coataRt P, it is immediately 
deducible from the conditions of the problem; for, as both bodies 
commence their motion together, the horizontal momentum of the 
sphere is equal and opposite to that of the prism, that is, 

dv dxt 



that is, (equa. 5,) 



h 

Px-f-Qx — Q — y=:0 
a 

hence the path is a determinate straight line. 

For a very complete and elegant solution to this problem, considered 
under different modifications, the student may consult a paper by Mir. 
Mason, in the twentieth number of Leybourn's Mathematical Reposi- 
tory. 
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OMJLWTMWL ▼. 

ON THE MOTION OF A SYSTEM OF BODIES ACTED ON 
BY ANY ACCELERATIVE FORCES WHATEVER. 

(1 66.) We propose in this chapter to investigate some very general 
and remarkable theorems which apply to the motion of a system of 
bodies acting in any arbitrary manner on each other, and each in Auenoed 
by any accelerative forces. 

Let m, nti, m„ &c. represent the masses of the different bodies in the. 

system, x, ^, z\ Xp y^y Zi, &c. the rectangular coordinates which mark 

their position, X, Y, Z, the components of the acceleratiye forces on m, 

Xj, Y|, Z„ the components of those on m^f &c. then the motiye forces 

applied to any one, as tn, will be mX, mY, mZ, and those which actu- 

ifix d^u d^z 
ally have place will be m ~Ti">'''~J~> *" > hence the dififeren- 

ces of the impressed and effective forees resolved in the directions of the 
coordinates are 

and, in like manner, for each of the other bodies m^, m^, &c. we get 
similar expressions for the differences between the impressed and ef- 
fective forces, and we know, from the principle of D'Alembert (154), 
that if these differences alone acted on the system it would be kept in 
equilibrium. But when any forces keep a system in equilibrium these 
forces must fulfil the conditions (6) and (7), at page 90; hence, 
in the present case, we must have these two groups of equations, viz. 

d^je 



S(m-g-) = 2(mY) 
dh 



(A) 
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y£x-xA,_,,„,„v-_™,Yl-, 



J:(m 



-) = S (msV- 



myZ)J 



These two groups of equarions, which contain the conditions of the 
motions of any system of bodies under any circumstances, furnisli seve- 
ral general principles of motion ; one or two of these we shall proceed 
to develop*. 

Let X, Y, 7., represent the coordinates of the centra of gravity of any 
system of bodies tn, jTii, mjjgui.; tlien (39) we shall have 

Sim) ' 5(.«T' S(™)' 

ami taking the second differential coefficients witli respect lo ( 






Comparing these with the equations. (A) we have 






S()«Y) iPv. _ S(mZ) 



'^ 



ir putting M for the whole ir 



(C)i 
+ m J + I &c . of the system. 



Tliese equations shew that if tlie whole mass of the system were lo 
concentrated into the centre of gravity, and this centre to have the sa 
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acceleration as in the actual state of the system^ the moving force of the 
whole mass at the centre would he the same as the entire moving force 
of the actual system; butZ(wX) being independent of x^ x„ jr,, &c.is 
independent of the distances between the several bodies m, m^, tR„&c. 
and, therefore, would remain the same if these masses were united in a 
single point, provided only the same accelerative forces were applied 
parallel to their actual directions; hence the motion which the centre of 
gravity actually has is the same as it would have if all the system were 
united there, and tlie forces applied to it parallel to the directions they 
really have; whence this general principle of motion, viz. 

The centre of gravity of a system of bodies, acted upon by any acce- 
lerative forces and mutually influencing each other, moves in space as ^ 
the system were united into that centre, and the forces which solicit the 
bodies were directly applied to it. 

(167.) When the system is acted on by no other forces than the mu- 
tual attractions of its parts, the second members of the equations (A) 
must vanish ; for, as the action of any two of the bodies is mutual, each 
will impress on the other the same motive force; and as these forces are 
opposite to each other, it follows that if the bodies were connected with 
each other by rigid rods, these, on account of the sequel at opposite 
pressures at their extremities, would be held in equilibrium^ whence 
all motion in the system would be prevented by the forces applied to 
its several parts thus connected together; hence these forces must ful- 
fil the six equations of equilibrium, so that we must here have 

S(wiX)r=0, 2(mY)=:0, 2(mZ) = .... (D) 

S (wiyX — mxY) = 0, 2 (mxZ — mzX) = 0, S (mzY — myZ) = . (E) ; 

and, consequently, from the equations (C), we get 

d^x ^ d^Y ^ dH 

= 0, __ = 0,--^=0, 



dfi ' dO ' d^ 

of which the integrals are 

* 
x = a -f-6/, Y-=a' '\-h't, z^a' '\-b''t 

where a, b, a', b' a", b", are the arbitrary constants, introduced by the 
integration. 
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If we eliminate t (rom any two of these equations tiicie will result a 
linear equation either between x and r, or between t and 7, or else 
between v and z; it follows, therefore, that the centre of gravity of the 
system must describe a sEmigiit line, and its velocity at any time will 






\/(^ + p + b'i ; 



whiehj being constant, shows that the mot'vin of the centre of graviti/ 
of a st/tUm of bodies, whose motions are entirely due la their mutual 
iiifluenees, is both rectUinear end «nifi>rm. 

Tliis is called Ibe general principle of the conservation of the centre 
ij" gravity. If no primitive impulse be given to the centre of gravity 
of a ajstem, then i, i', 6", will be eacb^O, and, therefore, v ^ 0, or 
the centre will be at rest. 

(168.) We have seen at (122,) that the differential expression ytir — 
xdy,* is the differential of double the area described by the projection 
on die plane of ly of the radius vector of m; hence the sura of the pro- 
ducts of each body into the differential expression for the area it traces 
onl on this plane in any time will be expressed by iT,(n>ydi — mid;/). 
In bke manner the corresponding sums for the other planea will be 
{"ZiiHxdz- — iBZdi), and ^'Z(mzdy — mydz); or calling these several 
sums } rfS, J(/S', i liS', and differentiating, we have 

^imyft'i-m.id^S') = d---i 

2(iHr<ft — ™i.rf'r) = ,/=S' 

2 (^miiPy — wyd'i) = if S' 

and, therefore, from the equations (B) 



' The sectorial area to which tbia expieseion applies, is measured frni 
the axis of y, u at art. Ii2 ; bat for the complement of (hid area, or thi 

xt/t) — ifdx. It is euj to see that the law of areas, eslablishiiil in thi 
article, holds In either case. 
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rf*S' 



2(jiixZ— -m«X)=: 



£(ffuY— m^Z) = 






Now when the system is influenced only by the mutual actions of its 
partSy we have seen (equa. £,) that the first men.bers of these equations 
are each=:Oy consequently > 






d^ ' de ' dt^ 

This result establishes the general principle of the conservation qfareoij 
viz. that in any syttemif bodieSymoving in virtue of' t/teir mutual actions 
on each other, the sum (f the products of each hod if into the projection, 
on any plane, of the areas, described by its radius vector, is proportional 
to the time in which those areas are described. 

(169.) VVe shall investigate one more general principle, which, not 
being deducible from the general equations (A) and (B), requires that 
we consider the motion of the system in another point of view. 

In every system of bodies, the motion of each is due to the force 
impressed on it, combined with those which arise from the action of 
the other parts of the system ; the simultaneous action of all these forces 
determine the motion of any one body m ; and, therefore, taking the 
components of these forces, viz. 7»X, mY, rnZ, where X, Y, Z, are the 
ac^lerations of the body in the directions of three rectangular axes, 
we must have, at any time t", the equations 

d'x d^ u d^ z 

'''-dir = "»X, m-^^m\, m-^^mZ 

<&c. (fee. <fec. 

Idx 
Multiplying now, the equation in x by -— — , the equation in y by 

at 
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, ihe equatioi 



s by 2 — ; and, i 



liken: 



■, ihe equalion ir 



i\ by 2 -— '-J and so on, and then adding tliem together and integrating, 
we shall evidently have tbe equntioa 

d^ + d^ + dz' , _ dx»,+dy\+dz', , , 

« dF- + ". rfis— + *'^- = 

a/m (Xrfj + Y % + Z it) + 2/w, (X, rfr, + Y, rfv, + Z^ rfj, ) + *c 
or, in the usual notation, 



S(m 



J/> 



-) = 2 E/mCXrfi + Yu'y+Zi/i) 

S{mv') = i 2/m(Xrfi+Yrfy + ZJi) . . . . (F), 
which is similar to the equalion (2) at page 180, when the system con 
sists of but 3 single point: the second member is aha integrable ii 
like circumstances, that is, when X, Y, Z, Stc., are functions of .r, y, i 
&c. and fulfil also the conditions named at page 180. 

If these conditions tiave place, then, as at the page referred to. 






I,, Ac.)- 



, Ac.) 



the product niv' of the mass into the square of its velocity is the fit 
viva, or living Juree, SO thai xvben ihe second member of (F) Is an 
exact differential, ne infec that the sum nfthe living fiircei of Ihe ij/stein 
generated in moving from one poiition to another, depend) loleli/ upon 
Ihe pi'sition Irfl and that arrived at, and ii mdependtnt of the piitht 
which the leveral bodiet have talten, and if the time if describing them. 
This is the general ^riiicipfe of the conservation if lieingfurces. 

This principle always holds, that is to say, the second member of 
(P) is always an exact diHerentisl nhen the bodies move in virtue Qf 
their mutual Bttrnetions. To prove this, let r be the distance between 
two of the bodies of the system m, ai, ; then 

^ = (i-t,)'+(y-i-,)' + (=-s,)' (I); 

let R he the funttion of r which expresses the intensity of tlie attractive 
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force exercised by the unit of m on mi, and by the unit of m^oam; 
then the whole attractive force of m on m^ will be Rm ; and tfie whole 
attractive force of mi on m will be R771, . The components of the forces 
1^ wQl be (see page 182,) 

r' r r 

and theae, in virtue of (1) above, are the same as 

„ rfr _ rfr _ rfr 
Rm-r-, Rm-r-, Rm-y 
dx dy dz 

In like manner, for the components of the force Rm| , we have 

_ dr -^ dr -. dr 
Rm.-.R«.-,R»..-. 

This last set of components have the same signs as the former set, 

dr dr 
because the force m. R is opposite to mR, and the coefficients - — ^ r—* 

•^ dx^ d!fi 

dr dr dr dr 

— , obviously involve opposite signs to the coefficients -—, — -, -— . 
di, as 4ty dx 

Substituting the foregoing component forces for X, Y,, Z, in the ex- 
pression 

S (mXdx -h mYdy -^mZdz), 

we have 

w>dr , , ^dr , , ^dr . , n dr , 

mm, R-r-dx 4-mm.R-rdv 4-mmiR-r-dx -hm.mR-j- dx. 
* dx ^ dy ^ dz i/x, * 

-f- ^1 9M R -— dxfi '\-m^mR — dt^szmm^Rtir, 
dy^ aZ| 

the first side of this equation being mmi times the total differential of r, 
considered as a function of the six variables in equation (1) abov*. 
The same reasoning applied to every two bodies in the system, must 
lead to a similar result, so that, 

2 2/(m X J« -{-fnYdy -{-mZdz) = 2 S . m m^fRdr, 

which is always integrable, since, by hypothesis, R is a function of r. 



r» 




ON THE COMPOSITION OF ROTATORY MOTIONS; AND 

ON THE PRINCIPAL AXES OF ROTATION 

OF A SOLID BODY. 

On the Coniiiosilioa of' Rotatory Mulioni. 

(170.) If a body receive simullaneously impulses whidi are sepii- 
mlely campelent to produce rotation about different known axes, (he 
resull will be a rotation about a new and delermioable axis. It will be 
sufficient to consider three given axes at right angles to each other, and 
llie problem we propose now to aoive is this, viz. when the body tenils 
lo turn at the same instant about three rectangidar axes AX, AY, AZ, 
witli the respecUTe angular velocities Bj, lu', w"; lo determine the position 
of the axis about which it actually turns, and the angular velocity cf 
the rolHion. 

Let m represent any particle of llie body (fig. tS5,) and let us first 
consider the motion of it about the axis AY; thia will be in a circle 
jH/m, and we shall suppose it in the direction of these letters. The plane, 
of the circle pqm being parallel lo tlie plane of xz, the particle has no 
motion in the direction of AY, and its motion in the directions of AX, 
AZ will obviously be the same as if the circle coincided vrith tJie plane 
of Ji, we may then, in estimating these motions, suppose such to be 
the case. Now as m turns towards the plane of j^, its coordinate j in- 
creases, and its ooonUnate z diminishesj hence the dilTereutial of i 
with respect lo the time, will be positive, that of i negative. The ab- 
solute velodily of m about AY will at any lime f, corresponding lo 
the coordinates .r, y, be in tlie dir-eclion of the tangent tiir, taking, 
therefore, Ciis line lo represent it, its componenla in the directions of 
AX, AY will be mi, and ma. As the expression for the absolute velocity 

A-^iu' . Ain^in. A=:u' .mi^u' i,this, therefore, expresses the velodlj 



d 
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in tlie direction of AX which is due to the rotation about AY. In tike 
manner, ma^zmr cos. rma ^mr cos. A ^ «/ • Am cos. A =s a/x » 
the velocity in the direction AZ to be taken negatively; hence the 
velocities in the directions of AX, AZ, due to the rotation of any par- 
ticle at the point (x, y, m), at any time i* is 

to'i and — -ca'x. 

Consider now the rotationjof the particle m about the axis AX (fig. 126,) 
from Y towards Z, and applying precisely the same reasoning^ we get 
for the velocities in the directions of Z and Y the values 

wy and — wt. 

And finally, applying the same reasoning when the rotation is abonttfae 
axis of M from X towards Y (fig. 127), we have, for the velocities in the 
directions of AY, AX, 

^ w'x and — w^y. 

It follows, therefore, that when all these rotations have place simul- 
taneously, we have, by adding together the above partial velocities along 
the axes, the following expressions for the whole velocities in those 
directions, viz. 






dy 

•--srca X — wt 
dt 



► . . . . (1). 



dz 

Now we may determine from these expressions about what axis the 
body actually turns at the instant ^', when the foregoing motions have 
place simultaneously ; for as every particle in the axis of instantaneous 
rotation is motionless, we must have for all of them 

da ^ dy ^ dz 
dt ' dt * dt 
that is, 

(tt'i — w'y = 0, w'* — (^s=:0, «y — a»'x:;sO> 



r" 
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f and these three equatioos obviously chacacteiise a straight line in space 
i passbg through the origin of the origioal axes; two of these equations 
i aie sufficient lo determine the position of this line, as for instunce the 
equations 

where ^. and ^ are the teigonomettical tangents of the angles which 

ihe projections of the instantaneous axis makewith the axis of i; hence 
if >, ;3, 7, denote the angles which the instantaneoua axis of rotalioa 
makea with the anes of x, y, and t, we have {Anal. Geom. p. 226,) 



■s/iu'+ij' + ^' 



and thus the position of the required axis ia determined in terms of tht 
known angular velocities. 

To determine the angular velocity of tlie body about this axis, we 
need consider only the angular Telocity of any single particle chosen at 
pleasure; let us take a particle on the axis of x; if from it we draw a 
perpendicular p lo the instantaneous axis, then the distance of the par- 
ticle from (he origin being x, we have 



=wrz 



^ uri + „P -f ul'' 



owaa for this pattiole ^^0, i = 0, in the second member's of (I), 
e have, for its absolute velocity. 



isequenlly, for the angular velocity v, we have 
,=I«v'..+ J. + J- (8), 
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80 that the three angular yelocities w^ to% »'', about three rectangtikr 

axes, are equivalent to the single angular velocity, '^w* -j-^-i-ti^t 
about an axis inclined to these three, at angles whose cosines are the ex- 
pressions for cos •, COS. /3, cos. y, above. 

It is obvious, from what has now been said, that when a bodj 
revolves about any axis given in position, and with a given angahr 
velocity, we may always resolve the motion into three partial rotatoiy 
motions about the three rectangular axes of coordinates, these compo- 
nent motions being in the directions assumed at the outset of this 
article. Tor the equations of the axis of rotation compared with the 
equations (1), and tlie expression for the angular velocity compared 
with Uie expression (2), will furnish three equations among the un- 
knowns 01, ia', i»t*\ which ai-e sufficient to fix their values. Hence, to 
whatever combination of rotatory motions the rotation which actually 
has place be due, we may always consider it as the resultant of the 
three angular motions above considered. 



On the principal Axes of Rotatioji, 

(171.) There are some remarkable properties belonging to certain 
axes of rotation, passing through any point in space, which well deserve 
notice ; for instance, whatever point be chosen, there always exists one 
axis in reference to which the moment of inertia of the revolving body 
is a maximum, and another for which the moment of inertia is a mini- 
mum ; these two axes are always perpendicular to each other, and they, 
together with a third axis through the same point, perpendicular to them 
both, are called the three principal axes of rotation, passing through 
that point. \\'hen the point chosen is the centre of gravity of the body, 
these axes have each of them a property peculiar to themselves, which 
is that neither of them will suffer any pressure fix)m the rotation of the 
body round it, so that, when this rotation has once commenced, if the 
axis were to be withdrawn, the rotation would, nevertheless, continue 
as if it were there. 

To establish these interesting properties it will be requisite, first, to 
obtain a general expression for the momentum of inertia of a revolving 
body, in reference to any axis whatever. 
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In order lo this, let AB (fig. 128,) be the axis in refereaefi to which the 
uomenl is to be detemiined, and asaiime a point on it A for Ihe origin 
of the coordinates. Let m be a particle of the body, and of which llie 
coordinates are .r,^, i; let tlie perpendicular inB^r, and thedistance 
Am of the panicle IVom the origin S ; also call tbe.angle ihAB, t, and let 
r, 7', be the angles which AB, and Ain, make with Ibe axea 
e ^hall thus liave 



••+!•+•' 



■ (1) 



ve liave, by substitution, 

S toa, I ^ » COS. K + 51 COB, ,3 -|- s COS. y . . 
Now in the right-angled triangle mAB we have 



» + y'"i 



'"■7 



— Hiy coa. s CDS. /} — in cos. a cos. y — 2yt cos. cos. y. 

From this equation we immediately get the eitptession for the momeiil 
of inertia Tfj'iii) of the body, in lefeience to the axis AB, for putting 
(or brevity 

2 {i"«0 = A, S (s'« ) = B, 2 (='«) = C 

the foregoing equation gives 



J 
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£ (r'M) s= A 8in.*« -{- B 8in.*/3 + C sin.^y 

: (3); 

— 2D C08. a coif. /3 — 2 E cos. « cos. y — 2 F C08. /3 cos 

which is iSbt general expression for the moment of inertia of the mass M, 
in r e fe reoee to any axis AB through the origin of the coordinates, and 
inclined to them at the angles «, /3y y. The position of the rectangolar 
axes of coordinates originating at A, being arbitrary, if we could so fii 
them that they should give 

D=0, E = 0, F = .... (4), 

the general expression (3) would be considerably simplified, being fo 
such axes reduced to the first line ; that is, we should then have, 

2(r«//i) = A8in.*«-fB8in.»i3 + C8in.«y .... (5). 

We shall presently shew that there really does exist for every point 
A three rectangular axes, for which the conditions (4) have place, these 
being what are called the principal axes of rotation. But, before we 
enter upon the proof of this, it will be expedient to shew how to trans- 
form the equation (3) into another, into which there shall enter, instead 
of A, 13, C, the expressions for the moments of inertia around the three j 
axes chosen for tliose of the coordinates. Now as the distance r of the 

particle m from the axis of .r is v^-^ -f z'^f its distance r" from the aiii 

of y, V a:' -f z'*, and its distance r" from the axis of z, v^.r^ -|- ^*, it fol- 
lows that if we put for the moments of inertia about these axes the sym- 
bols A', B', C, we shall have 

2 (r'2 m) = ^ (t/^ -^ z^) m = B -{- C = A' 

i: (r"hn) = 2 (i^ + ^2) m = A -f C = B' 

2(r'"2y/i) = 2 (x^ H- 3^2) m = A -f B = C. 

When, therefore, these three moments of inertia are known, the ffi^ 
ment, with respect to any other axis AB, will be obtained by subsc 
tuting in the equation (3) the values of A, B, C, in terms of A', BV 
deduced from these expressions; the result of this substitution is 

2 (r^m) = i A' (sin.^ /3 + sin.^ y — sin.' a) 
-f i B' (sin.2 a -f- sin.2 y — sin.« /3) + ^ C (sin.^ « + sin.^ /3 ~ sin.' ) 



V 
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^ 



. i 



, AXES OF ROTATION. 



this equation is i 



1-B-c. 



U + O'oc 



•r ■ ■ ■ m 



4 



which shows that the moment of ineilia, with respect 1« any axis, is 
equal to the sum of the producta, arising Trom multiplying each of llle 
moments, wilhrespectto the principal axes by the squares of the cosines 
of the inclinations of the proposed axis to these. 

On account of the relation (6) between these inclinaliona, we need 
introduce hut two of them into the expression (7), wljich may be 



S(r>m) = 



ftB-- 



V)e<„.'^-KC--A-)co8.'T . 



■ W- 



The quantities A', B', C, are necessarily positive, being fonned firom 
squares multiplied by masses: heoce, if A' is the stnallcst of the three, 
BTsry term in this equation will be positive, and, whatever the arhilrary 
angles /3, y may be, we must always have, iu this case, ^(fin) > A', . 
that is to say, no other line AB through the origin can be found, about 
■which, if the body revolve, the moment of inertia can be so small as 
when the body revolves about that principal aiis which we have taken 
for the axis of i. But, if A' is the greatest of the three quantities, ihen 
S(r*m) < A', for every Talue of ,3 and y, so that then the principal 
nxis in question will be that for nliich the moment of inertia is greater 
than for any other axis through the same origin. A' may, however, be 
neitlier the greatest nor the least of l^e thiec moments A', B', C', but 
may be intermediate between B', C; but we may make either oftheje 
three quantities stand first in th<i equation (8), by eliminating from 
(7) that angle which multiplies the quantity we wish to stand alone, 
by means of the r^ladon (6), tlius if y be eliminated instead of a, as 
above, then C will stand first, and th« same conclusions will then apply 
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to the axis of z instead of to the axis of x ; hence, of the three momeKU 
of inertia relative to the principal axes, one of them is a maximim, 
and another a minimum. 

This conclusion, however, is on the supposition that the principal 
moments are all unequal; but it may happen that this is not the case; 
let us suppose then that two of them are equal, as A' ^ B', then the 
equation (8) becomes 

S (r«m) = A' -f (C — A') co8.« y ; 

where it is evident that if A' > C, A' will always be > j:(r^m), provided v 

is not 90°, and, with the same condition, A' will always be < I(Hii), 
if A' <C'; but, when y = 90, whatever « and /3 be, then always X(f%) 
= A'; we infer, therefore, that when the principal moments of inertia 
relative to the axis of j: and y are equal, the moments are all equal, for 
every axis in the plane of ly, and the moment relative to the axis of ^, 
will be a maximum or a minimum, according as A'<C', or A'>C'. 

If A' = B' = C, then Z(r»#rt) = A', so that, in this case, all the aies 
through the origin are principal axes. It follows, therefore, that wben 
more than three principal axes can pass through any point, an infinite 
can pass through that point. 

(172.) It is time now toshew that through every point of space three 
principal axes may always be drawn; that is, three axes in reference to 
which the equations (4) have place. Trom the properties just dev^ 
loped we shall, obviously, be led to one or other of these principal axes, 
if they exist by determining for what values of the arbitrary and inde- 
dendent angles a, /3, the general expression (3), for the moment relative j 
to any axis, becomes a maximum or a minimum ; so that, for the deter- 
mination of the position of the axes of greatest or least moment, or of 
the suitable values of * and (3, we should have, by the theory of maxima 
and minima, the two equations 

which are sufficient to fix the values of a and (3- The performance of 
the actual differentiation, here indicated, is an easy matter; but the sub- 
sequent elimination of a or of /3, in order to obtain a final equation in- 
volving only one of these quantities, is a very tedious and troublesoite 
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operation, which, at length, conducts to a complicated cubic equation. 
Instead, therefore, of employing this method of investigation, we shall, 
after the example of Professor Whewell, adopt the following shorter and 
more elegant process from Lagrange. The problem is to find the pa- 
sition of three axes of rectangular coordinates, a/, y, ?', such that 

2(x'yw)=:0, S(x's'w) = 0, 2(y'2'w) = . . . . (A). 

Let the three fixed axes, in reference to which the required ones are 
to be determined, be those of x, y, Zy both systems having the same 
origin. 

Let i' make with x, y, z, angles whose cosines are a, *, <? 

y' . . . , a, b'f c > , , * (I) J 

Z. • • • (I f O f c 

then the angles contained between x and y, between x and 2, and be- 
tween y and z, being right angles, and, consequently, their cosines = 0, 
we have, (Anal. Geom. p. 227,) 

aa'-f **'-|-cc'=:0^ 

and (Anal, Geom. p. 226,) 
«« -f ^a -f c« =1 
a's + A'a -I- c'' = 1 
a'a + b'^ + c'2 = 1-* 

and these are the six equations of condition, which must be fulfilled by 
the constants (1). 

Now we have already seen that the general expression for the moment 
of inertia, with respect to any axis AB, making the angles «, /3, y, with 
X, y, z, is 

S (r«m) = A 8in.« « + B sln.« /3 -f C sin.* y 

— 2D cos. a cos. j3 — 2 £ cos. a cos. 7 — 2 F cos. /3 cos. y 

c c 



y (2); 
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But if this same axis AB make the angles «', p 7% with x', y, x',tben 
since, by hypothesis, 2 i/i^tn) = 0, &c. the moment of inertia, in refer- 
ence to it, will be 

X (f»m) = A iin.« •' -f- B' «ln.« jS* -f C sin.' y' ; 

where A', B', C', stand for "Lix^m), 2 {y*hn\ S {/^m). 

These two expressions for 2 (jr^m) are, therefore^ equal. The latter 
is the same as 

A' 4. B' 4. C — A' COS.* • — B' COS.* /S* — C co8.« y ', 
but 

A' -|-B'-f-C' = S(*'»+y*+«'«)m = S(«« + y* + ««)«•; 

and this last expression is what we have before represented by A + B 
-f C ; hence, substituting in the 6rst expression. A— A cos.*« for A sin.*«, 
B — B cos.*« for B sin.'/3, and C — C cos.'y for C sin.*y, and then equa- 
ting the two, we have 

A -I- B + C — (A co8.»* -I- B co8.«/3 -|- C cos.»y) 

— (2D cos. a coR. /3 -{- 2 E cos. « C08. 7 + ^ ^ cos. )3 cos. y ) 

ssA-l-B-f-C — (A'co8.»«'-|-B'co8.»/3'-|-C'co8.*y') .... (3). 

Now since {Anal. Geom. p. 227,) 

COS. a^a cos. a-^ b COS. /3 4 ^ ^^^* 7 
COS. /J* = a' COS. a'\- b* cos. /3 + c' cos. y 
COS. y' =: a" CO8. a -|- b" cos. /3 + c" cos. y ; 

the last term in (3) becomes 

A' (a« COS.* « + A* co8.» /3 -f c» C08.'» y 

+ 2ab cos. a cos. /3 -|- 2ac cos. a cos. y -f 2ic cos. ^jCQS. y ) 

+ B' (o'* co8.« a + A'^ COS.* i3 -f <?'* COS.* y 

-f 2a' d' COS. a COS. )3 -f- 2a c cos. « cos. y -|- 2b' c cos. fi cos. y ) 

+ C (a"* cos. « -f A"* COS.* i3 + c"* cos.* y 

+ Sa" *" COS. « cos, /3 -f 2a" c" cos. a cos. y -|- 2b" c" co?. /8 cos. y ); 
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and ihis expieaslon must be identica.1 with 



1 



+ a D eoa. . COS. (3 + a E cos. . coa. y + 


FC08./3 




we have 


AV -rB'o" +C'n"» =A . . 


■ (!') 


A'i" +B'f +C'A"» =B . . 


■ CS') 


AV +B'r^ +CV'» =C . . 


.(3-) 


A'ai + B'aV + C'a"A" = D . . 


■ (*') 


A'ac + B'aV + C'a-c" = E . . 


. (i') 


A'ic + B'bV + C'r«^ = F . . 


■ (a-). 



Tliese six equationa, combined with the aix marked 1,2), are sufficient 
lo delermiDe the twelve unknown quatitities which enter them, but we 
ihall only require to determine four of ihem, viz. u, b, c, and A', and 
shall, therefore, eliminate tlie rest. In order to this, add together (I')", 
(4') 6, (5') c, and we have 

A'fl (a' + i* + c') + Wa- (..«' + i*' + w') + C a- (a-i" + tV + cc") 
= Ad + D4+Ec; 
or, by the cundilaons (2), page 289, 

A'„ = An + Di + Ef 
Siniilurlj (2') i + (ff) c + (4') a gives A'i = B4 + Fe + Da > . . (IJ. 
. . . (3')c + {6')a + (a')i A'c = Ce+Eo+Fi ' 

These iliree equations, together with the condition u'+(i' + c'i= 1, 
are sufficient to determine a, li, c, and A'. 



(A'-B)fc- 
from which, by eliminating r, v 
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{(A' — A) F + ED} a — {(A' — B) E + FD} issO 
. ._ (A'-A)F + EP . 

••*-(A'-b)e + fd" W' 

also eliminatiDg b from the same two equations, 

{(A'— A)(A — B)— D«}a— {(A' — B)E4.FD}c=rO 

. (A--A)(A--B)~D« 

• • """^ (A' — B)E4.FD " • • • ' ^®^- 

Substituting these values of b and c in the third of equations (4), 
that is, in 

(A'— C)c — Eo— F*=0, 

tliere results 

^ ' (A' — B)E + FD (A' — B)E + FD ' 

or, 
(A'— A)(A' — B)(A' — C) — 
{(A'— A)F»+(A— B)E«-f (A'— C)D«}— 2FED=0 . . . (7), 

a cubic equation in A'. This equation being of the third degree has, 
necessarily, at least, one real root, and, consequently, the values of o, 
h, and f , as determined from the equations (5) and (6) combined with 
the equation 

are real, so that there exists at least one principal axis, viz. the axis of /, 
and its position is determined by these three equations. 

lleturning now to the equations (T), (2'), &c. and making the same 
combinations of them as before, only using now a', 6', c', instead of 
a, bf f, we shall, obviously, be led to the same cubic equation (7), 
except that B' will occupy the place of A'; and if we use a", 6", c", in- 
stead of a, by c, the resulting cubic will differ from that above only in 
having C in place of A'. Thus although the first of these cubics de- 
termine three positions for the axis of x^ (one at least being real) ; the 
second, three positions for the axis ofy'; and the third, three positions 
for the axis of/; yet these systems of threes must coincide, and can. 



i9:i 

therelbre, fumi^ only three distinct and diHerent directions for the axes 
of j", y', and j', given by the three roots of(T). 

Jt remains to show that these roots are all real. Suppose two of them 
to be impossible, and, therefore, of the form w + n v — 1, and m — ii 
V — ^ 1 ; the quantities a, b, c, are possible, when the root A' is so, and 
for one of-tlie impossible roots the corresponding quantities a, i/, c', will 
be of the form p + q "J r^ I, p' + fl' V— 1, p" + 5"v — l', and for 
theotherroot, tf', 6",c'i"iUbeof the forrap — q v — i,p' — q's/ ^i 
j/ — <j" V — I. Now as 

■■■ P' +?" +P"' + ?"+?■' + 9'" = 0, 
which is absurd, because the sum of a series of squares can never be 0. 
Hence llie three rectangular aies, each having the properly (A), really 
exist through whatever point we require them to he drawn, because tlie 
origin may be arbitrary. 

(173.) But the existence ol the three principal axes may be established 
in another nay, after having shown, as above, Oiat one exists. For 
suppose tlie axis of i, whose position is arbitrary, to cuiiitide with ihia 
principal axis; then we must have 

and lliese ralues aubitituted in the three equatiotis (4) in a, b, c above, 
give 

A' — A = 0, D = 0, Ei=0, 

so that the cubic equation (7), from which ^e values of A' are ta be de- 
duced, becomes, by putting these values forD and E, 

(A-— A) (A-_B) (A-— C)-(A' — A) F» = 
,-. (A' — B) (A' — C) — F' = 0, 



Tliis being a quadratic will furnish two values for A', and to determine 
:lie corresponding ihclimitions a, b, c, we have (4) the two eqnatioiu 
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A'^ = B6 + Fc + Da 

But D =: 0, and, since the axis to be delennined must make a right 
angle with that of j:, we must have a := 0, therefore 

(A' — B)6 = Fc; 6»-f c«=sl 

so that if 9 represent the inclination of the required axis to that of y, 
then b = cos. 9, c^ sin. 9, 

. ^ c A'-B 
F 

. o/j— _1*??-^ _ 2F(A'~B) 

the denominator of this fraction will be given by adding the identical 
equation 

(C — B)A' — (C— B)B = (A'— B)(C— B) 
to the equation (1), for there results 

(A' — B)>— F«=(A' — B)(C — B) .... (2) 

2 F 
.-. tan. 2 0= 5 .... (3), 

and, as the same tangent belongs to two arcs of which the difference is 
ISO*', therefore there are two values for 0, of which the difference is 90°, 
80 that besides the principal axis, which has been made coincident witk 
that of JT, there are two others in the plane of xy, inclined to the axis 
of ^ in the angles 9 and 90 + 9, or perpendicular to each other. 

When we know the position of one of the principal axes, taking it 
for the axis of j-, the position of the other two becomes determinable 
from the equation (3), just deduced. 

(174.) Let us now prove, that if a body revolve about one of its 
principal axes passing through the centre of gravity, this axis will suffer 
no pressure from the centrifugal forces of the several particles. 

Let the body revolve about the axis of z, then every particle m will 

describe about this axis the circumference of a circle of radius n/j:* -f-j^S 



I 
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and, tlierefore, if « be the angular velocity of the system, u v j* + j* 
will express the rotatory velocity of any particle m whose coordinates 
ate X, ji; but the centrifugal force hieing equal to Ibe square of the 
velocity, divided by theradius, its general expression here is iu'v i" -f-^, 
and consequenUy the strain which aoy particle hi produces on the axis 
is in w" V j' + j' ; if this force be resolved in directions parallel to x 
and J, the two components will be mui'j and i"u'y, and the moment 
of these forcea, to turn the body about the axis of 1/ and of i, will be 
mtii'ra and iiiui'i/z, and therefore, of the forces exercised by all the 
jiarticles, the nioiaents will be 

u.'S(mn) nnU u,'-^ {my-) ■ ■ ■ ■ 0), 

if these be each 0, there will be no effort used by the centrifugal forces 
to iitdiat the axis of z towards the plane of 11; ; such is the case, there- 
fore, when the axis of rotation is a principal axis; hence, in this case, 
the only effect of the forcea mei'x and inai'i/ on the axis, is to move it 
parallel to itself, or to translate the body in the directions of i and y; 
the aggregate of these forces is 

u'Stnii) and «'2{m!,) .... (2), 

and if these be each 0, the forces will use no efibrl to move the body 
or to press the ajtis; and they are O when the axis passes through the 
centre of gravity; we conclude, therefore, that when a body revolves 
about one of its principal axes pa&sing through the centre of gravity, 
the rotation causes no pressure whatever upon tlie axis, which may, 
therefore, be removed without at all affecting the motion of the body, 
the rotation once impressed continuing permanent. On this account 
the principal axes through the centre of gravity are called the axet of' 
perm/metil rotvtion,OT by some, the natiiral aiet iifrotaliun. 

(175.) If the initial rotatory motion of the body be not about a per- 
manent axis of rotalioa, the effects of the centriftigal forces on the axes 
cannot be destroyed, inasmuch as the foregoing conditions cannot obtain ; 
these forces, therefore, will alter the axis of rotation, and the body will . 
at every instant of its motion, if free, turn about a different axis, called 
tlie initanlanfoiii aiU nf rotatioa; and it may be proved that if this 
axis does not at Ihecommencementof motion coincide with a permanent 
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axis, it can never coincide with one afterwards, so that whenever we 
observe a body to revolve about one axis daring any time, however short, 
we may conclude that it has continued to revolve about tfiat axis fnm 
the commencement of the motion, and that it will continue to levohre 
about it for ever, unless checked by some extraneous obstacle. 

These particulars will be more completely established in the following 
articles. 

We may further remark here, that when a body revolves about anyone 
of tlie principal axes passing through the fixed point, which is tak^ for 
the origin, although this point be not the centre of gravity of the body, 
yet the expressions (1) will still be 0, so that the revolving body will 
use no effort to cause the axis to turn about the origin in any direction; 
but as the expressions (2) will not be 0, the axis must sustain a pressure 
in the directions of jt of ^ which would cause a tendency in the axis of x 
to turn about those of y and x, unless these pressures were wholly 
exerted upon the fixed point or origin ; that is, unless the resultant of 
all the pressures passed through this point; such, therefore, in virtue 
of the former conditions, must be the case ; so that through any given 
fixed point in a body, there may always be drawn three axes around 
which the body may turn uniformly without changing its original axis 
of rotation, although it would be at liberty to do so, as it is free to move 
in any direction about the fixed point. In order, thierefore, that a body 
retained at rest by a single fixed point may, by means of an impulse, 
receive a permanent motion of rotation, it is necessary and sufficient that 
the impulse be such as to cause a percussion on one of the- principal 
axes of the body, through the point, equivalent to a single force applied 
to this point perpendicularly to the same axis. 

It remains now for us to prove the assertion above, viz. that the in- 
stantaneous axis of rotation can at no instant coincide with a permanent 
axis unless the body has continued to revolve about this axis from the 
commencement of the motion, and in order to this it will be convenient, 
first, to ascertain the equations which express the geneml theory of a 
body's rotation about its centre of gravity, and then to discuss those 
particular forms of them which arise from supposing the rotation to 
take place about the principal axes. 

(176.) The group of equations (A, B), at art. (166), which expresses the 
conditions of the motions of any system of bodies mutually connected, 
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and each acted upon by any accelerative forces, obviously holds vihen 
tlie system coDStilutes a solid body; we may regard them, tlierefore, as 
embodying the analyiical theory of the motion of a solid body, of which 
each particle is acted upon by any accelerative forces. 

The first three of llie equations referred to, completely deterraiae the 
progressive motion of the body in space, or the path described by its 
centre of gravity, fumiihiDg for this purpose the requisite equatiooa 

d'x _ SCmX) <Pv _ S (m Y ) d'z '_ S (mZ) 

dfl ~ M ' rfC ~ M ' ac ~ M 

where the sign £ includes under it all the particles Ri, m,, nr,, &c. of 
the mass M, which are acted upon by the accelerative forces X, X, , 
X,; Y, Y,, Y,,&c. 

The remaining three equations (B) must be those which determine 
the roiatoTy motion of the body round this moving centre ; or if the 
centre of gravity remain fixed, and the body be free to move round it 
in every direction, then the three equations (B) must be sufficient to 
determine the circumstances of the rotatory motion arising from the 
action of the same accelerative forces-. 

The rotatory motion thus produced, on the supposition that the centre 
of gravity is fixed, must, since the progressive and rotatory motions 
are independent of each otlier, be really that which accompanies 
the progressive motion the body actually has when this centre is free, 
and which progressive motion is that which the centre would have if all 
the Bccelerative forces acted upon it as a single free point, so that the 
absolute motion iti space of any particle of the body is compounded of 

Supposing then the centre of gravity of the body to be fixed, if we 
place there the origin of the coordinates, alt that concerns the rotatory 
motion of the body will be comprised in the equations 
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Let ns represent, as it (170,) the angnlar velocitiefl of the body aboat tlie 
three axes of coordinates by w, w'^ ^^ then, instead of the coeffici&ifs 

— p --^9 ^e may introduce their values from equation (1), page 282, 

to that ihe first of the preceding equations will be, by transposing, 

X(Yxi» — Xym)=2x-^ — .- ^m — Sy "^**^^ ^^ m. 

If we actually perform the differentiation here indicated, and always 

dx du dz 
substitute for — , —-, j-, their values as given by the equations refened 

to, we shall have 

dJ 
X(Yxm-Xym)=-2(«>H-y«)m + «iJ2(x«H-y»)m + 

(2 J» H- 4? — «•) 2 («ym) 

Now let us suppose the axes of coordinates to be the principal axei 
of the body, then we know that 

2(xyw)=0, 2(xxm; = 0, 2(y;7m) = 0; 

hence, putting 

2(y"H-2";»« = A, 2(x«H-z»)»i = B, 2(x«H-ya)m = C 
.-. 2(i« — y«)in = B — A, 

the foregoing equation becomes simply 

S(Yx/n — Xy»0 = C-^ -f-(B — A)«<J, 
and, in a precisely similar Way, we obtain 

r(X8w — Zxm) = B -^ + (A — C)a>w' 
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-Y = m) = A- + lC-B)^w'. 



j (ITT.) Suppose now that no accelerative forces X, Y, &c. solicit the 
body, these equations become in that <sse 



f(C-B)«-<«-=01 



- + (B-A)<„«; = 



In these equatioi 
putting for abridgmi 

B — C 



*TP^ 



C— A 



« ' B ' C ' 

they become 

du=:Ldai'dl, dui = M u lA'dt, rfu!' = Nuul .(( . 

Maldplying these severally by m, u', u'', and putting uu'i 
we have 

uUui^Ldf, lidli^^Md^, lu* rfai* = N d)l , 

and the integrals of these are 



■ (S). 



where a, b, c, are what u>, lu', u'', become wbcn f, which is the indepen^ 
denl variable in the function ip, becomes 0; that ia, those conslanti are 
the initial rotatory velocities about tlie axes. 

Consequently, substituting these vBlues for miu'ui" in the equation 

dt s= — ^77, we shall have, foe the determination of ^, correspondbg 

to any time t", in functions of i, the differential equatiou 

■ ,„_, ''^ 

V 12 L * + fl') (.2 M ^ + 6') (S N f + o*) 
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Suppose now that an initial velocity a is g^yen to the body about 
one only of the principal axes, then b^O, c = 0, and this expression 
becomes 

1 d6 

2 >/ MN ^ n/ 2L^ -f a« ' 

that is, replacing aLf + a» by its value «*, and d^ by its value , 

±^ 

1 du 



>/ MN «* - «* 
and the integral of this b 

C-|-*>/mN= i- log. 



ft* — a 



2a ft> -^ a 

ft* 4" « 

Now the constant C must be detennined so that when ^ =r 0, oi may be 

^ a, that is, the first member must vanish for f = 0; hence c**^ must 
^0, or C = — 00 , consequently, there must always be o> = a, and 
therefore (2) always = 0, ft>' = 0, ft*" = 0; consequently, as before 
shewn, the impressed velocity about one of the principal axes of rotation 
continues perpetual and uniform. 

We see, moreover, from the equation (3), that if the instantaneous 
axis of rotation does not coincide with a principal axis at the commence- 
ment of motion, it can never afterwards coincide with it : for if we sup- 
pose the coincidence to taMfe place at any epoch, and that the angular 
velocity is then o, then, measuring t" from that epoch, the foregoing 
equation must give ft> == a when ^ = 0, which requires, as shewn above, 
that C ^ — 00 , and therefore ft> must be always ^ a for every value, 
positive or negative, of t. 

(178.) Let us now see what must be the conditions, in order that the 
instantaneous axis of rotation, if it do not accurately coincide with one 
of the principal axes, may yet always be very nearly coincident. 

Let us suppose the axis of instantaneous rotation to be nearly coinci- 
dent with the axis of jj; then considering the angular motion to be the 
resultant of three, about the three principal axes, the velocities <u, u', 
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about the axes of x and y, are, by hypothesis, to be very sm^l in com- 
parison with the angular velocity a" about the axis of », because the 
body turns almost entirely about this axis. The expression for the sine 
of y, the augle which the inatanlaneous axis malceswilh thai of 3, ia 
(p, 283,) ^ 

Now, on account ofthesraallness of both u and u', the third oftheequa- 
tLons(l) p. 299, becomes C — - — =5 very nearly; so that u, the velo- 
city round the axis of z, is very nearly constant. Call it »" ^ n, then 
the remaining equations 05(1) become 



B-^-|-(A-C)«c-=0 } 



dt 
By differentiating the first of these, w 

but, from the second. 



hence, by substitution, 

'I'- _^ (A-C>(B-C) ^.^ _ ^ 

or, putting for brevity the coefficient of lu ^ /', 
The integral of this equation is, (see Int. Calc. p. 245,) 



l 
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If at die commencement of motion, or when # as 0, w were accuntdy 
0, the constant c would necessarily be ; as it is, boweTer, c' must be 
very small : calling Wf k, we have 

dint 

« ^ c sin. (// -|- k) .•. -jszlc . C08. (li -|- k) ; 

and, substituting this last expression in the first of (1), we get for w' 
the value 

, Ale . COS. (It + k) 



Here also we may observe that if, at the commencement of the mo- 
tion, the instantaneous axis accurately coincided with the axis of 2,c 
would necessarily be 0, for otherwise <>> and to' would never be both 0; 
so that we again infer what has been otherwise proved, viz. that (tf and 
*»' if at the beginning are always 0. But, if, as we here suppose, « 
and w' are not accurately at the commencement, then r, instead of 
being 0, must be very small ; consequently, if / involves no impossible 
quantity, u> and a/' must always be small, however great t may be, for 
be this as great as it may the factors sin. (Jt + /:), cos. (It -f A:), can 
never exceed unity. 

The expression for / is 

where A, B, C are essentially positive ; hence that the expression may 
be possible A — C, B — C, must be either both positive or both nega- 
tive ; that is, C, the moment of inertia with respect to that axis about 
which the axis of instantaneous rotation perpetually oscillates, must be 
either the least or the greatest of the three moments A, B, C. 

If we were to integrate (2) on the hypothesis that / is imaginary, or 
/' negative, the resulting expressions for at, w', would be exponentials, 
t entering as an exponent ; their values would, therefore, increase con- 
tinually with ty showing that the supposition of these quantities con- 
tinuing small, after the commencement, is inadmissible. 

We conclude, therefore, that when a body commences to revolve about 
a principal axis, it will perpetually do so: when it happens that any 
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ie deranges this unifbnn rotation a little, the body will, 
nevertheless, always have the new aaea of rotation, which it perpetually 
turns about very neat lo the original axis, provided this happened 10 
be either the axis of greatest or of least moment; but if it happened to 
be [he asis of mean moment, then, however trifling ihe derangement 
roay have been, its effects will increase with the time, and the body will 
depart altogether from its original motion. We hence say that the rota- 
lion about the principal axis of greatest or of least moment is tlabU, 
while the rotation about the axis of mean moment is unstable. 



CHAPTE& VIX. 
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i 



(179.) If a bodyrevolve about any centre of force S, (fig. 129,) and if 
the velocity at an apse A is p, ihe expression for the sector ASP, des- 
cribed by the radius vector in any time / from A, wiQ be 

ASP = 1 AS.t.f, 
required the proof. 

Taking S for llie origin of the retlaogular 

of 1, the components of the veloci^ in the c\ 

at tlie apse, the velocity in the curve being ii 
axis of^, and being in die direction of j,i 



s, and SA for ilie a 



a parallel direction to 
'e have, at this point. 



therefore, since (12S) 
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xdy — yd* 
— 57 — = ^' 

we must have at A 

X9= AS . »^c .*. ic# ss sector ASP ss 4 AS . p . /. 



PROBLEM XI. 

To determine the curve, such that if it revolve about its axis placed 
vertically, with a given angular velocity, a heavy ring at liberty to slide 
along it shall remain wherever it is placed, (fig. 130.) 

Let CBA be the curve, and w the given angular ^'elocity, and let 

be the point where the ring is placed : draw RN a normal to the curve 

and RM perpendicular to the avis; also let ST be a tangent at R, and 

call the angle NRM, &c. The absolute velocity of R is MR . w, and, 

MR* . w« 
therefore, the centrifugal force is — rrfT"" = MR . «», in the direction 

RR'; the component of this, in the direction RT of the curve, is MR. 
w« sin. a, and the component of the force g of gravity in opposition to 
this, that is, in the direction RS, is g cos. «; hence, in order that the ring 
may rest, these two forces must balance each other, 

.*. MR . oi'sin. a = ^COS. a 

N 
MR ® 

.-. MN = -^,; 

that is, the subnormal is constant, and, hence, the curve is a parabola 
with its vertex downward. Upon similar principles we may determine 
the concave surface which a fluid presents when a rotatory motion is 
given to the vessel which contains it. This surface is a paraboloid. 
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An upright cylinder standing OD a smooth boriEontal pbne has a string 
coiled several times romid it in the plane of its base; one end is fixKd 
to the cylinder, and lo the other ia attached a body P, to which a velocity 
ii given in the direction of the slriiigi to determine the motion, (fig. 131.) 

Let V he the progressive velocity of the cylinder at any inslantj then 
M being its mass, Mv will he the impulsive force due to this velocity; 
as it acts at the entremity of the radius r of the ba^e, and in the di- 
rection of a tangent, it will comnmiiicate to the circumference of the 



cylinder the rotatory velocity 






-^Su; therefore, the absolute velo- 



city of eveiy point of the unwound string must, at that instant, he 
3u, which, therefore, expresaes the corresponding velocity of P; hence, 
at that instant, the whole momentum of (he system is Mu -j- 3Pif; hut 
if the given velocity originally communicated lo F be Vj, them 
communicated will be Pu,, 



. Mb + 3Pip = 



:Fe. .: v= 



Pp, 



M4 



this, Ihereforfl, is the velocity of the cylinder in progression, at any in- 
stant, and twice this is the rotatory velocity of the circumference; the 
velocity is, therefore, uniform, so that the motion of thecylinder is wholly 
due to the initial impulse it receives from P; P, therefore, never after- 
wards acts on the cylinder. 



A uniform straight rod AB (fig. 132), is placed in an assigned po- 
sition upon a smooth horizontal plane, and one end of it, B, is drawn 
uniformly along the straight line CD with a given velocity v; it is 
required to find the position of tlie rod at any time, and its angular 

Let G be the centre of gravity of the rod, then the uniform motion 
of B along the sliaight line CD miylie considered as the consequence 
«d 2 



I 
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of an impulse at G, in the direction GD', parallel to CD. As tk 
progressive velocity thus generated is r, ti.e value of the impulsive fbioe 
\s2 a-Vf a representing the mass of half the rod or of AG. But, as 
this force really acts at B instead of G, there would be generated in 
addition to the progressive velocity a uniform angular velocity about 
G, if B were not constrained to continue on the line CD; as it is 
the angular motion must be about B. Now the same force which 
applied at B produces any angular motion of the rod about G, would, 
obviously, if applied at A, and in an opposite direction^ produce the 
same angular motion; whatever angular motion, therefore, has place in 
the present case, is due to the force 2av applied^ at the coomiencement 
of motion, to the point A in the direction AC. Calling, therefore, the 
angle ABY, which the rod makes with the perpendicular BY at the 
beginning w^ we have, for the constant angular velocity about B, 

du 2 at; X BE 2 av x 2 a cos, ia. 3 v 

*=~ns"«y-= — p — =T" -7<=°''-*'>! 

hence, at any time t", the rod will make with BY an angle ut equal to 

1 1' — cos. w,, and the length of path gone over by B will have been 

equal to fv, so that the position and angular velocity of the rod at any 
time is completely determined. 

The curve traced out by any point in the moving rod is, obviously, 
a species of cycloid, for each point describes uniformly the circum- 
ference of a circle, whose centre B is uniformly moving along a straight 
line ; that point in the rod whose rotatory velocity is equal to the pro- 
gressive velocity of B will describe the common cycloid ; for if with 
centre B a circle be described through this point, and then a tangent to 
it be drawn parallel to CD, this circle, by rolling on the tangent so that 
its centre, or the point of contact,- may move with the proposed velocity 
of B, will obviously cause every point in the circumference to revolve 
with that same velocity, and thus the point in question will trace the 
path which it actually has, and which must, therefore, be the common 
cycloid. 
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Suppose a heavy paiticle ia placed at a given point in a perfectly 
smooth narrow tube of a given length, and suppose the tube to be 
whirleil about one end as a cenire with a given angular velocity in a 
lioiitoutal plane; it is required to determine the velocity and direction 
of the particle when it leaves the tube; the motion being solely gene- 
rated by the revolving tube, (fig. 133.) 

Let SA ^ u be the tube in its first position, and B the place of the 
particle. Call SB, b, and the distance SP of tile particle at any time 
(", r; let also v represent llio unifonn angular velocity of the tube, and 
SC its position, v>hen the particle qtiits it. 

As DO ceotripetal force acts on the particle, its motion along the tube 
is entirely due lo the centrifiigal force rv' (art, 13B), lliat ;s 



Multiplying this by 2ifr, and integrating, w 



hence, when r =s u, or when the body arrives at Uje moutli C of lli« 
tube, iU velocity in the direction CEof the tube is v Va' — i", als oils 
velocity in (he direction CD, perpendicular to this, is va; hence its 
velocity in its path at tliat point ia the component of these, viz. 
V V20* — i° and for the angle ECF, which the direction nuikes with 
dte lube, we have 



1. /_ ECF : 



CD 



This aogle, added to the angle S, will give the position of CF, widi 
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respect to AS. If T represent the time in which the tube passes from 
the position SA to SC, then since v is the angle described in one 
second, Tv will express the angle S, and to find T, we have, from the 
equation (1), 

< = — log. — ! 

p 

... T = - + log.-:L-j 5 

so that the angle S is expressed by 

„ log. 2 . 



PROBLEM VI. 

Two bodies P and Q (fig. 1 34,) are placed on a smooth horizontal plane, 
and connected by a perfectly flexible and inexteosible thread, which passes 
freely through a small ring R in the plane ; a given velocity is com- 
municated to P in a given direction : it is required to fiiid the equation 
of the* curve described by P on the plane, the length of the thread 
being indefinite. 

Call the radius vector RP, r, and let P, Q represent the masses 

of the bodies, then — — being the acceleration of Q, the motive force 

of Q must be Q — - ; hence P must be drawn towards the centre R 

Q d^r 
by this motive force; the accelerative force on P is therefore . 

P dt* 

which may be considered as the centripetal force at R which retains 

P in its orbit. 

d* r 
Now we know that the paracentric force -tt is equal to the diffe- 

dr 

c« 

rence between the centripetal and the centrifugal force -j , (see art. 
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1 38,) therefore 

i|-+"t-S^=5 ■■■■(I)- 

Muliipljing by 2 dr and integrating, 

or, substituting for the square of the paracentric velocity it 
page 213, we have 



u being the angle between r and any fixed line RX. Consequently, 



and, by integration. 



. (3), 



the polar equation of the orbit. 

The cotistants r, and r, are readily determined fiom ilie initial con- 
ditions of the mot.on; thus let v, be the initial velocity, and ■ the 
angle which its direction makes with the original position of the string 
r, and let the value of r be then a; the initral velocity in tl.e direction 
of the radius vector will coi. sequent ly be u coa. n; hente, putting this 

dr 
for — 10 the equation (2), we have, for tlie determination of fi, this 

equatioD, observing that r, whicli denotes double the sectorial area 
described about R in one secoad, and which is constant, is expressed 
by..., .in.., 
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which rives for — the value 

I _ 1 P-f Qcog.'« 
c,|"" a '^ Psln.'a 

To determine r, let the radius vector coincide with the assumed line 
RX at the commencement; then w ss o when r^cLy and consequently) 



p, ss: — . N —t— • ^^'^ •>/ 



P + Qc08.«a 

P 8ln.> « 



PROBLEM VII. 



A given weight W (fig. 135,) hangs at the middle point n of a string 
PCnC P' passing over the pulleys C, C, in the same horizontal line, 
drawing up the two equal weights P, P', hanging at the extremities of 
the cord ; to determine the motion of W. 

Draw nD perpendicular to the horizontal line CC, then CD = CT)* 

X 

Let CD = a, Dn = jr, Cn =y, then — = cos. CnD = cos. C'nD. 

Now to the point n there are applied the force P, in the direction riC, 

the force P' in the direction nC, and the force W in the direction wW. 

The actual, or effective forces, in these directions, are respectively 

— . — — -, — ~~T:rf "" • "TT-j and of these it must be observed that 
g dV" g dt* g df 

the first two have contrary directions to the corresponding applied forces; 

for the apphed force P acts fix)m n, towards C, whereas the actual fiMrce 

is from C towards w, since W descends; consequently, taking the eflfec- 

tive forces in opposite directions to those which they really have, there 

must, by the principle of D'Alembert, be an equiUbrium among the 

forces 



g dt^ ' ^ g dt^ ' g dfi ' 

acting at n, in the directions nC, «C', nW. Consequently the vertical 
components of these must equilibrate, that is, 



TTie relation between t and y is 
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iherefore, sufetiluting this value of — , dividing- by SP, and pulling for 

W 

abridgment —^^m, we liave 



X Jr -—- dg^^giauii — ds) . 



and, by integration, 



1,-^.^ 



d,' -'^ ^* + n,i/' ' 

which eitpreaaes the square of the velocity of W. The determination 
at c depends upon the initial position, when the velocity ia 0; thus 
c^g{\/i- — wir,), where J', and ^i are the values of J and ^, at the 
conunencemeut of motion. 

To find when the velocity is again we have from (3), by introducing 
this value of c , the equation 

or, (ubstitutine; for y its value va' + i\ and reducing, we have the 
quail latic equation 

^l-m')i'~(2«i/, — Sm'x^)t~(l,,-mx,)' + a> = 0. 

i>De of the TOoU of thia equation is by hypothesis, ' = 'i, and, if we 



312 ELEMENTS OF DTKAMICS. 

represent the other by jr', we have, by the theory of equations, 

' 1 — mr 

If ntss 1, that is, if W =: 2P, W will continually descend, and nerer 
become stationary, as remarked at page 22, and the same will of couise 
happen if W > 2P; hence, for the system to become stationary at any 
time after the commencement of motion, W must be less than 2P, and 
the distance below the horisontal line, at which thL« will take place, 
will be given by the above value of jt, , so that the weight W will more 
continually backward and forward between the two points r,, Xj. 
Whenever the relation between 2P and W is such as to render x, ne- 
gative, it will be impossible ibr the system to become stationary at any 
time after the commencement. 

This problem may be solved otherwise as follows : 

Since the components of the forces P, P* in nC, nC are together 

X 

equal to 2 P — , a portion of W, equal to this, is expended in balancing 

the equal weights P, P', hence the moving force is only W — 2 P — , 

and this, divided by the inertia opposed to motion at the point n, must 

(Px 
give the acceleration of W. The inertia due to W is its o^ 

W 
mass — ; the inertia of the other bodies must be expressed by such a 

g ^ 

mass placed at n, or incorporated with W, as when multiplied by the 

acceleration of W will give the same motive force in the vertical direction 

^hat the real bodies P, P' acting along nC nC have in the vertical 

direction. The motive force of P -|- P', or 2P, in the direction nW is 

P X d^y 

2 — . — . —f-r\ to determine therefore what mass M, havinor the ac- 
g y dt^ & 

d^x 
celeratioii — r^, must have the same motive force, we have 
dtr 
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dC g y dfi g y'' dp ■ dfi 

Dividing, therefore, the motive force W — . 2 P — by the whole ii 

y 

at 1, we liave fur the acceleration tlie equation 

f(W-8p£.) ^,_ 

W dy X 

Iherefbre, pulling as before m foe — , and — for — , 

lip dx y 

which is the same as equation (3) before determined. 



Two given bodies P, Q (fig. 136,) areconnected together by a siring, 
which passes over a fixed pulley a.1 a given disance frona a smooth 
horizontal plane. It 13 required to determine ihe circumstances of the 
motion nhen P is drawn along the plane by the descending weight Q. 

Let the velocity of Q be i', and Ihe velocity of P, u; (hen, calling 
PB, X, and PC, », CQ, y, and the angle P, ., we have 



hence the actual motive force of P, Ln the direction PC, and of which 
the force in PB is tlie component, is 

— .^ I _dti V^ u 

dt g CM. K dl g (I ■ " ' ' ^ ' 
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the impressed force od P is gravity and the resistance of the plane, so 

that no moving force is impressed. 

dv Q 
Again, the actual force of Q is -- . — , and the impressed force is the 

dt g 

weight Q. Hence, by D'Alembert*s principle, the force (1), acting in 
the direction CP, equilibrates the force 

acting in the direction CB, that is, 

du u — ^ dv ^ 

.*. Pudu^QvdvssQgvdtsszilgdy, 

and integrating this equation, 

P«« + Qp»=2Q^(jr-.c), 
f being the value of ^ at the commencement of motion, ther^ore, since 

we have 






"" ?««-!- Qx» 

^or the square of the velocity of Q, s and y being known in terms of x 

from the known length of CB, and of the string; and the veiocity of P 

is then found from the preceding equation. 

The problem may be solved otherwise as follows : 

. du P u 
Having found, as before, that the motive force of P is — . — . — ^, we 

at g V 

have, for the determination of the mass M, which, when accelerated 

with Q has the same motive force, or offers the same resistance to motion, 

.the equation 

dv^du P^ u_ 

dt" fit' ^ ' t 

^, V u du 
g V dv 
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heiice the whole bertia of ihe syBlem being M -f — , we have for llie 
acceleration of Q 



= ^-(p«g«U8.) 



y « + p » — 



Consequeutly 
as before. 



qgt!y = qviit + Vuilu, 



A perfectly flexible chain is wound round a cylinder, supported with 
its axis parallel to the horizon. Then the weight and dimensions of the 
cylinder being given, as also the weight acd length of the chain: it u 
required to determine tlie time in which the chain, impelled by the force 
of gravity, will unwind itself; a gi-ven length being unwound at tiie 
commencement of the motion. 

The moving force here always acting is due to that part of the chaiu 
which hangs down, and tlie resistance to be overcume is the rotatory 
inertia of the cylinder, and of the mass of chain which envelopes it. 
Ab, (page 238,) the square of the radius of eyration of the cylinder is 
J R', and that of a mere circumference of the same radius R, K'j it 
follows that the system would offer the same resistance to rotation if ' 
for the cylinder we substitute an indefinitely slender ring of the same 
radius, containing half the mass of tlie cylinder, and the whole mass of 
the unwound chain. 

Lei then 2W denote the whole weight «f the cybixler, and lo that of 
the chain; let the length of the chain be /, u the length banging down , 
at the commencement uf the motion, and -r the length hanging down at 
any time t'. Then the weight of any part being ai ita length, we li.ive 



L 



f hich expresses the moving force acting at the eztremity of die radius 
I any time l'; the ralue of this force so acting to turn die system ia 
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ws 



R -79aDdthi8,dividedbf th^momeiit of ineitiay wiUgiretheangul^ 

accdemtioa (168), and eontequently tbe acceleration of die estKOHtf 
of the radius, or of the descending chain, is 

that is, 

d*x wx 

"5?" ** ^ TTWhT^ * 

Multiplying this by 2 -j-, we hare 



(W di '^ l(W -^w) dt 
This, multiplied by dt and integrated, gives 

To determine C we have the condition v ss when x=:a, 

hence, subtracting this equation from the former, 

« /(W-f-w) 

consequently 

the integral of which is (^Int, CaU, art. 18), 

' = >/{— ^ } *««• i ' 
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which is the number of seconds occupied in unwinding the lengili 
T — a, [he part a being unwound at the beginning; and w}ien s^l 
we have, for the number of seconds occupied in unwinding the whoU- 



To a point in the circumference of the base of an upright cyUnder, 
standing on a smooth horizontal plane, is fastened one extremity of a 
string, and to the other a weiglit P. Now a given velocity is commu- 
nicated to P in a direction perpendicular to the string: to determine 
the circumstances of the motion (fig. 137). 

Let A be the point to which the string is fastened, and B the point 
of contact at any lime f ; let also AOB = u, BP = a, AO = a, tension 
of the string ^T, then, tating ON, NP fer the rectangular cootdinalea 
of P at the time (', we have, since the acceleration of P in direction 

T 
PB is — these equations of its motion in the directions of die coor- 



j^ P "'"■ "• i£t p '^°'-'" ■■■■(')■ 

T 

the negative signs being used because the acceterative force — , being 

in the direction PB, tends to diminish the coordinates. 

Multiplying the (irst of these equations by cos. w, and tlie second by 
sin. w,and subtracting, we have 

.„..£i_.,...£i = o...,<j,. 

du 
Again, the ajigular velocity of the siring, since PBN'^Wjis --; i 

therefore, the absolute velocity of Pin direction PQ, of its path, is z 
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and therefore its compooeots, in the diiectioBs of the coordinates, ace 

dw dw 

— ■• And *— M tin. m "^t 
dt* dt' 

— cofc«-3; — iiln.«-ja-|-j 



I eoi. «. .-T-> Mid — Ji tin. « -T-^ coneequendj^ by difinentiatiDgv 



rf<t — ^ di dfi ^ dfi 

d*y dt , dttt d^ <2*w 

d#* dt di dfi dfi 

Substituting these in the equation (2), there results 



and integrating each side^ 



dt 
dt 


dt^ 


d*ti 


ssO 






d*kt 
di» 


. dm 
^Tt' 


» 


iside^ 










^•T 


asB log. 


dw 


c 

t 


dta 

Tt 



the angular velocity of the string at any time f. To determine c let 
Vi be the initial velocity of P when z^=b, then the initial angular 

velocity is — =s -— .-. c = r, ; consequently. 



b b 



— ^ = angular velocity of the string, 
Vi as absolute velocity of P ; 



hence, P continually moves with its initial velocity. As the centnfogal 
force of P is that to which the tension of the string is due, we have 



T = P-i- = 7 ^, 



i being the whole length ABP of the string. 
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To determine U)e path of a projectile id a resistii^ medium. 

Let R represent the reaistance of the medium in opposition to the 
motion of the body; then the forces acting upon it, in tJie directions of 
its horizontal and vertical coordinates, ate 



dt ^s 



=-»-»i 



which are the equations of the motion; and by means of which, when 
the law of resistance is known, the nature of the trajectoiy may be de- 
termined. The law generally received is, that the t( 
the square of the velocity ; a^uming, therefore, (his to be the ci 
foregoing equations are 



^dx d's 






the equations are the same as 



de ' 



d? 



di df 



As the second membera of each of these eqtmtions conlaio only first 
difierential coefficients, and as the values of these coefficients it 
the same, however we change the independent variable, (Dif. Calc. 
p. 97,) the equations may be writte 
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Integmting this equation we have 

log. — =s — m^-fC 

dm 
.-. — =scr-~ .... (2), 

f being the base of the hypeiboUc system of logarithms^ and c the 

number whose logarithm is C. 

The determination of c will depend upon the initial conditions of the 

motion; let the initial Tdocity be Vi and • the angle it makes with the 

axis of X. Tlie component of Vj, according to this axis, is vi cos. «, and 

dx 
this same component is what — becomes when s s= O^ that is to say 

V cos. A ss c e° = c } 

hence, substituting this value of c in the preceding equation, we have 

dx 



s= », cos. A . e-^^ .... (3). 

dx 
Again: multiplying the first of equations (1) by — , the second by 

dt 

dy 

-^y and taking their difference, we have 

d^x dy d*y dx dje 

dt' "di 5?" ' rfi "" ^ dt' 

dx 
dividing each side by -- the result will be 

dt 



d.^ 
dx ' dx 

It* dt 



= gi 



i 



dy 
or, putting y for --, 

ax^ 



dx dt/ 
Yt' 1t-^^ 
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an ec^uaiioD containing only Si's! differential coefficients, and which vie 
may, therefore, write tiius [Diff. Caic, p. 97) 

the parentheses intimatiug that the independent variable Is arbitrary. 
Also, from equation (3), 



*• -' v,'cas.ae-'"" ' 


, 


hence, by substitution. 


^d 


-■»---'^!— ■•■<"• 


fl 


Now 


^^ 


<''*> -/i 1 ,„-i . ,rfrl ''''^ , 


] 


(rf.) VI + (,«) 




shall have the equation 




^'l+^y.-iJ. = -l^, 




of which the integral is 


-. 


jW 1 +!^ + log. ii^+ V 1 +y-.)=c-;;^^-^_ 


. ..{5). 


In order to determine C we must revert to die value of j/ 


or^ at 


the commencement of die motion; this value is / = tan. a, c 




mg to which we also have 




1=0, .» = 0, . = 0i 




lience 


J 


c > - - 


J 


'log.(tan.» + Vl4-l"".'- + — -T~V 
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To determine a diflferential equation between j: and y we may eli- 
minate e*"' by means of equation (4) and (5) ; we shall thus have 

4.^ '»' 



1 



{jf'>/i4-y'» + iog.(y4-Vi-hy») — c}' 

also, since dy :szy'dx, 

yd^ 

^""w {y ^^iT7^+ log. w + v^i + y'*)— c]- 

These equations are too complicated to admit of integration in finite 
terms, otherwise we might now obtain the values of x and y ia functions 
of ^', and then, eliminating y, we should have a single equation in x 
and y which would be the equation of the path sought. As it is, we 
can only obtain an approximation to the form of the curve described, 
which approximation may, however, be carried to any degree of exact- 
ness. For the method of effecting the actual construction of the trajeo 
tary the student may refer to Mr. Barlow's Mechanics, in the Ency- 
clopaedia Metropolitana, or to Venturoli*s Mechanics, and for the general 
theory of motion in a resisting medium, he may consult the second book 
of Mr. Wheweirs Dynamics. 

We shall here terminate this miscellaneous collection of problems 
and must refer the student, for a more extensive variety, to the Ladies' 
and Gentlemen's Diaries, and to.Leybourn's Mathematical Repository, 
works which cannot be too strongly recommended to the attention of 
the mathematical student, and to which our obligations are due for 
several of the foregoing examples. 



THE END. 



T'oisso>,'s proif of tht FBralkhgram if Forces. 

(ISO.) When two equal forces net on a polntaccordinglodifft-rBnldirec- 
lion=, Iheir rosultant, whuteTBt it be In Intensity, must neeesiarily bisect 
tlie angle bstween these diractlonB, aj Bhown at art. (7); and to deter- 
mine the Intensity of thia reanUant, M. Polaaon proceeds as foliowa: 

Let mA, mB (flg. 138,) be the directions of tlie componenEs, whose 
commoD value call P; also let iii represent the an((le AmB, then niC being 
the direction of the resultant, wBEhnli have AoiC ssBmC ^ j. The In- 
tensity of tbia resnllant can depend only on the quantities P ond x, of 
which, therefore, it is some unknown function. Representing, then, by 
R the valae of the resultant, we ahsll hare 

R=/(P.»). 



— Is Independent of this □ 



e may conclude tha.1 It 



R = P . ^i, 

nnil tbe qneslion is reduced lo the detennlDBtlon of the fomiof the fonclion 

In order to this, let ns draw arbitrarily tbrough the point in, the four 

B'mB, B'wB, equal among themselves, and represent ench of them by i ; 
this done, decompose the force P, directed according to tnA, Into two equsi 
forces, directed according to ibA' and mA', thnl ia to say, regard this force 
P as the resultant of two equal forces wbose value is unknown, and which 
BCti in the given directions tdA', biA". Representing the common laluu 
of Ibesa components by Q, we shaU bsve 
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P = Q . ^2, 

for there ought to exi«t among the quantities P, Q, and i, the sanae r«;lation 
at among the quantities R, P, and x. Decompose now the same force P, 
acting in the direction mB, into two forces Q, acting in the directioni 
mW and mB'; the two forces P are thus replaced by the four forces Q; 
the resaltant of these must, therefore, coincide in magnitude and direction 
with the force R, which is the resultant of the two forces P. Now, calling 
Q' the resultant of the two forces Q, acting in the directions m A' and mB', 
and obsonring that A'mCasB'mCssAr— s, this force Q' wiU take the 
difectioo mCt and we ahall have 

Q' = Q.^(x— I). 

In like manner, the resultant of the two other forces Q, which act in the 
directions m A" and mB", will take the direction mC, since this line dlTidei 
the angle A''mB" into two equal parts, and because A^mC = B^'inC = i 
-f s, we shall ha?e 

Q'' representing this resultant. The two forces Q' and Q' being directed 
according to the same line mC, their resultant, which is also that of the 
four forces Q, will be equal to their sum ; we must therefore have 

R = Q'-f.Q" 

but we already have R = P * 0x=: Q • ^s ■ 0x ; substituting then this value 
of R and those of Q' and Q'' above, and then suppressing the commoQ 
factor Q, there results 

0X * 0s SS {X t) -f" ("JC -f" 2)« 

This is the equation which we must now solve in order to obtain the 
value of 0jr, or which amounts to the same thing, that of 0s. This is ef- 
fected in a very simple manner by the following considerations. 

Let us develope 0(x — t) and (x -f- 2)) according to the powers of Zt 
by means of Taylor's theorem ; let us sulMtitute these two series in our 
equation, and then divide all its terms by 0, we shall thus have 

^2 = 211 A — • — h <fec. \ 

^ ^ ^ 0xrfx« 2 ^ 0xrf^ 2-3-4^ ^ 

Now as 0s ought not to contain x, x cannot enter into the coefficient 
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, <fec. 



all these quantities, tbeiefore, most be constants, that is, independent of 
the variables x and %, Let b be the value of the first ; we have 

whence, by successive differentiation, we have ^ 



rf«f 



a- 






dx« rfx« ^ ' 0xdx« 

<&c. <fec. <fec. 

and, consequently, 

^ * ^ 2 ^2-3-4^2 •3-4 .5 • 6^ *' 

or else in replacing b by another constant — a^ which is allowable, 

02 = 2 n +&C.}. 

^ * 2 ^ 2-3-4 2-3-4-5.6 ^ * 

We recognise the series within the parentheses to be the development 
of COS. ax \ then 0z =2 cos. az, and putting x in place of x 

0x = 2 cos. ax 
.*. R = 2Pcos. ax. 

To determine the quantity a, which we know to be inde|)endent of x, 
we may observe that when x=90° the two forces P are directly opposite 
their resultant R is then ; so that we must have 

COS. (a • 00°) = ; 

which requires that a be an even whole number. This whole number must 
be ] ; for if we had a > 1, for example a =3, the resultant R would be- 
come for X = ; the two forces P would then equilibrate without 

being opposite, which is impossible. We shall have, therefore, 

Ff 



i 
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R 1= 3 P * COS. X, 

Thb result establinbes the property otherwlee deduced in art. 11, tiz. 
that any two equal forces have for their resultant the diagonal of the rhom- 
bus constructed on the straight lines which represent them in magnitude 
and direction, and the property may now be generalized a^ in the text; 
the equation above deduced being the only thing connected with the 
general theorem of the parellelogram of forces of difficulty to establish. 

TU£ END. 
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